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Abstract

In this paper, the integral problem for linear and nonlinear wave equations are studied.The equation involves
elliptic operator L and abstract operator A in Hilbert space H. Here, assuming enough smoothness on
the initial data in terms of interpolation spaces, integral condition, the assumptions on operators A, L the
existence, uniqueness of local and global solution, and LP-regularity properties to solutions are established.
By choosing the space H and operators L, A the regularity properties to solutions of different classes of wave
equations in the field of physics are obtained.
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1. Introduction, Definitions and Background

The aim here, is to study the existence, uniqueness, regularity properties to solutions of the integral
problem (IP) for the following abstract wave equation (WE)

uy — Lu+ Au= f (u), (z,t) e R =R" x (0,7, (1.1)
T
u(z,0) =¢(x)+ /n(a)u(x,a) do, (1.2)
0
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T
ug (x,0) )+ [ B(o o) do,
e oo

where A is a linear and f(u) is a nonlinear operators in a Hilbert space H, n (o), (o) are measurable
functions on (0,7") and T" € (0, oc]. Here, L denotes the elliptic operator with constant coefficients a;;
defined by

¢ (x) and 9 (x) are given H-valued initial functions.

Wave type equations occur in a wide variety of physical systems, such as in the propagation of deformation
waves, hydro-dynamical process in plasma, in materials science and in the absence of mechanical stresses
(see [1-14]). Note that, the existence and uniqueness of solutions and regularity properties of a wide class
of wave equations were considered e.g. in [15-22]. Unlike to these studies here, we consider the abstract
wave equation with operator coefficients. The abstract equations were studied e.g. in [23-32]. This paper
generalises the results obtained in [26] and [32] because the general elliptic operator is involved instead of
the Laplace operator in the leading part of the equation. The LP well-posedness of the integral problem
(1.1) — (1.2) depends crucially on interpolation spaces that data functions belong, the presence of the linear
operators L, A and nonlinear operator f (u). We find the class of operators L and A such that provide the
existence, uniqueness, LP-regularity properties to solution (1.1) — (1.2) in terms of fractional powers of A.
By choosing the space H, operators L and A in (1.1) — (1.2), we obtain the wide classes of wave equations
which occur in application. Let we put H = L?(0,1) and consider the operator A = A; defined by

D (Al) = I/Vm’2 (0, 1, Lk) , Aju = blu[Q] ~+ bou, (13)
Liu = au™ (0) + grul™l (1) = 0, k=1,2,

where by (.), bo (.) are complex-valued functions, Dg}u =l = (y”d%)j u, mg € {0,1}, ay, By are complex

numbers.
Here, W22 (0, 1) is a weighted Sobolev space defined by

wi2(0,1) = {u uwe L*(0,1), u® € L?(0,1),

< 00.
L2(0,1)

lelly 20,0 = el oy + |||

Moreover,
W2(0,1, 1) = {uwe W2 (0,1), Lyu =0}

Consider the integral nonlocal mixed problem for degenerate WE

2
gts—LH(AQJFW) = f(u),t€(0,T), z €R", (1.4)

u(xayao - + 77 l‘y, )d I

wg (z,,0) = )+ [ B(o)u (z,y,0)do,

e
i fron
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aulm] (z,0,t) + Bku[m’“} (z,1,t) =0, k=1,2,

where w is a positive number. From our results, we obtain the existence, uniqueness and regularity properties
to solutions of (1.4) in LP (R™ x (0,1)) with terms of fractional powers of the operator A; and interpolation
of spaces L? (0,1) and W22 (0,1). Let p =(2,p,p) and LP (R™ x (0,1)) denotes the space of all p-summable
complex-valued measurable functions f defined on €2 with the mixed norm

1
2

T /1 =
1l o) = // /f (z,y,)[P'dy | dadt| < oc.
n 0 \0

Let us put H = L? (]Rd) and choose As as a convolution operator defined by

D (Ay) = W2 <Rd> JAu= 3" aq % D%, (1.5)

o <21

here, [ is a positive integer, a, = aq (y) are complex-valued function and (aq * D*u) (y) denote the convolu-
tion of an and D%u. From the our Theorem 3.1, we get the LP (R”*d)—well—posedeness of integral problem
for the following convolution wave equation

9%u

ﬁ—Lu—i—(A%—kw)u:f(u),te(O,T),xER”, (1.6)

u(:n,y,O) = + U(U)U(fUayaU)dU;
(o)

o (z,y)
ut(:v,y,()):w(a:,y)—i— B

Ut (.%', Y, U) do.

/T
0
/T
0

Let E be a Banach space. LP (2; E) denotes the space of strongly measurable E-valued functions that
are defined on the measurable subset 2 C R™ with the norm

1
P

11y = 11f | 2o 0.y = /Hf(ﬂf)ll%dw ,1<p<oo,
Q

1l Loy = esssup || f (@)l -
e

Let E7 and E3 be two Banach spaces. (Eq, Eg)eyp for 6 € (0,1), p € [1, 00| denotes the real interpolation
spaces defined by K-method [33, §1.3.2]. Let E; and Ey be two Banach spaces. B (E1, F3) will denote the
space of all bounded linear operators from E; to Es. For By = Ey = E it will be denoted by B (E).

Here,

Sy={AeC,A#£0, larg\| < ¢, 0< ¢ < 7}

A closed linear operator A is said to be ¢-sectorial (or sectorial) in a Banach space E with bound M > 0
if D(A) and R(A) are dense on E, N (A) = {0} and

H(A FAD HB(E) < M|
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for any A € Sy, 0 < ¢ < 7, where I is the identity operator in E, D (A) and R (A) denote domain and range
of the operator A, respectively. It is known that (see e.g.[33, §1.15.1]) there exist fractional powers A? of a
sectorial operator A. Let E (Ag) denote the space D (Ag) with the graphical norm

1

p
lull g aoy = (Hal? + | 4%[") " 1< p < 00,0 < 0 < o0,

A sectorial operator A (§) is said to be uniformly sectorial in F for £ € R™ if D (A (€)) is independent of £
and the following uniform estimate

[casan=; p, < 20007

holds for any A € S,.

A function ¥ € L*°(R") is called a Fourier multiplier from LP(R";E) to LY(R"; E) if the map P:
u — F71U(&)Fu is well defined for u € S(R"; E) and extends to a bounded linear operator

Let E be a Banach space. S = S(R"; E) denotes E-valued Schwartz class, i.e. the space of all E-
valued rapidly decreasing smooth functions on R™ equipped with its usual topology generated by seminorms.
S(R™;C) denoted by S. Let S(R™; E) denote the space of all continuous linear functions from S into
E, equipped with the bounded convergence topology. Recall S(R"™; E) is norm dense in LP(R"™; E) when
1 < p < oco. Let m be a positive integer. W™P (Q; E') denotes an E-valued Sobolev space of all functions
u € LP (Q; F) that have the generalized derivatives g;}}‘, € L? (Q; F) with the norm

n

lullymo (e = Il oy + D
k=1

oMu

< Q.
m
oz}

LP(GE)

Let W#P (R™; E)) denotes the fractional Sobolev space of order s € R, that is defined as:

H*? (E) = H*? (R"; E) = {u € §'(R™; E),

<00 p.
LP(R™;E)

It clear that H%? (R™; E) = L? (R"; E). Let Ey, E be two Banach spaces and Ej is continuously and densely
embedded into E. Here, H*? (R"; Ey, E') denote the Sobolev-Lions type space i.e.,

lull- ey = [F (T 162) o

H*? (R"; Ey, E) = {u € H*? (R"; E) N L (R™; Ey) ,

el sy = el nsngy + Nl o qanssy < 00}

In a similar way, we define the following Sobolev-Lions type space:

— 2 ~
o' (1+16P)" € 2 (RIS B), ullyaon (ryym.m) =

<00 p.
Lp(RIE)

Let L (E) denote the space of all E-valued function space such that

WQ,SVP( %;E0>E):{UELP(R7’IL“;EO)7 8t2ueLp( %7E>7
%

e (1o i)

HUHLP<R71E;EO> + HaEUHLP(Rga;E) + ‘

. 1
dt
el sy = /HU(t)H% 7| <o lsa<oo flull g = [ Sup lu ()l -
0

t<oo
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Let s > 0. Fourier-analytic representation of F-valued Besov space on R™ are defined as:

By, (R E) = {u €S (R%E),

||u||B;7q(]Rn;E)

7

L (LP(R"; E))

n x
F1y e (1 + |§|2) 2 et Ry
k=1

p € (1,00), g €[l,00], 5 > s}.

It should be note that, the norm of Besov space does not depends on s, (see e.g. [33, § 2.3] for E =C ).
Let A be a sectorial operator in Hilbert space H. Here,

X, = L7 (R H), X, (A7) = [P (R" H (A7), 1 < p, ¢ < o0,
Y SP =Y %P (H) = H (R H), Y (H) = Y * (H) N X,,
[ellyzr = el g @n, iy + lullx, < o0,
H*P (A7) =H*P(R"; H(A7)),0<~v<1,
YSP =YSP (A H) = H*" (R"; H (A) ,H), Y>*? = Y?*? (A, H) =
WP (R H (A), H), Yo (A H) = Y*P (H) 0 Xy (4),
lellyzram = lullyswcm + lullx, 2 < oo
HOp = (Ys’p (A, H) aXp)L Do Hlp = (Ys’p (A,H) ,XP)HJP,
2p? 2p
where (Y*7, X,),  denotes the real interpolation space between Y7 and X, for 6 € (0,1), p € [1,00] (see
e.g. [33, §1.3]).
Remark 1.1. By Fubini’s theorem we get
LP (Rp; H) = LP(0,T; X,) for X, =L*(R"; H).
Then by definition of spaces Y25P Y$P = H*P (R"; H (A), H) and X, we have

Y207 = {u: u € WP (0, T5Y°%, X,p) , Nullyoworyen x,) =

(2)
e Ll PV §
By J. lions-J. Peetre result (see e.g. [33, §1.8.2]) the trace operator u — %7—;? (.,t0) is bounded from Y25
into L4
Jp .
87p . — —
(Y 7Xp)9j7p7 J 2p y J _071

Moreover, if u(z,.) € (Ys’vap)ej ,» then under some assumptions that will be stated in Section 3,
f(u) € H for all z, t € Ry and the map u — f (u) is bounded from (Y*?,Xp,) 1 into H. Hence, the

1
T
nonlinear equation (1.1) is satisfied in the Hilbert space H. Here, H (A) denotes a domain of A mn H
equipped with graphical norm.

Sometimes we use one and the same symbol C without distinction in order to denote positive constants
which may differ from each other even in a single context. When we want to specify the dependence of such
a constant on a parameter, say «, we write Cy. Moreover, for u, v > 0 the relations v < v, u &~ v means

that there exist positive constants C, C7, C5 independent on u and v such that, respectively

u < Cvu, Chv <u < Cov.
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The paper is organized as follows: In Section 1, some definitions and background are given. In Section
2, we obtain the existence of unique solution and a priory estimates for solution of the linearized problem
(1.1) — (1.2). In Section 3, we show the existence and uniqueness of local and global strong solution of the
problem (1.1) — (1.2). In the Section 4, we show some applications of our general results in abstract spaces
LP(R™ H).

Sometimes we use one and the same symbol C without distinction in order to denote positive constants
which may differ from each other even in a single context. When we want to specify the dependence of such
a constant on a parameter, say h, we write C},.

2. Estimates for linearized equation

In this section, we make the necessary estimates to solutions of the integral problem for linear WE

uy — Lu+ Au=g(z,t), 2 € R", t € (0,7),T € (0, o], (2.1)
T
u(m,O)ch(m)+/77(a)u(m,a)do, (2.2)
0

T
ug (x,0) = (x) + //6’ (o) ut (x,0)do,
0

where A is a linear operator in a Hilbert space H and 7 (s), §(s) are measurable functions on (0,7).
Condition 2.0. Let a;; € C. Suppose

n

L) = ay&é #0,

ij=1

L (&) € S(¢y) for ¢1 € [0,7 ), £ € R" and
IL(€)] > Cl¢]?

for a positive constant C.
Remark 2.1. By properties of real interpolation of Banach spaces and interpolation of the intersection
of the spaces (see e.g. [33, §1.3]) we obtain
Hop, = (Y*P (A, H) N Xp,Xp)ip =

2p?

(Y*P(H), Xp) 2 =

N(X (A), %) 1

1
2p? 2p

w1 5) 7 @ ) o (B (o (4). 1)1, ) =

In a similar way, we have
s(p—1)
Hip = (Y7 (A, H) 0 Xp, Xp) i, = H 57 (R (H (A), H) 1w, H )
2p 2p
Remark 2.2. Let A be a sectorial operator in a Banach space F. In view of interpolation of sectorial
operators (see e.g.[33, §1.8.2]) we have the following relation

E (AH’*E) C(E(A),E),, CE (AH’*E)



V.B. Shakhmurov, R. Shahmurov, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 82-102| 88

for0<f<landO<e<1-6.
We assume that A is a sectorial operator in a Hilbert space H. Let A be a generator of a strongly
continuous cosine operator function in a Banach space H defined by formula

1 L1 1
Ct)=Calt) = (W‘Q +e—’“‘2>

(see e.g. [23, §11] or [24, § 3]). Then, from the definition of sine operator-function S (¢) we have

1

¢
L1 ias —itA?
S(t C(o)do,ie. S(t)= ?A2 et —et .
0

Condition 2.1. Assume:(1)

T

T
1+/n< o) do >/ o)+ 16 (o)) do (2.3)
0

0

(2) Ais a ¢-sectorial operator in the Hilbert space H for 0 < ¢ < m and A is a generator of a cosine function;
(3) [[4%u|| < ||A%ul| for 0 < v < 6 and u € D (A?); (4) Condition 2.0 holds; (5) ¢ € Hgp, and ¢ € Hy,.

Definition 1.1. Let 7' > 0, ¢ € Hy, and ¢ € Hj,. The function u € C ([0,7];Y;"" (A)) satisfies of the
problem (1.1) — (1.2) is called the continuous solution or the strong solution of (1.1) — (1.2). If T' < oo, then
u (z,t) is called the local strong solution of (1.1) — (1.2). If T' = oo, then u (z,t) is called the global strong
solution of (1.1) — (1.2).

First we need the following lemmas:

Lemma 2.1. Let the Condition 2.1 holds. Then, problem (2.1) — (2.2) has a solution.

Proof. By using of the Fourier transform, we get from (2.1) — (2.2):

utt (§ t) + ALU (Ev t) g (57 t) 5 (2 4)
T
a(a,m=¢<5>+/n<a>a<s,o>da, (2.5)
0

where 4 (€, t) is a Fourier transform of u (z,t) in x, ¢ (), ¥ (§) are Fourier transform of ¢ and 1, respectively
and

1
AL =AL(§) =[A+L(§]?, e R™
Consider first, the Cauchy problem

Uy (57 t) + A%ﬁ (Ev t) =9 (57 t) ) (26)

ﬁ(g,O) = UO(g)a at (5,0) =u (5) ) g € an te [OvT]v
where ug (§), u1 (§) € D (A) for £ € R™.
By Condition 2.0, in view of the assumptions (2), (3) and by [27, Lemma 2.3|, we get the following
estimate

la+zaen+a7,  sip@+a 5 (P + 1) S

B(H)
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uniformly in £ € R™ for A € S(¢2) and £ € R with 0 < ¢1 + ¢2 < ¢ < 7 for ¢ > T, ie. A+ L(§) is
uniform sectorial operator. Hence, in view [33, §1.15] the operator Ay, (§) is sectorial in H. Then, by virtue
of [23, §11.2, 11.4] from here, we obtain that Az is a generator of a strongly continuous cosine operator
function and the Cauchy problem (2.6) has a unique solution for all £ € R™. Moreover, the solution of (2.6)
can be expressed as

t
A1) = C (0w (€) + ©+ [SEt-r e dnte0T), @)
0
where C (t) is a cosine and S (¢) is a sine operator-functions generated by Ay, i.e.

(eitAL + efitAL) ,

DN | =

Ct)=C(tA) =

1 . ,
S(t) = S(éuth) — ZAzl (eZtAL - e—ztAL) )

Using the formula (2.7) and the first integral condition in (2.5), we have

T
wo (€) = ¢ (€) + / 1 (0) [C () o (€) + 8 (o) uy (€)] dot
0

T T
//n(a)S(f,a—T,A)Q(f,d)deU,7'6(O,T),
0 0

i.e. we obtain the first equation with respect to ug (§), u1 (§):

bio (§) uo (§) + b11 (§) u1 (§) = g10 (§) (2.8)
where . .
bro (€) = {1 - [0 da] @ = [0(0)S (@) do,
0 0
T T
910 ( )+ n(o)S(§,o0—71,A)§(0,&) drdo.
@ [ro

0
Differentiating both sides of formula (2.7) and using the seconf integral condition (2.5), we have

T
- / B(0) [A2S (0)up () + C (o) us ()] +
0

T T
//ma)c*(s,o—T,Am(&,a)dmo,
0 0

i.e. we get the second equation with respect to ug (£), up (§):

bao (§) uo (§) + ba1 (§) u1 (§) = g20 (€) (2.9)
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where

T T
bao (€) = — / B(0) A2S (o) do, by (£) = / B(0)[1 - C (o)) do,
0 0

T T

920 (€) =i}(é‘)+//B(0)C(£,0—T,A)§(£,a) drdo.
0 0
(2

Now, we consider the system of equations (2.8)-(2.9) in ug (§) and u; (§). By assumption (2.3) and due to
uniformly boundedness of Azl, we get that the operator function

58 86| frrcis] | fsnm-crons

0

T
|:/7] (o) S (o) da] |: /B (o) A%S (o) da]
0

0

D (&) =

has a bounded inverse D=1 (¢) for all ¢ € R"™. By solving the system (2.8)-(2.9), we have
uo (€) = D1 (§) D), ua (&) = D2 (§) D1 (€), (2.10)

Dy (&) = b21 (§) g10 (§) — b11 (§) 920 (£),

D3 (&) = b10 (€) g20 (§) — b20 () 10 (€) -
By substituting the values ug (§) and u; () in (2.7), we obtain

W(Et)=C(6,t) Dy () D71 () + S (&,t) Dy (& +/S &t—T1)g (& T)dr, (2.11)
0

i.e. problem (2.1) — (2.2) has a solution
u(z,t) =C1(t)p+ 51 ()Y +Qy, (2.12)
where C| (t), S1 (t), Q are linear operator functions defined by
Cy (e =F"[C (&) D1 (D ()] 2(),
S1(t) ¢ =F 1 [S (&) Da (&) DTH(E)] P (6),

Q=F1Q60, Q€0 = [F (St - g€ ]dr
0

Theorem 2.1. Assume the Condition 2.1 holds and
2pn
(2p—1)q

for pe[l,00] and forage [1,2]. Let 0 < a<1— %. Then for ¢ € Hp, N X7 (AY), ¥ € Hip N X, (AO‘_%),

g(,t) € VP and g(x,.) € L' (0,T;Y;") for z € R™ with t € [0,T] problem (2.1) — (2.2) has a unique
solution u(z,t) € C([0,7]; X (A)) and the following estimate holds

s >

(2.13)

[A%ullx_ < Co ([ellm,, + 1A%y, + (2.14.1)
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1k, + 4746+ [ (g (Pl + 19, ) dT] ,

0

uniformly in ¢ € [0,T], where the constant Cp > 0 depends only on A, the space H and initial data.
Moreover, for ¢ € Hop,NX; <A"‘+%>7 Y € Hypn Xy (A%), g (.,t) € V7P (A%) and g (x,.) € L <0,T; YP (A%))
for x € R™ the following estimate holds

1
l4%ulx, < Co [Ielly, + |47 3¢

2.14.2
o (214

Proof. By Lemma 2.1, the problem (2.1) — (2.2) has a solution for ¢ € Hy,, ¢ € Hy,, and g (.,¢) € Y;"".
Let N € N and

1
Asg(., ‘
Yls‘p + H 29( 7_)

t
[k, + 14005, + [ (a2 (.7)
0

My ={{:{€R", [(] <N}, Ty = {{: £ €RY, €] = N}
From (2.12) we deduced that

1A%l x . S [[F7'C(€,8) A*Di (&) D™H(E) @ ()| peury) + (2.15)
[FsEna b0 @4 @), +IFCEDADLE DT €GO oy ) +
[isEnapa@ 0 @9 @)+ [FA° O/ Qengendr|  +

Leo(Iln)

t
Fl A / Q1) §(€T)dr
0

L= (1Y)
By virtue of Remakes 2.1, 2.2 and the properties of sectorial operators, we have

[FrasQenaen| . <Clglx,-

Lee(Tln)

Hence, due to uniform boundedness of operator functions C (&,t), S (§,t) by (2.3), in view of (2.8)—(2.10)
and by Minkowski’s inequality for integrals, we get the following uniform estimate

[F70€6) 4Dy (€ DO ¢ () oy + [FS €0 A°D2 @ D @B 0| =
[14%lx, +14°61lx, + lgllx,] (216)
Let
\ s(1-%) - 1
Do (€)= |ATHE T4 (14 [¢?) TN T ] <<y, (2.17)
By (€)= |AT H T 4 (1 + §|2>§(é_211”> R O<er<iy
1 - ) 1 2 2p-
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By using the resolvent properties of sectorial operators, for for 0 < a < 1— % and in view of the assumption
(3), we have

470 (€020 @l 5 474 B aFao @) s (218)

B(E)

1
<Cfor0<a<l——,
2p

HA(I—JIJ)@O ()

B(H)

148 (6,6) @1 ©)llpy S A F @1 9)]|,  <C.

B(E)
=2 (1— 1).
2 2p

IF~1C (£,8) A°Dy (€) D71 (€) ¢ (€))

Let L = L* (Q; H) and

In view of (2.17) it is clear that

w, + [FS €0 4°D2 () D7 (©) b <)

[F1senac@Enaen)

S
Iy

Foen acdep o) + (2.19)

o>

HF‘l (1 n |§|2)

+
LO()

l

Hm—l (1+ |§12)‘é S (6,1) A1 (€)
[ (1+16) st (1+167) 4@ )

Lo

o 9 o9
A% 520 (€) € B(H), A5 (€) € B(H).

1,1

n(-+=
Let we show that G; (.,t), ®; € Bqéq p) (R™; B (H)) for some ¢ € [1,2] and for all ¢ € [0,T], where

l

Gie) = (1+1¢7) TCEN DO DT (O (),

1L
(€)= (14+1¢7) * S0 D€ D€ ®i(€),i=0, 1.
By embedding properties of Sobolev and Besov spaces it sufficient to derive that G; € W4 (R"; B (H))

for an integer o with o > n (% + %) Indeed by by Condition 2.1 and by (2.18), (2.19) we get, Gy, II; €

L1 (R"™; B(H)). For deriving the embedding relations G;, II; € W1 (R"™; B (H)), it sufficient to show
D{G; (., t), DTN (., t) € L7 (R™; B (H)) for v = (v1,v2,...,vn) with [v] <o, t€[0,T].

Indeed, by Condition 2.1 and by (2.18), (2.19) we have the following uniform estimates

l

0 2\ 27!
Haskai ("”H Sa(1+167) 7 IcEn @)+
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0

(1+1¢f) ° H ALC (1) @i () aka“)H
|oeoggee]| <

Then by again differentiating Gj (., t) and by using (2.18), (2.19), we get
G;i(.,t) e W (R"; B(H)) for some q € [1,2],i=0,1.
In a similar way, we obtain
IL; (., t) €e WP (R"; B(H)) for some ¢q € [1,2].

Hence, by Fourier multiplier theorems (see e.g. [34, Theorem 4.3]), we found that the functions G; (§,t)
and II; (§,t) are Fourier multipliers from LP (R™; H) to L (R™; H). Then by Minkowski’s inequality for
integrals, from (2.3), (2.16) — (2.19) and by Remake 2.3, we have

1P (6,8 A% @ + |[F'S (60 40 (©) S

[F1C )0 20| o + HIF_IS(g,t) n—lngLm <

[1lltg, + 1415, + gl - (2.20)

Moreover, by virtue of Remakes 2.1-2.3 and by reasoning as the above, we get the following estimate

t
|Pras@en)|, <o [ ot +lo ) dr (221)
0

uniformly in ¢ € [0, 7). Thus, from (2.12), (2.20) and (2.21), we obtain the estimate (2.14.1).

By differentiating (2.12) in a similar way, we get the estimate (2.14.2).

Then from (2.22) and (2.23) in view of Remarks 2.1, 2.2 we obtain the estimate (2.14).

Let now, we show that problem (2.1) has a unique solution u € Y (T'). Let’s admit it is the opposite. So
let’s assume that the problem (2.1) has two solutions uj, ug € Y (7). Then by linearity of (2.1), we get that
v = u1 — uo is also a solution of the corresponding homogenous equation

up — Lu+ Au =0, v(z,0) =0, v (z,0) =0, x e R", t € (0,T).
Moreover, by (2.7) we have the following estimate
[A%v][x, <0.

Since N (A) = {0}, the above estmate implies that v = 0, i.e. u; = ua.
Theorem 2.2. Assume the Condition 2.1 and (2.13) are satisfied. Let 0 < o < 1 — ﬁ. Then ¢ €

YoP(A%Y), ¢ € YoP (Ao‘fé) ,g(,t)eYsPforte[0,T) and g(z,.) € L' (0,T;Y*P) for x € R", we get the
following estimate
[A%u]ysp < (2.22.1)

1
Co |14%ly- + 4230 / lg (Dl dr
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uniformly in ¢ € [0, T7.
Moreover, for ¢ € Y*P (AO‘JF%), e Y5P(AY) | g(.,t) € Y5P (A%) for t € [0,7] and g(z,.) €
L (O,T; ysP (A%)) for x € R™ problem (2.1) — (2.2) has a unique solution v € C([0,7];Y*P (A)) and

the following uniform estimate holds
[A%u]lyep < (2.22.2)

dr
Ysp

t
1 a 1
Co HAMFWHYSWL | A ¢|lys,p+/HAzg(.,7)‘
0

Proof. In view of (2.11) and (2.12), for proving (2.22.1) it is sufficient to show the following uniform
estimate

< (2.23)

le (1 v |§]2)% A%q,
Xp

o HIFl (1+ |§]2)% A%g,

[NV

o |[F (1+162) el ave

+ HIF1 (1+ \g|2)% AS (€,1) w‘

+
XP XP

dr
XP

[+ watsonis
0

By using the Fourier multiplier theorem [34, Theorem 4.3] and by reasoning as in Theorem 2.1 we get
that the operator functions

(1+167) Foten, (1+167) FsEn, (1+1P) T acs e

are Fourier multipliers in LP (R™; H) uniformly with respect to ¢ € [0,7]. Hence, for ¢ € Y*P(A%),
Y e YSP <A"‘_%) , g(.,t) € Y*P from (2.23) we get the estimate (2.22.1).

Then by differentiating (2.12) in a similar way, for ¢ € YP (AOH'%), Y eYSP(AY), g (.,t) e YSP <A%),
we get the estimate (2.22.2) .
The uniqueness of problem is derived in a similar way as in Therem 2.1.

3. Local well posedness of IVP for nonlinear WE

In this section, we will show the local existence and uniqueness of solution of the nonlinear problem
(1.1) — (1.2).

For this aim we need the following lemmas. By reasoning as in [11, 20, 35], we show the following lemmas
concerning the behaviour of the nonlinear term in H-valued space Y %P,

Here, we assume that ® C WP (Q; H) N L*> (; H) such that f(u) € H for u € ® and = € Q.

Lemma 3.1. Let s > 0, f € CEHI(R; H) with f(0) = 0. Then for any v € Y*P N L>, we have
f(u) € Y*P N X . Moreover, there is some constant A(M) depending on M such that for all w € Y$P N L
with [lullx_ < M,

1f (@)llysp < C (M) [Ju)llysp- (3.1)

Proof. For s =0 in view of f(0) =0, we get

1
f )= [ f(ou)do.
[
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It follows that
1f (W)llx, < C (M) |lull, -

If s is a positive integer, we have

1f(Wllyer < C [I1f(w)llx,

8xk

By calculation of derivative and applying Holder inequality, we get

0* Oﬁlu P2y 9Py
Xp l 1 e Xp
s Bk
) Hfm H H &C“ i=1,2,....n, (3.3)
=1 « v

where

6:(61a527777'ﬁl)76k217 /81+/82++Bl:lapk:gi

Applying Gagliardo-Nirenberg’s inequality in E-valued X, spaces, we have

OPry 0°u
: <C HuHXOO ‘ Sl - (3.4)
H Ox; X, ox; X,
Hence, from (3.3) and (3.4) we get
0° 0°u
o), <con|g: (35)

Then combining (3.2), (3.3) and (3.5) we obtain (3.1).
Let s is not integer number and m = [s]. From the above proof, we have

1f @) llym» < CM) [[t)llymp, [F(W)llymery < CM)[[u)llymers -

Then using interpolation between WP and W™P yields (3.1) for all s > 0.

By using Lemma 3.1 and properties of convolution operators we obtain

Corollary 3.1. Let s > 0, f € ClI*1(R; H) with f(0) = 0. Moreover, assume ® € L>® (R"; B (H)).
Then for any u € Y¥P N L>™ we have, f(u) € Y¥P N X,,. Moreover, there is some constant A(M) depending
on M such that for all u € Y*P N L* with [jully_ < M,

1@ f(u)llysr < C M) [lu)llysp -

Lemma 3.2. Let s > 0, f € ClH (R; H). Then for any M there is some constant K (M) depending on
M such that for all u, v € Y*P N Xo with [lullx_ < M, [[v]|x_ < M, |lullys, <M, [V|lys, < M,

1f(w) = follysr S K (M) [lu=vllysp, [f(u) = follx, <EM)|u—ovlx,

Corollary 3.2. Let s > 3, f € CBHL(R; H). Then for any positive M there is a constant K (M)

depending on M such that for all u, v € VP with ||uly., < M, ||v]lyspr < M,

1f(w) = follysr < K (M) [lu—= vy
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Lemma 3.3. If s > 0, then Y3” is an algebra. Moreover, for f, g € Yo7,

1£9llysr < CIIf Lk + Ngllyan + 1 lyen + llallx ] -

By using, the Corollary 3.1 and Lemma 3.3 we obtain
Lemma 3.4. Let s > 0, f € CIHY(R; H) and f (u) = O (]u\'yH) for u — 0, v > 1 be a positive integer.
If u € Y3¥ and |lullx_ < M, then

1f@)llysn < C (M) [fullys lullk.]
1F)llx, < C (M) [Jull’, lulX. -

Lemma 3.5. Let s > 0, f € CIHY(R; H) and f (u) = O (|u\7+1> for u — 0. Moreover, let v > 0 be a
positive integer. If u, v € Y, [[ullysp < M, J0]lyop < M and |lullx < M, |lv]|x_ < M, then

1f (@) = f)llysp < €M) [(llullx, = IVlx,) (lellysr + 0]yen)

(lullx + ollx )"

1) = Flull, <€D (lulle + Tl )™ (lully, + ol ) e = ol -

Let Hy denotes the real interpolation space between Y*P (A, H) and X, with 6 = %, ie.

9

HOp = (Y‘S’p (A> H) 7XP)

1 .
Tp’p

Remark 3.1. By using J. Lions-J. Peetre result (see e.g [33, § 1.8]) we obtain that the map u — u (¢p),
tp € [0,7T] is continuous and surjective from Y%? (A, H) onto Hy, and there is a constant C} such that

[u (to)llery, < Crllully2smia sy, 1 <p < oo (3.6)
Here,
Yo = Yo (A) = Y27 (A, H).
First all of, we define the space Y (T") = C ([0, T ; Yo) equipped with the norm defined by

lullyry = s [Illysoqam + . ] we ¥ (7).

Condition 3.1. Assume:

(1) the Condition 2.1 holds for s > (25’%)‘1, peE[l,oo],forage[l,2land 0 <a<1-— %;

(3) the function u — f (u): continuous from u € Hy, into H, f € C* (R; H) with k an integer, k > s > 2
and f (u) = O (|u\7+1) for u — 0, v > 1 be a positive integer.

Main aim of this section is to prove the following results:

Theorem 3.1. Let the Condition 3.1 holds. Then there exists a constant § > 0 such that for any
¢ € Hpp N X1 (A%), and ¢ € Hyp, N Xy (AY) satisfying

1ellm,, + 1A%l x, + 19l + 1A%l x, <6, (3.7)

problem (1.1) — (1.2) has a unique local strong solution u € C ([0, Tp);Yp), where Tp is a maximal time
interval that is appropriately relative to §. Moreover, if

sup ([lully, + [luelly,) < oo (3.8)
t€(0, To)
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then Ty = oo
Proof. By (2.5), ((2.6)) the problem of finding a solution u of (1.1) — (1.2) is equivalent to finding a
fixed point of the mapping

Gu)=Crt) e (@) + S ()Y (x)+Q(u), (3.9)
where C (t), S1 (t) are defined by (2.6) and @ (u) is a map defined by

Q) =- [F[U6e-niwen)]dr
0

We define the metric space

QT A) = {uey (1), lullyq) <o+1}

where 6 > 0 satisfies (3.7) and Cp is a constant in Theorem 2.1 and 2.2. It is easy to prove that Q (T, A)
is a complete metric space. From imbedding in Sobolev-Lions space Y 5P (A, H) (see e.g. [27] Theorem 1)
and trace result (3.6) we got that [lufx_ < 1 if we take that ¢ is enough small. For ¢ € Yy (A%) and ¢ €
Y1 (A%), let

[ elles,, + 1A%l x, + 19, + 1A%l x, = 6.

So, we will find T and ¢ so that G is a contraction in @ (T, A). By Theorems 2.1, 2.2 and Corollary 3.3
f (u) € Y{"P. So, problem (1.1) — (1.2) has a solution satisfies the following

G (u)(z,t) = CL(t) o+ 51 ()Y + Q (u), (3.10)

where Cy (t), Si (t) are defined by (2.5) and (2.6). By assumptions, it is easy to see that the map G is well
defined for f e Clsl+1 (Hop; H). First, let us prove that the map G has a unique fixed point in @ (T, A). For
this aim, it is sufficient to show that the operator G maps Q (T, A) into @ (T, A) and G is strictly contractive
if 0 is suitable small. In fact, by (2.7) in Theorem 2.1, Corollary 3.3 and in view of (3.7), we have

146 @)l + 4G @l < 200 [l + 4%, + .11
Ik, + 1400, + [ ([Fen],, + |F @], )ar| <
0

2606 +C [ (Ju (@)l I (), + I I, 1 ()3 dr <

1
2C06 + C l|ull %t g )

On the other hand, by (2.17), Corollary 3.3 and (3.7), we get

(A%G Wllysw + [[A%Gr (W) [lys) < (3.12)

dr | <
ysp

26 | e, + 147l + Ik, + 14°01x, + [ £ (@)
0

t
2008+ [ e (Dllyes I (] dr < 2005+ C [l 21,0
0



V.B. Shakhmurov, R. Shahmurov, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 82-102| 98

Hence, combining (3.11) with (3.12) we obtain
1
1A%G () lyzr + [ A%Ge (W) lyzr < 4C00 + C [lull G a - (3.13)

So, taking that 4 is enough small such that C (5Cy0)” < %, by Theorems 2.1, 2.2 and (3.13), G maps Q (T, A)
into @ (T, A). Now, we are going to prove that the map G is strictly contractive. Let uj, us € Q (T, A)
given. From (3.10), we get
G (u1) — G (u2) =
t
[[s@t=n (Fu ) - i )] dr e 01).
0
y (2.7) in Theorem 2.1 and Corollary 3.3, we have

[A[G (u1) = G (u2)]llx, + 1A% [G (w1) = G (w2)]ll ., < (3.14)

j@ful ()| )i
0

-1
/{Hm — 2]l x, (Juallysr + luzllysn) (luallx,, + lluzllx, )" +

+ [/ ) = F (2]

Y s:p

t

lur = uallyep (Ilunllx,, + lluzllx.,)” +

v—1
(Il + gl )" s + wallx, llun = wally, }

On the other hand, by (2.17) in Theorem 2.2, Corollary 3.3 and (3.7), we get

(A% [G (u1) = G (ua)lllysp + [|IAY [G (u1) = G (u2)]llys) <

t

¢ [|# -

0

f (u2) (7)]

L, dr< (3.15)

t
-1
C/{!Ul —uzllx, (luallyss + lluzllys) (lunllx,, + lluallx, )" +
0

lur = w2llyep (luallx,, + lluzllx, )"} dr.

Combining (3.14) with (3.15) yields
1G (u1) = G (u2)lly ) < (3.16)

2l
C (Il + el ry) s = wally

Taking § is enough small, from (3.16) we obtain that G is strictly contractive in @ (T, A). Using the
contraction mapping principle, we get that G (u) has a unique fixed point u (z,t) € Q (T, A) and u (x,t) is
the solution of (1.1) — (1.2). Let us show that this solution is a unique in Y (7T'). Let uy, ug € Y (T) are two
solution of (1.1) — (1.2). Then for u = u; — ug, we have

uy — Lu+ Au = [f (u1) — f (u2)]. (3.17)
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Hence, by Minkowski’s inequality for integrals and by Theorem 2.2 from (3.17), we obtain

t
s — wallyep < Co (T) / lur — uallyap dr. (3.18)
0

From (3.18) and Gronwall’s inequality, we have ||u; — uzllys, = 0, i.e. problem (1.1) — (1.2) has a unique
solution in Y (7). That is, we obtain the first part of the assertion. Now, let [0, Tp) be the maximal time
interval of existence for u € Y (Tp). It remains only to show that if (3.8) is satisfied, then Tp = co. Assume
contrary that, (3.8) holds and Ty < co. For T € [0, Tj), we consider the following integral equation

v(z,t)=C1 () u(x,T)+ 51 (t) ug (x,T) — (3.19)

t

[Et[se-roiwEn]dr te o).
0
By virtue of (3.8) for 7" > T, we have

sup (Jlully, + [luelly,) < oc.
telo, T

By reasoning as a first part of theorem and by contraction mapping principle, there is a T* € (0,Tp) such
that for each T' € [0, Tp), the equation (3.19) has a unique solution v € Y (T*). By reasoning as in the first
part 7% can be selected independently of T' € [0, Tp). Set T' =Ty — % and define

~ B u(%,t),te[()?T]
u(x,t) _{ v(r,t-T),te [T’T0+T7*]

By construction @ (z,t) is a solution of the problem (1.1) — (1.2) on [T,Tp + %] and in view of local
uniqueness, 4 (z,t) extends u. This is against to the maximality of [0, Tp), i.e we obtain Ty = co.

4. Application to degenerate wave equations

Consider the problem (1.4). Let
Xpo = LP (R L*(0,1)), Y52 = H5P (R"; L*(0,1)),

Yor? = H*P (R" L?(0,1)) N L7 (R™ L*(0,1))
YeP2 = goF (R H?(0,1), L2 (0,1)) , 1 < p < oo,

Hopo = (Y*F (A, L* (0,1)) N Xp2, Xp2) 1,
L,

H1p72 = (Y&p (A, L2 (0, 1)) m Xp72, Xp72)1;_7p D .
D 2.

Let wy = wi (y), wa = ws (y) be roots of equation by (y) w? +1 = 0. Let

p) = | (ool S | A= L + Al

Here,
Hipy = Hp (L2 (0, 1)) =
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Hs(l_ei),p (Rn; L2 (0’ 1)) N LP (Rn; H2(1—9i) (0, 1)) ,

14
0, +p
2p

From Theorem 3.1 we obtain the following result

,i=0,1.

Theorem 4.1. Suppose the the following conditions are satisfied:

(1) Condition 2.0 holds, 0 < »r < 1 — %, 0<a<l-— %, p € [1,00] and p(y) # 0 for all y € [0,1];

(2) b € C(]0,1]), bp is a bounded function on [0, 1], Rewy # 0 and w—); € S(¢1) for ¢p1 € [0 7),

b1 (0) = b1 (1), bo (0) = bo (1)

(3) p € VP2 e VTP and [ (1) € VPP for s > 225, g € [1,2] and ¢ € [0,T].

(4) the function uw — F'(u) is continuous in u € Hgyy for x, t € R" x [0,7]; moreover F (u) €

C(l) (H[)pg; L2 (O, 1))
Then there exists a constant § > 0 such that for any ¢ € Hope and 1 € Hypo satisfying

[llbgye + 14T Pl x, , + 1PN, + 1ATYl X, , <9,

problem (1.4) has a unique local strong solution u € C ([0, Tp); Yy (A41)) if Tp is a maximal time interval
that is appropriately relative to . Moreover, if

1€l0, T (lellyogany + ey, ) < o0

then Ty = oo.

Proof. By virtue of [32], L? (0, 1) is a Fourier type space. By virtue of [30], the operator A; defined by
(1.3) is sectorial in L2 (0,1) and by virtue of [24, § 3.14, 3.16] the operator A? +w is a generator of bounded
cosine function in L? (0,1). Moreover, by interpolation of Banach spaces [33, § 1.3], we have

Hopo = (WP (R"; H? (0,1),L? (0,1)) , L (R*; L? (0,1))) , =

2p”

1

%) (R";HQZ(I_;P) (0,1, L2 (0, 1)) .

p,2

Then, by using the properties of spaces Y*P? YF ’2, Hyy, o we get that all conditions of Theorem 3.1 are
hold, i,e., we obtain the conclusion.
As a second application, let us consider the problem (1.6). Let

o1 12 () o 0 e ().
YEP2 = fop (]R”; 2 (]Rd)) N L <]R”; 2 (Rd>> ,
YsP2 — [P (R”; H? (Rd> L2 (Rd)> 1< p<oo,

Hopo = (Y57 (A, L% (0,1)) N Xp2, Xp2) 1

2

P’

S

Hip = (ys,p (A, 12 (Rd)> N Xp,Q,Xp72)HJ .
22,

Here,
=5, (1)) -
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Fs(1-0.). (R”;L2 (Rd)) N LP (R";[p(l—ei) (Rd)) )
1+ip
0; = 2

From Theorem 3.1 we obtain the following result

,i=0,1.

Theorem 4.2. Suppose the the following conditions are satisfied:
(1) Condition 2.0 holds, 0 < a <1 — ﬁ, p € [1,00];
(2) L(§) = > aa(§) ()" € Sy, 1 € [0, ) for £ € R,

|| <1

|L (5)‘ 2 Ckz ‘da(l,k)| |€/€|l7 a(l7k> = (0707 "'7l’0707"',0)7 Le a; =0,1 7& ka ag =1;
=1

o € C™ (R™) and
€17 |DAaa(e)| < €1, B € (0,1}, 0< 18] <n
(3) o € VP2 g € V7T and f (1) € VPP for s > 2, g € [1,2] and ¢ € [0,T].
(4) the function u — F(u) is continuous in u € Hypo for z, t € R™ x [0,T]; moreover F (u) €
CW (Hop; L? (RY)).

Then there exists a constant d > 0 such that for any ¢ € Hoyp and ¢ € Hyyo satisfying

Il o + 1450y, , + el o + ATl x, , <6,

problem (1.6) has a unique local strong solution u € C ([0, Tp);Yp (A2)), where Tj is a maximal time interval
that is appropriately relative to §. Moreover, if

sup(Jlullygay) + el (ag) ) < 0
tel0, To)

then Ty = .

Proof. By virtue of [32], L? (Rd) is a Fourier type space. By virtue of [30], the operator A; defined by
(1.3) is sectorial in L?(0,1) and by virtue of [24, § 3.14, 3.16] the operator A? +w is a generator of bounded
cosine function in L? (0,1). Moreover, by interpolation of Banach spaces [33, § 1.3], we have

Hopz = (Wor (752 () 22 (7)) 0 (s 22 () ), =
5

1
B;SW) <R”;H2l<1_2lp) (r), L2 (Rd)> .
Then, by using the properties of spaces Y P2 V5P ’2, Hypo we get that all conditions of Theorem 3.1 are
hold, i,e., we obtain the conclusion.

Conclusion. Here, assuming enough smoothness on the initial data in terms of interpolation spaces
H (A), H and the sectorial operators, the existence, uniqueness, regularity properties of solutions are es-
tablished. By choosing the space H and A, the regularity properties of solutions of a wide class of wave
equations in the field of physics are obtained.

Data Availibility: Data sharing not applicable to this article as no datasets were generated or analysed
during the current study.
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