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Lie Grupta Bir Egri Boyunca Sabit Ortalama Egrilikli Yiizeyler Uzerine

Zithal KUCUKARSLAN YUZBASIY, Seving TAZE?

One Cikanlar: OZET:

+ izoparametrik Bu calismada, bir izoparametrik e8ri ve onun Frenet catisi, 3 boyutlu Lie
egri grubunda bir ylizey olusturmak {izere lineer olarak birlestirilmistir. Yiizey,

+ Sabit ortalama verilen egri boyunca sabit bir ortalama egrilige sahip oldugunda, yeterli kosullar
egrilik karsilanmustir. Sonug olarak, elde ettiklerimiz igin 6rnekler verilmis ve grafikler

cizilmistir.
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Highlights: ABSTRACT:

* Isoparametric In this study, an isoparametric curve and its Frenet frame are linearly combined
curve to form a surface in 3-dimensional Lie group. When the surface has a constant

« Constant mean mean curvature along the given curve, sufficient conditions have been satisfied.
curvature In conclusion, we provide examples of our findings and draw graphs.
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INTRODUCTION

Numerous scholars have extensively investigated the classification of curves on a surface.
Afterwards, as a solution to the reverse problem, researchers concentrated on the building surfaces along
a particular curve. Initial studies on these topics were done by (Kasap et al. 2006; Li et al. 2011; Wang
et al. 2014; Ergiin et al. 2014; Yoon et al. 2017,2019). The method used in these publications is as
follows: the isoparametric curve's geodesic, asymptotic, and line-of-curvature conditions have been
determined, and the parametric surfaces have been created as a linear combination of that curve and its
Frenet frame. A new study on construction surfaces with constant curvatures along a particular curve
was recently proposed by (Cosanoglu et al. 2020; Bayram et al. 2022).

We organized our paper as follows in this manuscript: We give some basic information regarding
curve and surface theory in the 3-dimensional Lie group in Section 2. When the surface has constant
mean curvature along the specified curve, we construct a surface along the curve and then deduce
sufficient conditions in Section 3. We provide some instances in the final part to illustrate our findings.

MATERIALS AND METHODS

The Frenet formulas for a unit speed curve a(s) in the Lie group such that G has the Levi-Civita
connection D are expressed as follows:

D;T =T'(s) 0 K1 0 T(s)
DTN = N,(S) =|—K1 0 (KZ - K_2) N(S) ,
D;B = B'(s) 0 —(k,—%3) 0 B(s)
where x; and k, are the curvature functions of a(s) and %, = % [T, N], B) which was introduced (Ciftci

et al. 2009; Okuyucu et al. 2013; Yoon et al. 2012) is the Lie group torsion of for the bi-invariant metric on
G.HereT = a', k; = ||T'|| and k, = ||B'|| — k5.

Remark 2.1 Let G be a 3-dimensional Lie group with a bi-invariant metric. Then the following
statements hold in different Lie groups:

() % = g if G is SO(3).
(i)x; = 1,if G is S® = SU(2).
(i) x; = 0, if G is a commutative group, (Ciftci et al. 2009; Yoon 2012).

Definition 2.2 The mean curvature of P = P(s,t) surface is defined by

det (Pgs,Pg,Pp) || P12 2(det (Pst,Ps,Py){(Pg,P det (P¢s,Ps,Pp) || Pgl|
H(S,t): ( € (SS S t)” t” E(S' t)' ( € (St S t)( S t>§ (S, t)+ ( € ( ttl's t)” s” E(s’ t), (1)
2| PslI2 11 P¢lI2—(Ps,Pt)?)2 2(lIPglI2 11 P¢lI2—(Ps,Pt)?)2 2(||PslI2[| P¢l|2 —(Ps,P¢)?)2
opP opP a2p o%p
where P = PS'E = Pt and 552 = PSS'F = Ptt'

RESULTS AND DISCUSSION

We will describe the surfaces with constant mean curvature in the three-dimensional Lie Group.
Suppose a(s) be an arc length parametrized curve on a surface P(s,t) in G. Then the curve a(s) is
called an isoparametric curve if it is a parameter curve, that is, there exists the parameter t, such that
a(s) = P(s, ty) .

P = P(s,t) is defined based on a(s) and the Frenet frame in Lie group G as follows
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P(s,t) = a(s) + f(s,t)T(s) + g(s,t)N(s) + h(s,t)B(s), (2)

Ly<s<L, and T,<t<T,

where f(s,t), g(s,t) and h(s,t) are all c! functions. These functions are called the marching-scale
functions.
Since a(s) is an isoparametric curve on this surface, there exists a parameter t, € [T, T,] such that
a(s) = P(s, tp), that is,
f(s,t0) = g(s,t0) = h(s,te) = 0 ©)
L, <s<L,and ty, € [Ty, T,].
To calculate the mean curvature by using the equation (1), we can easily get
P= 1+ fi- ge)T + (frs + g5 — h(x; —1))N+ (9(x, — ;) + hy)B,

Ps (s, to) =T,

Pss (8, t) = k1N,

P, (s,t) =f; T +g, N + h,B,

Py (S0) =f;e T+ gueN +hy B,

Pr=Psy = (<1190) T + (k1 fy — (2 — %3) he)N+(g.(x, —%3) ) B.

Then one may easily calculate the mean curvature using the surface P(s, t) based on the isoparametric
curve a(s).

—k1he(fe?+9¢2+he?)+(—geehe+geher)
H(s, to):—zft[(ht’ﬁft'*' Reges—gihes)—(he’+g:?) (k—K7) ](S,to) (4)

3
2(g¢%+he?)2
Therefore we can give the following main theorem:

Theorem 3.1 Let P(s,t) be the surface given by Equation (1). If the mean curvature of P(s,t) in
equation (4) along the isoparametric curve a(s) is a constant, then one of the following five conditions
is satisfied:

(f:(s, ty) = const.# 0,9.(s,t;) = const.# 0.,
f(SI tO) = g(s: tO) = h(sl tO)

= h¢(s,t0) = (s, 6)) =0

\ (k, —%;) = const.

1.4

(f:(s, ty) = const.# 0,h.(s,t,) = const.# 0,
f(sl tO) = g(s: tO)

= h(s,ty) = g¢ (5, o) = get (S,t9) = 0,

\ (k, —%,;) = const.

2.1

fi(s, ty) = g:(s, ty) = h.(s,ty) = const.# 0,
3. f(s, ty) = g(s, ty) = h(s,ty) =0,
(k, —%3;) = K, = const.
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g:(s, ty) # 0,
f(s, ty) = g(s, ty) = h(s, ty)
= ft(s» to) = ht(S, to) = htt(s, to) = 0.

f(s,tg) = g(s,tp) = h(s, ty)
5 )= fi(s t0) = gi(s,to) = guls, o) = 0,
h:(s, ty) = const.# 0,
K, = const.

Proof: 1. Since the given curve isoparametric then we have f (s, t,) = g(s,t,) = h(s,ty) = 0.

Considering f; (s, tg) = g:(s,tg) = 0 = h(s, ty)=h. (s, ty) and subsituting these values into equation
(4), we get

H(S, to)z(’fz_g?) ft.

Therefore, we obtain (k, — ;) = const.
The proof for the rest of the cases can be done similarly to case 1.
Remark 3.2 Let a(s) be the isoparametric curve, then

i) For the first and second conditions of Theorem 3.1, an anti-Salkowski curve can be given as an
example of this type of curve.

il) For the third condition of Theorem 3.1, helices can be given as an example of this type of curve.

iii) For the fifth condition of Theorem 3.1, a Salkowski curve can be given as an example of this type of
curve.

Example 3.3 Let a(s) be a parametrized by
a(s) = (sins, coss, 0).
Then the Frenet vectors in the three dimensional Lie Group are given as
T = (coss, —sins, 0),
N = (—sins, —coss,0),B = (0,0,—1),
here one may getx; = 1,k, = 0 and k; = % by using k; = ||T'|| and k, = ||B'|| — %3.

Case 1. Considering the first condition of the Theorem 3.1 we can choose f(s,t) = —t, g(s,t) =
t,h(s,t) =t3 and t, = 0. So, the surface P;(s,t) given by (2) in the Lie group is expressed as
Pi(s,t) = ((1 — t)sins — tcoss, (1 — t)coss + tsins, —t3 ),

is plotted in Figure 1, where —1<s<1 and —2 <t <2 with constant mean curvature H(s, t,) = %
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Figure 1. The surface P, (s, t) with constant mean curvature along the curve a(s)

Case 2. Considering the second condition of Theorem 3.1 we can choose f(s,t) = t, g(s,t) = st3,
h(s,t)=ssint and t, = 0. So, the surface P, (s, t) given by (2) in the Lie group is expressed as

P,(s,t) = ((1 — st3)sins + tcoss, (1 — st3) coss — tsins, —ssint )

is plotted in Figure 2, where —1<s<1 and —2 <t <2 with constant mean curvature H(s, t,) = _73

Figure 2. The surface P, (s, t) with constant mean curvature along the curve a(s)

Case 3. Considering the third condition of Theorem 3.1 we can choose —f(s,t) = —h(s,t) =
g(s,t)=eSt and t, = 0. So, the surface P;(s, t) given by (2) in the Lie group is expressed as

Pi(s,t) = ((1 — eSt)sins — eSt coss, (1 — eSt )coss + eSt sins, eSt )

7

is shown in Figure 3, where —1<s<1 and —2 <t <2 with constant mean curvature H(s, t,) = "

Figure 3. The surface P; (s, t) with constant mean curvature along the curve a(s)
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Case 4. Considering the fourth condition of Theorem 3.1 we can choose f(s,t) =t?, g(s,t) =t ,
h(s,t)=t3 and t, = 0. So, the surface P, (s, t) given by (2) in the Lie group is expressed as

P,(s,t) = ((1 — t)sins + t2coss, (1 — t) coss — t?sins, —t3)

is shown in Figure 4, where —1<s<1 and —2 <t <2 with constant mean curvature H(s, t,) = 0.

Figure 4. The surface P, (s, t) with constant mean curvature along the curve a(s)

Case 5. Considering the fifth condition of Theorem 3.1 we can choose f(s,t) = t2, g(s,t) = t3,
h(s,t)=—t and t, = 0. So, the surface Ps(s, t) given by (2) in the Lie group is expressed as

Ps(s,t) = (1 — t3)sins + t? coss, (1 — t3) coss — t? sins, t)

is shown in Figure 5, where —1<s<1 and —2 <t <2 with constant mean curvature H(s, t,) = %

Figure 5. The surface Ps (s, t) with constant mean curvature along the curve a(s)
CONCLUSION

We build a surface along the curve and then derive the sufficient conditions when the surface has
a constant mean curvature along the given curve. In the conclusion, we provided some examples to
illustrate our findings.
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