— KONURALP JOURNAL OF MATHEMATICS
VOLUME 1 No. 1 pp. 8-17 (2013) ©KJM

COMPLEX TORSIONS AND HOLOMORPHIC HELICES

F.NEJAT EKMEKCI, PELIN POSPOS, AND D. PINAR DENizZ

ABSTRACT. Recently, properties of holomorphic helix of Kahler Frenet curves
on n- dimensional M Kahler manifold studied by S. Maeda, H. Tanabe and
T. Adachi. In this paper we give some characterizasions for complex torsions
by 7;,; in the Kahler manifold to be general helix, and by considering k1, k2
curvatures of order 3. Curvatures of Frenet curve on M Kahler manifold
are not constant but their ratios are constant. We investigate relationship
between 71,2 and 72,3 complex torsions which are not seperately constant but
their ratios are constant.

1. INTRODUCTION

Let M be a n-dimentional Kahler manifold, with complex structure J and
Riemannian metric g. For a helix v on M of order d(< 2n) with the asso-
ciated Frenet frame {Vi,...,V;} and we define 7, ; called complex torsions by
7i; = g(Vi(s), JVj(s)) for 1 < i < j < d, v is a holomorphic helix if all the complex
torsions are constant [4]. They are used curvatures x; and complex torsions 7; ;
which are constant. A classical result stated by M. A. Lancert in 1802 and first
proved by B. De Saint Venant in 1845 is a necessary and sufficient condition that
a curve be a general helix is the ratio of curvature of torsion to be constant [7, 8].

. . ... T .
In a Kahler manifold, a Frenet curve is called a general helix if 12 i5 constant and
72,3
its first and second curvatures are not constant.
If its first and second curvatures are constant and its third curvature is zero then
the Frenet curve is called a heliz. We obtained the relations between the complex

torsions and their own derivations.

2. PRELIMINARIES

2.1. Complex Torsions. A smooth curve v = 7(s) parametrized by its arclenght
s is called a heliz of proper order d if there exist an orthonormal system {V; =
4, Va, ..., Va} of vector fields along -y and positive constants x1(s), £2($), . .., Ka—1(5)

1991 Mathematics Subject Classification. 53A04, 30D05, 32A20.
Key words and phrases. complex torsions, holomorphic helices, kahler manifolds.

8



COMPLEX TORSIONS AND HOLOMORPHIC HELICES 9

Which satisfy the system of ordinary differential equations
D5 Vi(s) = —rj-1(s)Vj-1(s) + #;(s)Vj11(s), j=12....d
where Vo = Vg1 =0 and kg = kg = 0 [1].
Let M be a complex n-dimensional Kahler manifold (K- manifold) with complex
structure J. {V1,..., Vg, JVi,..., JVy} system is a basis of tangent space of M. A

smooth curve v = ~(s) on M parametrized by its arclength s is called a Kahler
Frenet curve, if it satisfies the following diferential equation

Dy = k(s)Jy or Diy=—k(s)J%
for some positive C* function k = x(s), where D, denotes the covariant differen-
tiation along v with respect to the Riemannian connection D of M [5].
For a Frenet curve v in a K-manifold M of order d with associated Frenet frame

Vi, Vg, JVA, ..., JVy}, we define functions 7; jcalled complex torsions by

0 i=4,i=0,j>d

Ti’j(s) = { <%(s),J‘/J(s)> A<i<j<d aHTiJ(S)H <1

[5].

Definition 2.1. For a curve v on a K-manifold M of order d we call a holomophic
heliz (H - helis) if all its complex torsions are constant functions.

Let a curve v on a K-manifold M of order d. In this stuation for

D:V;i(s) = —kj—1(s)V—1(s)+k;(5)Vj1(s), j=12,...,d and T7;;(s) = (Vi(s),JV;(s))
(21)  Dy7ii(s) = —Rim1Tim1,5(8) + KiTig1,5(8) = Kj—17ij—1(5) + £;Ti j41(s)
[2].

For complex torsions of helix on K-manifold of order 3 fromd =3,1 <1i < j < 3,
i=75=0, i=1,2 j=1,23and from (2.1) we obtain

D"yTl,z = R2T1,3 , D"y7_1,3 = —RaT12 + K172 3 » D172,3 = —R1T1,3
or
D:ﬂ'l)g 0 Ko 0 T1,2
Dymi3| = |—k2 0 k1| 71,3
D;YT273 0 —K1 0 72,3

When v a Frenet curve on K-manifold M of order 2 and 7y 2 is constant. Really

for 7,0 = (V1,JJVa)
D4 Vi, JVa) = (D5 V1, JVa) + (Vi, J D4 Va) = k(Va, JVa) — k(V1,JV1) = 0

Then a Frenet curve of order 2 is a H-helix.
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3. HoLOMORPHIC HELICES

If we give theorems and results which they known related to holomorphic helices

of order 3 and 4.

Theorem 3.1. The complex torsions of a H-helix of proper order on a K-manifold

satisfy
i—1 d
2 2
Yot D T <1
=1 j=i+1

For every i [4].

We take H-helices of order3 we need to choose orthonormal vectors {Vi, Vo, V3}

which satisfy

Wi,y = (12, 1)

(Vs,V3)
Vi,Vo) = (N, V) = (1, V)

<JV1;JV1> = <J‘/23J‘/2> = <JV37J‘/3>

(JVi,JVo) = (JV1,JV3)
And then we set Vi, Voand V3 as

Vi =(1,0,...,0)
Vo =(—ir,v/1—-72,0,...0)

i V1-12—p2
Vs =0, 7%, Y =0,

(JVa, JV3)

.,0)

O = O =

For positive constants 7 = 712 and p = 723 with |7] < 1, 72 + p? < 1 then we

obtain orthonormal vectors and satisfy (V1, JVa) = 7, (Va, JV3) = p, (V1,JV3) =0

Corollary 3.1. The complex torsions 1; ; of a H-helix vy, 7;,; = 0 when i + j is

even [6].

Theorem 3.2. The complex torsions of a holomorphic heliz of odd and even proper
order d on a Kahler manifold satisfy the following relations.

Ti,j+2k:0 i=1,2,...

R172,d = Rd—1T1,d—1

K1T2,j + KjT1,j+1 = Kj—1T1,j-1 7 =3,5,...
Ki—1Ti—1,d + Kd—1Ti,d—1 = KiTi+1,d 1=3,5,.
Ri-1Ti—1,j + Kj-1Tij—1 = KjTij+1 T KiTiy1,; 0= 2,3

[4].

>~

L S,

I
—

J
2,
?

N DN

4,.
)

ooy (d=1)/2 (d odd)
.oy (d—=2)/2 (d even)
3,5,. .,d—l (d even)
,d— (deven)
z+4 Ld—1
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3.1. Holomorphic helices of order 3.

Theorem 3.3. For {V1, V5, V3} orthonormal frame and k1, ke pozitive constant on
a K-manifold M . There is a H-heliz v with curvatures k1, ke if and only if

K1T32 + KaT12 =0 K1 f1
{rmatmma=0 o gz g o= o
T3 = K{ + K3 ki + K3

[4].

Theorem 3.4. K-manifold M of order 2 and all complex torsions of H-heliz of
order 3 with curvatures k1 and ko satisfy

K1 K9
M2=—F—=, Ti3=0, T3=-—Fm—s
kY + K3 VKT K5
or
K1 R2
T1,2 = — =0,

> T13 T2,3 = ——F—s

K3 + K3 ! VK2 + K3
[4].

A classical result stated by M. A. Lancert in 1802 and first proved by B. De Saint
Venant in 1845 is a necessary and sufficient condition that a curve be a general helix

is the ratio of curvature of torsion to be constant [7, 8]. Adhering to this definition
we will give the following definition.

Definition 3.1. For Frenet curve v on a K-manifold of order 3, if the ratio of n2
72,3
is constant, then + is called a holomorphic helix.

Theorem 3.5. If v is a general helices of order 8 on K-manifold. Bl s constant.

K2
. . 71,2 R1
Proof. 7, ; = —Tj, Ti,j =0 (i+j even), —kaTi 2 + k1723 = 0. then —= = — from
T2,3 K2
. T2 K1
hypethesis —= =constant then — =constant. ([l

72,3 K2

Theorem 3.6. v be a general helix on K-manifold of order 3. Then ~y is a general
heliz if and only if

Dgs)ﬁ,z + >\D(f)7'1,2 +uDy712 =0
’

3 (k)2
R2 ) K3

Proof. if v is a general helix

Diym12 = KoT13
D(Q)T — / 2 +

? 1,2 = KyT1,3 — K3T12 +K1K2T23

3) " / /
Dyt = kKyTi3+ Ky(—KeT12 + K1T2,3) — 2K5K2T1 2

4

Kt 1 K
_ / 27, (2) 2 (.2 2
= 3k} <K§ D72+ . Dy 7'172) + {@ (k7 + /{2)}
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And we obtain

/ " 1\2
(3) 3Ky 1 (2) 2 2 Ky 3(K5)
D,'y T1,2 — 7D’Y 71,2 + (KJl + 112) - = 3 D;ﬂ'l,g =0
K2 %) Ry
conversely
1
DyTi0 = KoTi3 = T13= ;Dﬁyﬁz
s @
2
Dynz = ——=5Dsmie+ —Di" i
Ry Ko
and
2) Y Kb @) Kb ) L@
2 2 2
(31) Dy'ms = (-7 ) Dsme— 5Dy "me— 5D o+ —D 110
K3 K3 K3 Ko

we know that

Dﬁﬁ,z = KaT1,3

(2) / 2
D;( Ti2 = KkoT1,3— K3T12 + K1KkaT23
3
D"Y )TLQ = 3I£IQD:Y7'173 + AD;),TLQ

1

Where A = °2 — (k3 + k%), from (3.1)
R2

p / A (! 9 o
(3.2) D(ﬁQ)ﬂ’B: {(_§> +}DW71,2—"6/271,2_ (,:) L3+ 2Ty

K3 K2 2 ’ K ?
Dymi3 = —kKoT12 + k1723 if we find the derivative of the given equation
2 .
D’(Y )7'173 = —/43/2’7'1,2 — HQD;YTLQ + Hlng’g + lﬁllD,'},T273 and usimg D;ﬂ'z,?, = —K1T1,3
we have
D(2) _ / D- ’ 2
5 T1,3 = —hKaT12 — K2lDyT12 + K1T2,3 — K1T13

By using the equality of (3.2) and (3.3)

12 /
K A
! I 2 _ 2 !
—FKoT1,2 — HQDA‘/TLQ + K1T23 — KIT1,3 = - + — D:YTLQ — KoT1,2
K3 Ko
1\2 /
2(k5) Kohk1
- 71,3+ 72,3
%) K2
. . . ,  K3K1
If we product the both sides of the equation with 75 3 we have the ] = and
K2
. R1 . . k1 71,2
then k) Ko — kK1 = 0 and since — is constant then we obtain — = =constant.
K2 K2 T23
O

Theorem 3.7. If v is a helix of order 8 on K-manifold then

D(ﬁB)Tm + (k5 + K1) D512 =0
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Proof. Since k1, ko are constants and for d = 3

D5T1,0 = KoT1,3, Dy113 = —KaT12 +K1T23, DiyTo3z = —kKiT13

then we obtain

D,')/TLQ = K2T1,3
(2) _
D"Y T1,2 = KQD#TLg

_ 2
= —K3T1,2 + K1KaT2 3

3
DEY )7'1,2 = —r3(KoT13) + K1k2(—K1713)
= —(k3+ K} Dy712
where

D75 + (53 + K7) Dymi2 = 0

O

Corollary 3.2. If v is a holomorphic helix k1, ko separately constants then K} =
0, k% = 0. From there we find

D,(-YB)TLQ + (Iﬂlg + I{%)D"YTLQ =0

3.2. Holomorphic helices of order 4. From D V;(s) = —k;_1Vj_1(s)+k;Vji1(s),
j=1,2,...,dand 7; ; = (V;, JV;) also for curve of order 4 (i =1,2,3 j=1,2,3,4)
then we have

DyT10 = KaT13

Dymi3 = —KoTi2+ K3Ti4+ KiT23
Dymi4 = —K3T13+K1T24

Dyma3 = —K1T1,3+ K3T24

Dymo4 = —K1T14— K3T23+ K2T34
Dy134 = —KaTou

S0, the matrix form is

D»‘yTLQ 0 K2 0 0 0 0 T1,2
D,'YT173 —K2 0 K3 K1 0 0 T1,3
D;y7'174 _ 0 —R3 0 0 K1 0 T1,4
D,'y’7'273 - 0 —K1 0 0 K3 0 72,3
D:YTQA 0 0 —K1 —K3 0 K9 T2,4
D;ﬂ'374 0 0 0 0 —K2 0 73,4
and
T31 = T42 = 0
KoTo1 = K3T41 + Ki1T73.2
RoT43 = Ki1T41 + K373.2

Theorem 3.8. Let M is a 2-dimentional K- manifold. For all H- helix of order 4
of complex torsions with curvatures k1, ks and K3, satisfy the following equations

RoT
TI2=T34=T, To3=Ti4=——, T13=To4=0
K1+ K3
K1+ K3

where T = + 5 =
k3 + (K1 + K3)

RoT

T2 =—T34=T, To3=-—-Ti4=——, T13=To4=0

R1 — K3
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when k1 # K3
R1 — K3
T==

K3+ (k1 — K3)?

or 7'172:7'374:7'173:7'274:07 7'2732—7'174::|:1 where

K1 = K3[4].
Theorem 3.9. Let v be a general helix on K- manifold M of order 4, so
D'(‘y3)7-172 + )\D,(f)TLz + ,uD:ﬂ'l,g =0

3:“&’ 3 KZ/ 2 KZN
here A\ = ——2 and p = (7?2,)——2—1—&%4—/1%—5%.
K9 Koy K2
Proof.
Dymi2 = koTi3
(2) / 2
D& T2 = KoT1,3 — K3T1,2 + RKoK3T1,4 + K2K1T23
and
(3) _ / " 3 2 2
DyVmo = 3r5DsTi3 + (Ky — K3 — Kok3 — KTKo)T13 + 2K1K2K3T2, 4

K1T2,d = Kd—1T1,d—1 using this relation, K172 4 = k371 3 is obtained and in the above
expression

2/‘61&2/’637‘274 = 2/‘62/{%7'1,3
is written,
3
D'('y )7'1,2 = 3khDsm1 3+ (KY — K3 — Kok3 — KIKo)T1 3 + 2KoK3T1 3

_ / " 3 2 2
= 3k5D511 (K — K5 + Kok§ — KiK2)T13
is obtained and for

1
DyT12 = KoT13 == T13= ;nyﬁ,z
2

1\’ 1 (2)
— Diria=|— D:- —D;
4TL,3 (@) 5T1,2 + P 71,2

we find
31‘{/ 3 Iil 2 Ii”
D,(-YB)TLQ = ?gD,(-YQ)TLQ + {_(Kg) + é - Ii% + Ii?g — Ii%} D;YTLQ
or
D,(»YJ)TLQ + )\D,(VQ)TLQ + ,uD;ﬂ'LQ =0

3 / 3 1\2 "
Where \ = — -2 andu:@—@%—n%—kng—m%

Ko K3 Ko

Theorem 3.10. If v is a helix on K- manifold of order 4
D,(-YS)TLQ =+ {Ii% + K% — K‘%} D:YTLQ =0
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Proof.
Diym12 = KoT13
(2) _ 2
D? Ti2 = —K5Ti2+ KoKaTi 4+ KaRk1To 3
3) 2 2 2
D,-y T1,2 = —HQD,yTl)Q — R2R3T1,3 — R1R2T1,3 + 2%1/’62%37’2}4

using the equation K17p.q = K4—1T1,d—1 , K1T2,4 = K3T1,3 is obtained and from the
above equation

— 2
2;‘631/’%2%37’274 = 2/%2/*637’173

and

1
Dymi2 = KoTi 3= Ti3= FTDW'LQ
2

using the equations,

2 2
Kok3 KoK] 9 i

3/€2

(3 2
D’Y Ti,2 = —KZQD;YTLQ - D»‘yTLQ — D;ﬂ'l,g + 2;‘%‘2/’6 Dﬁ/Tl,Q

2
= (=K3+ K5 —KT)DyT1 2

is obtained

D’('YS)TLZ + {H% + H% - I’ig} D»'}/T172 =0.
]

Corollary 3.3. If v is a heliz, because of k1, k2 will be constants sperately, k) =
0, k% = 0. Then we obtain

D,(-yg)Tl)Q + {K% + Kg — K%} D:ﬂ'l)g =0.
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