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ON THE HADAMARD’S TYPE INEQUALITIES FOR
L-LIPSCHITZIAN MAPPING

MEHMET ZEKI SARIKAYA AND HATICE YALDIZ

ABSTRACT. In this paper, we establish some new inequalities of Hadamard’s
type for L-Lipschitzian mapping in two variables.

1. INTRODUCTION

Let f : I € R— R be a convex mapping defined on the interval I of real
numbers and a,b € I, with a < b. the following double inequality is well known in
the literature as the Hermite-Hadamard inequality:

((557) < f enaes 20320

Let us now consider a bidemensional interval A =: [a,b] x [c, d] in R? with a < b
and ¢ < d. A mapping f : A — R is said to be convex on A if the following
inequality:

fllz+ (A —t)z,ty+ (1 —t)w) <tf (z,y) + (1 —1) f (2, w)
holds, for all (z,y),(z,w) € A and t € [0,1].A function f : A — R is said to be
on the co-ordinates on A if the partial mappings f, : [a,0] = R, f, (u) = f (w,y)
and f, : [e,d] = R, f, (v) = f(x,v) are convex where defined for all € [a, b] and
y € [e,d] (see [3]).
A formal definition for co-ordinated convex function may be stated as follows:

Definition 1.1. A function f : A — R will be called co-ordinated canvex on A,
for all ¢, s € [0,1] and (z,y), (u,w) € A,if the following inequality holds:

flz+ (1 —t)y,su+ (1 —s)w)

(1.1) < tsf(zyu)+s(l—2t)f(y,u) +t(1 —s)f(z,w)+ (1 —t)(1 —s)f(y,w).

Clearly, every convex function is co-ordinated convex. Furthermore, there exist
co-ordinated convex function which is not convex, (see, [3]). For several recent
results concerning Hermite-Hadamard’s inequality for some convex function on the
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co-ordinates on a rectangle from the plane R?, we refer the reader to ([1]-[3], [5],
[6], [8], [9] and [11]).

In [3], Dragomir establish the following similar inequality of Hadamard’s type
for co-ordinated convex mapping on a rectangle from the plane R2.

Theorem 1.1. Suppose that f : A — R is co-ordinated convex on A. Then one
has the inequalities:

a+b c+d
f( bt )

1| 1 [ c+d 1 (% [a+b
= 2lb—a/f<x’ 2 >d e f( 2 ,y)dy]
S e _c//f,ydyd:v
1
§4lb_a/fxcdz+/fxd
! d ! b,y)d
+ch(a7y) Z/‘*‘ﬁcf(ay)y
o S0 )+ f(be) S (bd)
— 4 *

The above inequalities are sharp.

Definition 1.2. Consider a function f : V' — R defined on a subset V of R”, n € N.
Let L = (L, Lo, ..., L,) where L; > 0, i = 1,2, ...,n. We say that f is L-Lipschitzian

function if
[f(@) = f)I <D Llzi — uil
i=1
for all x,y € V.

For several recent results concerning Hadamard’s type inequality for some L-
Lipschitzian function, we refer the reader to ([4], [7], [10]).

The main purpose of this paper is to establish some Hadamard’s type ineqaulities
for L-Lipschitzian mapping in two variables.

2. HADAMARD’S TYPE INEQUALITIES

Firstly, we will start the proof of the Theorem 1.1 by using the definition of the
co-ordinated convex functions as follows:

Theorem 2.1. Suppose that f : A — R is co-ordinated convex on A. Then one
has the inequalities:

(555 < =g | [ 1w

fla, )+ f(a,d)+ f(b,c) + f (b, d)
— 4 *

(2.1)
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Proof. According to (1.1) with z = tja + (1 —¢1)b, y = (1 — t1)a + t1b, u =
sic+ (1—s1)d, w=(1—s1)c+sidand t = s = , we find that

at+b c+d
f( bt )

[f(tla + (1 - tl)b, s1c+ (1 — Sl)d) + f((l — tl)a + t1b,81¢ + (1 — Sl)d)

IA
B~ =

+f(t1(1 + (]. — tl)b, (]. — 51)6 + Sld) —+ f((]. — tl)(l + tlb, (]. — 51)6 —+ Sld)] .
Thus, by integrating with respect to t1,s1 on [0,1] x [0, 1], we obtain

a+b c+d
(550

1 1 1
S Z |:/0 A [f(tla—l— (]. —fil)b,816+ (1 —Sl)d) +f((1 —tl)a+t1b,810+ (1 —Sl)d)] dsldtl

1,1
+/ / [f(t1a+ (]. —tl)b7(1 —81)C+81d) +f((1 —tl)a+t1b7(l —81)C+81d)] dSldtl .
o Jo
Using the change of the variable, we get

ey (A g [ [ e

which the first inequality is proved. The proof of the second inequality follows by
using (1.1) with z = a, y = b, u = ¢ and w = d, and integrating with respect to
t,s over [0,1] x [0,1],

/1/1f(ta+<1—t)b780+(1—8)d)d8dt
0 0

IN

/0/0[tsf(a,c)+s(1—t)f(b,c)—l—t(l—s)f(a,d)+(1—t)(1—s)f(b,d)]dsdt

fla,c) + f(a,d)+ f(b,c) + f (b, d)
1 .
Here, using the change of the variable x = ta + (1 — t)b and y = sc + (1 — s)d for
s,t € [0,1], we have

1 "l fla,0) + f(a,d) + [ (bo) + [ (b,d)
(2.3) m/a /C [ (@,y) dyde < 1 .
We get the inequality (2.1) from (2.2) and (2.3). The proof is complete. O

Theorem 2.2. Let f : A C R? — R satisfy L-Lipschitzian conditions. That is, for
(t1,51) and (ta, s2) belong to A :=[a,b] X [¢,d], then we have

|f(t1,81) — f(t2,s2)| < L1 |t1 —to| + Lo |s1 — s2|

where L1 and Lo are positive constants. Then, we have the following inequalities:
(2.4)

|f<a;b’cgd> G | [ i

1
STG(MI‘b_a‘+M2‘d_C|)
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fla,0)+ fa,d) + f (be) + [ (bd) 1 b
1 G ), s
(25— (M [b—a| + My |d — c)

12

where M1 = [L1+L3+L5+L7] andMg = [L2+L4+L6+L8]

Proof. Let t,s € [0,1]. Since ts + s(1 —t) + (1 —s) + (1 — t)(1 — s) = 1, then we
have

ltsf(a,c)+ s(1 —t)f(b,c) +t(1—s)f(a,d)+ (1 —¢)(1—5)f(b,d)
—f(ta+ (1 —1t)b,sc+ (1 — s)d)|
= |ts[f(a,c) — f(ta+ (1 —t)b,sc+ (1 — s)d)]
(2.6)
+s(1 —=t)[f(b,e) — f (ta+ (1 —t)b,sc+ (1 — s)d)]

+t(1 —s) [f(a,d) — f (ta+ (1 — t)b, sc + (1 — s)d)]

+(1 =) (1 —=8)[f(b,d) — f (ta+ (1 —t)b,sc+ (1 — s)d)]|

IN

ts[(1—t)Ly [b—al + (1 — s)La |d — c]] + s(1 — ) [tLs |b— a| + (1 — 5) Ly |d — c]]
+t(1 =) [(1 —t)Ls|b—a|+ sLg|ld —c|] + (1 —t)(1 — s) [tL7|b — a| + sLg|d — ¢|]
= (ts(1 —t)[L1 + L3] +t(1 —8)(1 —t) [Ls + L7]) |b — a|

+ (ts(1 — ) [Lo + Lg] + s(1 — 8)(1 — t) [Ly + Ls]) |d — ¢|.

If we choose t = s = % in (2.6), we get

fla,e)+ f(a,d)+ f(b,c) + f(b,d) a+b c+d
4 _f( 2 7 2

([L1+ L3+ Ls + L] |b— a| + [Lo 4 Le + Ly + Lg] |d — c|) .

ool —
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Thus, if we put ta + (1 — t)b instead of a, (1 —t)a + tb instead of b, sc+ (1 — s)d
instead of ¢ and (1 — s)c+ sd instead of d in (2.7), respectively, then it follows that

’f(ta—i—(l—t)b,sc—I—(1—s)d)+f(ta+(1—t)b,(1—s)c+sd)

4
+f((l—t)a—Hfb,sc—i—(1—s)cl)?:f((l—t)a-i—tb,(l—s)c—&-sd)
(2.8)
i (a;b’c;dﬂ
< 1([L1+L3+L5+L7}|1_2t||b_a|+[L2+L6+L4+L8]|1_23| |d —c)

8

for all t,s € [0,1]. If we integrate the inequality (2.8) with respect to s,t on
[0,1] > {0,1]
1 /ot
‘4/ / [f ta+ (1 —t)b,sc+ (1 —s)d) + f(ta+ (1 —t)b, (1 — s)c+ sd)] dsdt
0o Jo
1 !
+Z/ / [f (A =t)a+thsc+(1—s)d)+ f((1—t)a+1b,(1—s)c+ sd)|dsdt
o Jo
a+b c+d
()

1 1 1
8{[L1+L3+L5+L7]|b—a|/ / |1—2t|d8dt
0 Jo

IN

1 1
+[L2+L6+L4+L8]|d—0‘/ / |1—28|d8dt}.
0 0

Thus, using the change of the variable x = ta + (1 —¢)b, y = (1 — t)a + tb, u =
sc+ (1 —s)d and w = (1—s)c+ sd for t,s € [0, 1], and

1 1 11 1
/ / |1—2t|dsdt:/ / |1 — 2s|dsdt = =
0o Jo o Jo 2

we obtain the inequality (2.4).
Note that, by the inequality (2.6), we write

[tsf(a,c) + s(1—¢t)f(b,c)+t(1—s)f(a,d)+ (1 —1t)(1—s)f(b,d)
—f(ta+ (1 —¢)b,sc+ (1 —s)d)|
(2.9)
< (ts(1=t)[Ly + L3) +t(1 — s)(1 — ) [Ls + L7]) |b — al

+(ts(1—8)[La+ Lg) +s(1 —s)(1 —t) [Ls+ Ls]) |[d — ¢]..
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for all t,s € [0,1]. If we integrate the inequality (2.9) with respect to s,¢ on
[0,1] x [0,1], we have

J(0,0) + £ (0,d) £ 1 (b0) + £ (0.0 L
| 1 “Twaa ), | e

1
S E([L1+L3+L5+L7]|b7a|+[L2+L6+L4+L8]|d*CD

and so we have the inequality (2.5), where we use the fact that

0/10/13t(1_t)dsdt=0/10/13(1—3)(1—t)dsdt:112_

This completes the proof. (I

3. THE MAPPING H

For a L-Lipschitzian function f : A C R? — R, we can define a mapping
H:[0,1] x [0,1] — R by

Ht, s) ::(ba)l(dc)/ab/cdf(tw—k(l—t)a;b,sy—f—(l—s)c—;d) dydz.

Now, we give some properties of this mapping as follows:

Theorem 3.1. Suppose that f : A C R? — R be L-Lipschitzian on A := [a,b] x
[c,d]. Then:

(i) The mapping H is L-Lipschitzian on [0, 1] x [0, 1].
(i) We have the following inequalities

(3.1) 'H(us)—f(“;b,cgd)‘gT(b—a)+€125(d—c)
(3.2)

bopd - .
’H(t’s)_(b—a;(d_c)/ / o) dyds| < ZE= =0 2= (0.
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Proof. (i) Let t1,t2, 81, s2 € [0,1]. Then, we have

|H (t2, s2) — H(t1,51)]

b pd
a+b c+d
L[ (e e oy -0 5 ) dyaa
b pd
b d
_/ / f(tlx—i—(l—tl)a;751y+(1—81)c—’2— )dydx

(b—a)(d—c)

a+b c+d
< tox + (1 —t 1—
- (b—a d—c) <2x—|— 2) 2 52y + (1 = 52) 2 )
+b +d
_f<t1x+(1—t1)a2,sly—i—(l—sl)c )dydm
1 bord a+b c+d
- Lylts — 1] |z — Lo |ss — =y
smaama | L [l 5 ke iy = 5 v
Li(b—a Ly (d—c
= %)Hg—tﬂﬂ-%)bg—sﬂ,
i.e., for all t1,to, 81,89 € [O, 1],
Li(b—a Loy (d—c
(33)  [H(taso) ~ Hltrs) < 20Dy gy L2020 )

which yields that the mapping H is L-Lipschitzian on [0, 1] x [0, 1].
(#) The inequalities (3.1) and (3.2) follow from (3.3) by choosing t; = 0, t3 =
t, s1=0, ss=sandt; =1, to =t, s; =1, sy =s, respectively. O

Another result which is connected in a sense with the inequality (2.5) is also
given in the following;:

Theorem 3.2. Under the assumptions Theorem 3.1, then we get the following
inequality

[ (a4 (0= 0252 e+ (1= 9)S58) + f (at + (1= 0 ds + (1~ 5)59)

4

+f(bt+(1ft)“7+b,cs+(lfs) )+ f(bt+ (1 —t)%E ds + (1 — s5)54)

4

1 n2 mo
(g =) (mz — my) / / - fw w)dudu

1
S E(M1|n2—n1\t+M2\m2—m1|s)

(3.4)

where M1 = [L1+L3+L5+L7] andM2 = [L2+L4—|—L6+L8]
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Proof. If we denote ny = at+(1—1)%E, ny = bt+(1—)%E2, my = cs+(1—s)

and mo = ds + (1 — s)<54, then, we have

1 no mo

H(t,s) = / / u, w)dwdu.
(t:2) (n2 —n1)(ma —mi) Jn, Jom, flw)

Now, using the inequality (2.5) applied for ny,ny,m; and ms, we have

f(n1,ma) + f (n1,ma) + f (ng,m1) + f (n2, ma)

4
1 no mao
— w, w)dwdu
(n2 —n1)(ma —m) /nl /m1 fu,w)
1
< 2 (M |ng — na| + My |ma —mq|)

from which we have the inequality (3.4). This completes the proof.
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