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SIMPSON’S TYPE INEQUALITIES FOR m— AND
(a,m) - GEOMETRICALLY CONVEX FUNCTIONS

HAVVA KAVURMACI-ONALAN®* AHMET OCAK AKDEMIR, ERHAN SET, AND M. ZEKI
SARIKAYA

ABSTRACT. In this paper, we establish Simpson’s type inequalities for m— and
(a, m) —geometrically convex functions using the lemmas.

1. INTRODUCTION

The following inequality is well-known in the literature as Simpson’s inequality:
Let f : [a,b] — R be a four times continuously differentiable mapping on [a, b]
and Hf(4) ||OO = sup |f(4) (x)| < 00. Then the folllowing inequality holds:
z€la,b]

L0 IO g (110)]

I 1
< ||y H —a)t.
b—a/a f@)dr < 5555 Hf L b=a)
For the recent results based on the above definition see the papers [1], [4] , [7], [14],
[18] and [20].
In [6], G.Toader defined the concept of m-convexity as the following;

Definition 1.1. The function f : [0,b] — R is said to be m—convex, where m €
[0,1], if for every z,y € [0,b] and t € [0, 1] we have:
fltz+m(1—t)y) <tf(x) +m(l—1)f(y).

Denote by K,,(b) the set of the m—convex functions on [0, b] for which f(0) < 0.
In [19], Mihesan gave definition of (a, m)—convexity as following;

Definition 1.2. The function f : [0,0] — R, b > 0 is said to be («, m)—convex,
where (a, m) € [0, 1], if we have

fltz +m(1 —t)y) <t f(z) +m(l—t)f(y)
for all z,y € [0,b] and t € [0, 1].
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Denote by K& (b) the class of all (o, m)—convex functions on [0,b] for which
£(0) <0. If we choose (o, m) = (1,m), it can be easily seen that (o, m)—convexity
reduces to m—convexity and for («,m) = (1, 1), we have ordinary convex functions

n [0,b]. For the recent results based on the m— and (a,m)— convexity see the
papers [2], [3], [5], [8]-[13] and [15]-[17].

In [2], Xi et al. introduced m— and («, m) —geometrically convex functions and

give a lemma as following, respectively;

Definition 1.3. Let f () be a positive function on [0,b] and m € (0,1]. If

£ (#tym =) < 17 @) 1

holds for all z,y € [0,b] and ¢ € [0,1], then we say that the function f (z) is
m—geometrically convex on [0,d].

It is clear that when m = 1, m—geometrically convex functions become geomet-
rically convex functions.

Definition 1.4. Let f (z) be a positive function on [0, b] and (a, m) € (0,1] % (0,1].
If

F(atym00) <@l

holds for all z,y € [0,b] and ¢ € [0,1], then we say that the function f(z) is
(o, m) —geometrically convex on [0, ] .

Lemma 1.1. For z,y € [0,00) and m,t € (0,1], if z <y and y > 1, then
2ty < (1—t)y.

In this paper, we recite two lemmas in the literature, then we obtaine Simp-
son’s type inequalities using the lemmas for m— and («, m) —geometrically convex
functions.

2. REsuLTS

Lemma 2.1. [[1], pp.3] Let f: I C R — R be an absolutely continuous mapping
on I° where a,b € I with a <b. Then the following equality holds:

é[f(a)ﬂf(“jb) " }

_ (b—a)/op(t)f’(tb+(1—t)a)dt,

where
-k tefod),
p(t)=

t—2, te(s1].
Theorem 2.1. Let f : I C [0,00) — (0,00) be a differentiable mapping on I°
such that ' € Lla,b], where a,b € I with a < b. If |f'(x)| is decreasing and
(a, m)—geometrically convexr on [min{1,a},b], for b > 1, and for (a,m) € (0,1]?,
then the following inequality holds;

sl () s - < (- a)|f B My (0 m)

x)dx
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where
(2.1)

Voo = [~ ’(If{,(()l) > N d”/; tZ‘ <|L5/<S|)'|")(H)a «

Proof. From Lemma 2, Lemma 1 and since f is decreasing, then

1[f(a)+4f (a+b>+f ]

6
< (b—a>/0 p ()] 1f (tb+ (1 — t)a)|dt
< (b-a) / p(0)]|f (a5 .

Using the («, m) —geometrically convexity of |f/ (x)|, we have,

sl () +r0) -

1 o o
< (b-a) / p @)1 (@) 1 @)Y
0
A e |/ (a)] )“‘”“ ! ’< 1/ ()] )“‘”“
= (b— b - d - dty .
b= alF ¢ {/ 5| (o ”/; ANOE t
So, the proof is completed. O

Corollary 2.1. Let f : I C [0,00) — (0,00) be a differentiable mapping on I°
such that ' € Lla,b], where a,b € I with a < b. If |f' (z)| is decreasing and
m—geometrically conver on [min{l,a},b] for b > 1, and for m € (0,1], then the
following inequality holds;

sl @ (50 s -

) dz| < (b—a)|f ()" My (1,m)

where My (1,m) is the term in (2.1).

Theorem 2.2. Let f : I C [0,00) — (0,00) be a differentiable mapping on I°

such that f' € Lla,b], where a,b € I with a < b. If |f’ (x)|% is decreasing and
(o, m)—geometrically conver on [min{1,a},b], for b > 1, and for (a,m) € (0,1]?,
p > 1 with % + % =1, then the following inequality holds;

s[f@ar () 4r0) - 2

1+ 2r+L

(Wp—kl)) M; (a,m, p)

< G-a)lf <b>|’”(
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where
(2.2)
p—1

Yo N0\ N e
M”%"””_<A (7a) d& *(Angé%J “) |

Proof. By using Lemma 2 and Holder integral inequality, we have

;[fmng(“;b)+f }

1
< wfayA|p@nv%w+wlfwanﬁ
_ (b—a)/02‘t—é’|f’(tb+(1—t)a)dt—i—(b—a) [ t—2’|f’(tb+(1—t)a)dt
< (b—a)</02 t—é dt>p</02f/(tb+(1—t)a)|pfldt> :

p

Jr(ba)([l pdt>p<[1|f/(tb+(1t)a)|Pp1dt> '

Since |f’ (z)| is decreasing by using Lemma 1 and («, m)—geometrically convex, we

have
b b
Sl () s - o2 [ ra

)
t— =
6

< (b—a) 1+2p+1 % %|f/ (a/l_tbmt)‘ppjdt p%_i_ 1|f/ (al_tbmt)‘ppjdt p%
- 6P+1 p + ]. 0 %
14 2ptl H , m
< _
< 0-0 (grogy) 1O
ﬁ(mwamwtp+/KW@U“W~ﬁp
7 m 7 m
o \[f"(b)l 1 \[f"(0)]

So, the desired result is obtained. O

Corollary 2.2. Let f : I C [0,00) — (0,00) be a differentiable mapping on I°
such that f' € Lla,b], where a,b € I with a < b. If |f’ (x)|% is decreasing and
m—geometrically convex on [min{1,a},b], forb > 1, and for m € (0,1], p > 1 with
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+ = =1, then the following inequality holds;

|é [f(a)+4f (a;b>+f<b>] bfa/:ﬂx)dw

1+ vt
6Pt (p+1)

141
P q

< o-alror ) ¥ m.p)

where My (1,m, p) is the term in (2.2).

Theorem 2.3. Let f : I C [0,00) — (0,00) be a differentiable mapping on I°
such that f' € Lla,b], where a,b € I with a < b. If |f' (z)|? is decreasing and
(e, m)—geometrically conver on [min{1,a},b], for b > 1, and for (a,m) € (0,1]?,
q > 1, then the following inequality holds;

é[f(a)+4f (“‘2”)>+f(b)] —bia/abf(ﬂc)dx

< G-alr o (g)  Baema

Q=

where

(2.3)

3 ’ (1=t
o= [ 3| (e y ey,

6 \[f (&)™

o1 |f’<a>|)“‘“°‘q :
t 6‘(|f’(b)lm i+ |,

2

Proof. From Lemma 2 and using the well-known power mean integral inequality,
we have

é{f(a)+4f<a;rb>+f(b)} bia/abf(z)dx

< (b—a)/olIp(t)llf’(tb+(1—t)a)ldt
< (b-a) (/ |p<t>dt)1_é (/ p(t)lf’(tb+(1—t)a)lth);
< (b—a)</01|p(t)dt)l_;{/Oé‘t—é‘lf'(thr(l—t)aﬂth

t—2‘|f’(tb+(1—t)a)|th}q.

1
—I—/
1
2
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Since |f (x)|? is decreasing and (o, m)—geometrically convex on [min{1,a},b], we

have
1 a+b
Hr@ear (“50) v ro)] - s [ 1w
1-1 1
< (b—a)(?ii) {/o ‘t-é“f’(al—tbmt)‘th
+ : —Z“f’(al_tbmt)‘th}q
1-1 1 . e
< 6-0(5) { [ =gl @ et
; ) Y
‘), _éMfWWP“”fwwm*“””ﬁ}
o (BN L A1 (1-6)7q
- moror(g) {/o =il (o)
i |fm>>“t“q
+/; ' 6‘(1”’(6)7" -
So, the proof is completed. O

Corollary 2.3. Let f : I C [0,00) — (0,00) be a differentiable mapping on I°
such that f' € Lla,b], where a,b € I with a < b. If |f'(z)|? is decreasing and
m—geometrically conver on [min{l,a},b], for b > 1, and for m € (0,1], ¢ > 1,
then the following inequality holds;

r@ear (52) v o) - [ 1w

< G-alr o () ama

where Ms (1,m,q) is the term in (2.3).

Q=

Now, we obtain Simpson’s type inequalities for twice differentiable functions
using the following lemma.

Lemma 2.2. [[14], pp.2Let f : I C R — R be twice differentiable mapping on I°
such that f"” € Ly [a,b], where a,b € T with a < b, then the followz'ng equality holds:

slf@rar (50) o) - ot

(b—a)2/01k:(t)f”(tb+(1—t)a)dt
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where

k(t) =

{ 5(3-1) te0,3),
(

oG-, re (]
Theorem 2.4. Let f : I C [0,00) — (0,00) be a differentiable mapping on I°
such that f"” € Lla,b], where a,b € I with a < b. If |f" (x)| is decreasing and
(a, m)—geometrically convexr on [min{1,a},b], for b > 1, and for (a,m) € (0,1]?,
then the following inequality holds;

é[f(a)+4f ("‘2”’) +f(b)] - bia/abf(x)dx
where

< (b—a)’[f" ()" [Ma(a,m)]
(2.4) My (a,m) = /OE

(IR
oDl

Proof. From Lemma 3, Lemma 1 and since |f” ()] is decreasing, then

1[f(a>+4f ("+b>+f ]

6 2

IN

1
(bfaf/O ()] 1 (b + (1 — t)a)| dt

IA

(b—a)2/0 k()] | (') | dt.

Using the (a, m) —geometrically convexity of |f” (z)|, we have

(59 0]
(b—a)’ / eI @ 7 O g

- o-otiror [ (-9 () @
" / a-0(3-3) () dt} '

So, the proof is completed. O

| =

Corollary 2.4. Let f : I C [0,00
,b

— (0,00) be a differentiable mapping on I°
such that f"” € Lla,b], where a I

)
€ I with a < b. If |f" (x)] is decreasing and
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m—geometrically conver on [min{l,a},b] for b > 1, and for m € (0,1], then the
following inequality holds;

@+ (50) o) - < (b | ()" Ma (1,m)

1 b
o [ fads

| =

where My (1,m) is the term in (2.4).

Theorem 2.5. Let f : I C [0,00) — (0,00) be a differentiable mapping on I°
such that f" € Lla,b], where a,b € I with a < b. If |f" (x)|? is decreasing and
(o, m)—geometrically conver on [min{1,a},b], for b > 1, and for (a,m) € (0,1]?,
q > 1, then the following inequality holds;

|(1), [f(a)+4f (a;b>+f(b)] —bia/abf(w)dx

)

Q=

1\ 1
§ (b_a)2 <162) (Mﬁ (Ol7m,q)q +M7 (aam7Q)

where

and

1

Mt =1 @ [ fo o (4= D) (LY

1
2
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Proof. Suppose that ¢ > 1. From Lemma 3 and using the well-known power mean
integral inequality, we have

é{f(a)+4f<a;b>+f(b)} —bia/abf(x)dx

< <ba>2/01|k<t>||f“<tb+<1t>a>|dt

_ (b—a)2{/0é‘;(;—t)‘lf”(tb—k(l—t)aﬂdt
+/ (-1 (;-;)\f"<tb+<1—t>a>|dt}

<o (PGl

1
q

X (/Oi ;(;—t>’|f”(tb+(1—t)a)|th>
+</; (1—1) (;—;)’ﬁ)l_é
y (/j

2

1
q

(1—1) (; - ;>’|f” (b + (1 —t)a)|th>

Since |f” (x)| is decreasing using Lemma 1 and («, m)—geometrically convex on
[min {1,a},b], we have

(2.5) |f" (th+ (1 —t)a)|* dt

IN
S— S
[N [SIE
DN | =+ N | =+

|f// (a)lq(l—t)“ ‘f” (b)|mq(1—(1—t)a) dt

)
(3 — t) | (a'fmh) | dt
)

IN
h
[N
N | o+
7N
W —

|

—

- o[BG

- MG (a7m7Q)
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1
(2.6) / (1—1) (; _ ;) 7 (th+ (1= t)a)|* dt

77 (=) [

IA
N\)—A\
o

_

\
=
7 N
N |+
\
W
~

F @ @)t a

-l )

IA
N\)—A\
o

_

\
N)
7 N\
N |+
\
W
~

- M7 (a7 m, Q)
From (2.5) and (2.6), we have

VAN
=
|
N
[N~}
——
/N
b

where we use the fact that

1 1
/2E Ty dt:/ - (L-Ba= L
s 1243 , 273 162

So, the proof is completed. O

Corollary 2.5. Let f : I C [0,00) — (0,00) be a differentiable mapping on I°
such that f" € Lla,b], where a,b € I with a < b. If |f"” (z)|? is decreasing and
m—geometrically conver on [min{l,a},b], for b > 1, and for m € (0,1], ¢ > 1,
then the following inequality holds;

é[f(a)—i—zlf (“;b>+f(b)] —bia/abf(x)dz

1 17& 1 1
< 0-0 (1) (M ma)t £ 30 (1me)?)

where Mg (1,m,q) and M7 (1,m,q) are in the Theorem 5.
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