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@-FOURIER LIPSCHITZ FUNCTIONS FOR THE GENERALIZED
FOURIER TRANSFORM IN THE SPACE LQQ(R)

S. EL OUADIH AND R. DAHER

ABSTRACT. In this paper, we prove the generalization of Titchmarsh’s theorem
for the generalized Fourier transform for functions satisfying the Q-Fourier
Lipschitz condition in the space LQQ(R).

1. INTRODUCTION AND PRELIMINARIES

In [3], E. C. Titchmarsh’s characterizes the set of functions in L?(R) satisfying
the Cauchy-Lipschitz condition by means of an asymptotic estimate growth of the
norm of their Fourier transform, namely we have:

Theorem 1.1. (/3]) Let § € (0,1) and assume that f € L*(R). Then the following
are equivalents

(i) f(t+h) = f@®] =0, as h—0,

(ii) / FO)2dA = O6—2) as 7 — oo,
|A[>r
where f stands for the Fourier transform of f.

In this paper, we prove the generalization of Theorem 1.1 for the generalized
Fourier transform for functions satisfying the Q-Fourier Lipschitz condition in the
space L?Q (R). For this purpose, we use the generalized dual translation operator.

In this section, we develop some results from harmonic analysis related to the
differential-difference operator A. Further details can be found in [1]-[2] and [6].
Consider the first-order singular differential-difference operator on the real line de-
fined by

f(z) = (=)

T

: +g(@)f(@),

1
M) = 1)+ (ot
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where o > — 3 and q is a C'*° real-valued odd function on R.

Put
= — ’ t)dt | .
Q) exp( /Oq() )
We denote by

e S(R) the space of C* functions f on R, which are rapidly decreasing together
with their derivatives, i.e., such that for all m,n =0,1,.

mmﬁ%ww1+wl‘ \

The topology of S(R) is defined by the semi-norms py, », m,n =0,1,....
e Sgo(R) the space of C* functions f on R such that for all m,n =0,1, ...,

Pm»n(f) :pm,n(Qf) < 00.

The topology of Sg(R) is defined by the semi-norms Py, ,,,m,n = 0,1, ....
e S'(R) the space of tempered distributions on R.

e 55(R) the topological dual of Sg(R).

. L%(R) be the class of measurable functions f on R for which

1/2
me—(/u mm“m) ‘o

The generalized Fourier transform of a function f in Sg(R) is defined by
/ f(z (—ixz)|z|**Tdz, X eR.

where e, denotes the Dunkl kernel on R defined by

ed@=h@d+ﬂj}5hﬂﬁd (z€C),

ja being the normalized spherical Bessel function of index « given by

- _ — (—1)"(z/2)*"
Ja(z) =T(a+1) 7;) A+ at1) (z€Q),

The following properties collected from [4]-[5] will play a key role in the sequel.

Lemma 1.1. (i) For allz € R, |ey(iz)] < 1.
(i) For all z € R,

|1 —eq(iz)] < |zl
(#ii) There is cq > 0 such that

1 — ey (iz)| > ca,
for all x € R with |z| > 1.

From [6], we have two following theorems

Theorem 1.2. (i) The dual operator of A, defined by

;) O IE s
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is a linear bounded operator from Sg(R) into itself.
(i1) The generalized Fourier transform F is a topological isomorphism from Sg(R)
onto S(R). The inverse transform is given by

-1 - eq(tAz)do
FHoW) = g [ a0eaira)do(3),

where
|/\‘2a+1

220+2(T(a 4+ 1))?
Theorem 1.3. (i) For every f € Sq(R) we have the Plancherel formula

(1.1) /|f \x|2a+1dz—/|f A)|2do (V).

dA.

do(\) =

(i) The generalized Fourier transform F extends uniquely to an isometric isomor-
phism from L (R) onto L*(R, o).

The generalized Fourier transform of a distribution S € S5, (R) is defined by
(F(S),4) = (S, F7'(¥)), v € SR).

Theorem 1.4. ([6]) (i) The generalized Fourier transform F is one-to-one from
So(R) onto S'(R).
(i) If f € Lé(R) then the functional

(Ty, ) = / F@) @)z de, e SR),

is a tempered distribution R. Moreover,
F(Tgey) =T,

with
1

220+2(M( + 1))
In all what follows assume m = 1,2,... . Let Wy o be the Sobolev type space

g(\) = F(=A).

constructed by the differential-difference operator A, 1.e.,
Wiy ={f € LL(R) : N f € LE(R),j = 1,2,...,m}.
More explicitly, f € Wy if and only if for each j = 1,2, ..., m, there is a function
in LQQ(R) abusively denoted by A f, such that AJ Ty =Ty I
Proposition 1.1. ([6]) For f € Wy’ we have
(1.2) FA™F)A) = @A) F(F)N).
Recall that the Dunkl translation operators 7%, z € R are defined by

Piw = 5[ IR —2xy><1+ M) Aa(t)dt

/ f—VE TP 2wy><1 m) Aa(t)dt,
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where

Au(t) = M(l +1)(1 — 32,

The generalized translation operators 7%, x € R, tied to A are defined by
T*(y) = Q@)Qy) T (f/Q)(y)-

The generalized dual translation operators are given by

Proposition 1.2. (/6]) (i) Let f € L3 (R), Then for allz € R, 'T*f € L (R) and
177 fllz@ < 2Q(2)] fl2,-

T Q) ().

(ii) For f € LQQ(R) we have
(1.3) FOTTHN) = Q(@)ea(—iAz) F(f)(A)-
Let f € Lg)(R). We define the differences of the orders m with a step i > 0 by

W) = (T" = QM) I)™f(x),
where T is the unit operator in L) (R).

2. Main Results
Lemma 2.1. For all f € Wi and h >0 we have

IATARF]3 o = (62(h))2m/IR 1= ea(=iAR) PP APEIF () (V) Pda(N),
where k =0,1,...,m.

Proof. The result follows readily by using (1.1), (1.2), (1.3) and an induction on
m. g

Definition 2.1. Let 6 > 1 and 8 > 0. A function f € W', is said to be in the
Q-Fourier Lipschitz class, denoted by Lip(Q,d, ), if

1A A fllz. = OUQR)" WO (R?)) as h—0,

where
(a) k=0,1,...,m and ¢ is a continuous increasing function on [0, c0),

gb)) 1/)(3) =0, (ts) = Y(t)Y(s) for all t,s € [0, 00),

1/h
/ 17200 (572 ds = O(R® 2 (h?P)), h — 0.
0
Theorem 2.1. Let f € Wy'. Then the following are equivalents

(i) f € Lip(Q, 6, 3),
(ii) / APV Pdo(X) = O(r= 2w (), as 1 — cc.

[A=2r
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Proof. (i)= (it) Let f € Lip(Q,,8). Then we have
AR flla.0 = O(Q(R)™hop(h?)) as h— 0.

If [A] € [+, 2], then |Ah| > 1 and (i) of Lemma 1.1 implies that

1
1< ——|1— eq(—irh)|*™.

<z
Then
/ IAPFIF(S N Pdo(N) < gi/ 11— o (—iMR) 2™ ALK F(F) ) Pdo(A)
e R ENES
1
1 S
< Gy A e
= O(h26f¢)(h25)).

We obtain
/ APEIEF) N Pdo(X) < Cr2u(r28), 7 - oo,
r<|A<2r

where C' is a positive constant. Now,

o0

)\Qk]: )\QdU)\ = )\2k]_— )\2d0>\
[ eEomtan = S EE0Pe0)

< OBy Y@ P2 )
=0
< CChar (),

where Cs 5 = (1 — 2*2%[;(2*23)))*1 since 2*251#(2*%) < 1.
Consequently

[, PEIFGIOIRA) = 06250072, as r =00

(#4)= (i). Suppose now that

/W APEIEH Ao (A) = OG> 5(r=28)), as 1 — oo,

and write
IAPAFRFII3.6 = (Q(R)*™ (I + L),
where
h=[ = eali P APF() P ()
IA<%
and

= [ = ealiM) PP E( ).
IAIZ
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Let us estimate the summands I; and I5 from above. To estimate I, we use both
the first two estimates of e, in Lemma 1.1. Therefore

ho= / 1= ea(=iAR)PIAPEF(F) (V) Pdo(A)
<%

= /l)\|<1 |1 — 604(—Z.Ah)|2m—2|1 — ea(—ZAh)F|A|2k|f’(f)()\)|2do_(/\)

IN

22 [ ea(iPAPHE(D ) o ()
A<

IN

2 [ NPRE PO,
[Al<#
Now, we apply integration by parts for a function

+oo
o) = / AZHECH ) o),

N E(f) (M Pdo(A) = /0 TN (NN = —a%0(@) + 2 /0 o)A

IN

G / "N = O (e )),
0

where C1 is a positive constant. Hence
I = O(h®y(h?P)), as h—0.
On the other hand, it follows from the first inequality of Lemma 1.1 that

I <am / AZEE(H) ) Ao (V) = 0P w(h?)), as h— 0.
[AI>%#

Consequently,

1ARAY fll2.o = O(Q(R) "R ¥(h?)) as h—0.
and this ends the proof of the theorem. ([
Corollary 2.1. Let f € Wy'. If

IAPAE flla.o = O(Q(R)™hOp(hP)) as h — 0,
then
IF(HN)Pdo(N) = O 2y(r=2F)), as r— oo,
A >r
where k =0,1,...,m.
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