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ABSTRACT. In this article, we study the fractional-order SEIR mathematical
model of Lumpy Skin Disease (LSD) in the sense of Caputo. The existence,
uniqueness, non-negativity and boundedness of the solutions are established
using fixed point theory. Using a next-generation matrix, the reproduction
number Rg is determined for the disease’s prognosis and durability. Using
the fractional Routh-Hurwitz stability criterion, the evolving behaviour of the
equilibria is investigated. Generalized Adams—Bashforth—-Moulton approach is
applied to arrive at the solution of the proposed model. Furthermore, to vi-
sualise the efficiency of our theoretical conclusions and to track the impact
of arbitrary-order derivative, numerical simulations of the model and their
graphical presentations are carried out using MATLAB(R2021a).

1. INTRODUCTION

Lumpy skin disease mainly spread to ruminants such as cattle and water buf-
faloes (Bubalus bubalis), making it a non-zoonotic viral disease that develop and
reproduce entirely in non-human hosts via arthropod vectors such as biting flies,
mosquitoes, and ticks. Contagious sustenance such as contaminated fodder, wa-
ter and animal semen during artificial insemination are also respomnsible for the
spread. It is a trans-boundary disease brought on by the Lumpy skin disease virus
(LSDV) which go by names Pseudo-urticaria, Neethling viral disease belonging to
the Poxviridae family, and genus Capripoxvirus (6], [19], (28], [51], [59]).

Zambia marked the presence of LSD in 1929 [38], propagating to Zimbabwe
and South Africa in 1949, Ethiopia in 1983, Israel in 1989, and then spreading
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throughout the Middle East, West Asia, and Europe. It produced a massive eco-
nomic calamity in South Africa for about 30 years (1950-1980) [3], [30]. The year
2018-19 recorded infections in Greece, Georgia, and Russia. Cattle in various Asian
nations are currently suffering from LSD including Nepal [4], Thailand (7], [37],
Malaysia, Laos, Cambodia [8], Mynmar [1§], Bangladesh [25], India 23], China
[32], Sri Lanka, Bhutan and Vietnam [5§].

Though cattle are the prime species to be infected by LSD but experimental
infections show that the virus can also infect sheep, goat, giraffe, gazalles and im-
palas [23]. The name LSD is attributed to the fact that lymph nodes of the infected
animal grows and resemble lumps on the skin. Large cutaneous nodules emerge on
the head, neck, arms, legs, udder, abdomen, and private parts of the infected cattle
subsequently evolve into ulcers and finally convert into skin scabs [51]. According
to the FAO [24], it is a high morbidity(2-45 percent) and low mortality disease (less
than 10 percent). The disease evolve in 4 to 14 days.

August 2019 marked the initial outbreak of LSD in the Indian states of Odisha
and West Bengal [56]. Within a few months, other LSD outbreaks were recorded
across the country causing the dairy industry to incur significant financial losses.
With the most cow and buffalo in the world, India is the largest milk producer
and ranks first in the world, producing twenty-four percent of global milk output
in 2021-22. According to government data, lumpy skin disease has infected millions
of cattle and killed more than 1,84,000 in India, causing less milk production due
to weakness and appetite loss caused by mouth ulcers, inadequate development,
decreasing draught power, and reproductive difficulties such as abortions, infertility,
and a lack of sperm for artificial insemination. As a result, LSD has been identified
in India as a potentially lethal disease for cattle.

1.1. Motivation and Research Background. Modelling of epidemic diseases is
of utmost importance to understand the behaviour of the ailment across time and to
devise appropriate safeguards for the same. Numerous epidemic models have been
developed for various diseases, including dengue and chikungunya [1], typhoid [2],
cholera [10], HIV/AIDS [11], Covid-19 |14], [15], [57], leptospirosis, HIN1, measles
[17], and others. But to our surprise there is not enough research on transmission
dynamics and LSD control using a compartmental modelling technique; by the time
this study was completed, there had only been one work [46], to examine the effects
of vaccination on LSD and the spread of the illness in Ethiopia. Butt et al. [15] had
also researched the SVEIR epidemic model and examined it for the presence of a
unique positive and bounded solution at the end of initial revision. The authors of
both of these studies, however, relied on the traditional integer-order derivatives,
which are frequently unable to foresee the remembrance and inheritance character-
istics of substances and phenomenons, leading to erroneous depictions of dynamic
real-world events. Due to the significant amount of unidentified, uncertainties, and
misinformation, developing a mathematical model that accurately captures LSD
using classical differentiation is a difficult task. The use of non-local operators is
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encouraged by coincidences and diminishing retention effects, the argument being
supported by plenty of scholarly articles [12], [13], [42], [43], [60].

Fractional derivatives come in a wide range of forms, both with and without sin-
gular kernels. For singular kernels, we’'ve got the derivatives of Caputo, Riemann-
Liouville, and Katugampola [27], [53]. The Caputo-Fabrizio fractional derivative
[16], which has an exponential kernel, and the Atangana-Baleanu fractional deriva-
tive [9], which has a Mittag-Leffler kernel, are the two types of fractional derivatives
without singular kernels. It is crucial to work with fractional-order derivatives be-
cause they provide a more accurate way to describe LSD outbreaks, even while
memory and genetic features are implicated. We offer and examine the fractional
order SEIR mathematical model in Caputo sense in light of the recent research
to comprehend the evaluation, existence, stability, and control of LSD and to the
best of our knowledge, this is the first paper to use fractional order derivative for
modeling the transmission dynamics of LSD, which is critical for understanding the
epidemiology and dynamic nature of exotic disease for timely disease management
and planning because of the global character of the fractional derivatives which
improves the system’s consistency domain. The Caputo derivative serves best as a
base model and is preferred over Riemann-Liouville fractional derivative for formu-
lating epidemiological models for the obvious reasons concerning the use of initial
and boundary conditions and the differentiation of a constant being zero. For more
details one can refer to the following researches [4], [7], [8], [18], [20], [23], [25], [26],
[36], [40], [47], [52], |54], [58], [62].

1.2. Structure of the Paper. The following is how rest of the paper is set up:
Section [2] presents auxiliary results and essential notions from fractional calculus.
The LSD propagation model is devised in Section [3] along with a schematic diagram
for the same. Section [] provides us with the insights of the model by providing
the existence, uniqueness, positivity, and feasible region for the proposed system’s
solution, along with the analysis of the equilibrium points, reproduction number,
and stability of the proposed model. Computational simulations are executed in
Section [p| to backup the qualitative analysis results of the model. The findings and
discussions required for the policy implications are covered in Section [0}

2. AUXILIARY RESULTS

Definition 1 (|31]). The Caputo fractional derivative of a continuous function g
on [0,T] is defined as:

« — 1 ! n—a—1 dr
09(t) = gy | (4= 9 ls)ds.

where 0 < a <1, n = [a] + 1, and [ represents the integer part of .



FRACTIONAL ORDER MATHEMATICAL MODELING OF LUMPY SKIN DISEASE 195

Definition 2 (|31]). The fractional integral of a continuous function g on L*([0,T],R)
of order 0 < a <1 corresponding to t is defined as:

1 t
I%g(t :—/ t—s)*"tg(s)ds.
0= e [ =900
Definition 3 ([29]). The Laplace transform is defined by

F(s) = Llf@) = [ e poar
0
where f(t) is n-dimensional vector-valued function.
Definition 4 ([49]). The Mittag-Leffler function in two parameters is defined as
k
z

Eop(z) = kZ:O m7

z€C,

where a > 0, 8 > 0, C denotes the complex plane.

Lemma 1 ([29]). Let C be a complex plane, for any o >0, 8 >0 and A € C™*™,
s 8

s — A

holds for Re(s) > ||A||=, where Re(s) represents the real part of the complex number
s.

L[t° 7 B, 5(AtY)] =

Lemma 2 (|39]). Let F(s) be the Laplace transform of the function f(t), n being
an integer then the Laplace transform of the Caputo fractional derivative of order
« 15 given by

L(®*f(t)) = ZSQ k= 1) 0), n—1<a<n.

Lemma 3 (|44], Generalized Mean Value Theorem). Let g(t) € Cl[a,b] and D%g(t) €
Cla,b] for 0 < a <1, then

o(1) = 9(0) + s (P 9)(5)(0 — )"
with 0 < s <t,Vte (a,b]. Thus, we can deduce that for g(t) € C[0,b] and Caputo
fractional derivative D%g(t) € C[0,b] for 0 < a < 1, if ’E)a g(t) >0,V telob,
then the function g(t) is non-decreasing and if Do‘g( ) <0,V tel0,b], then the
function g(t) is non-increasing ¥ t € [0, b].

Theorem 1 ([55]). Consider the fractional differential equation:
D%(t) = f(t, z(t)),
e (t)=a’, k=01,...,n—1, (1)
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where D% represents the Caputo fractional derivative. Let L > 0 and f : [0, L] X
R — R is continuous and suppose that there exists a real number | > 0 such that
lf(t,z) — ft,y)] < llz—y| for t € [0,L] and xz,y € R. Then, the initial value
problem has a unique solution in AC|0, L].

Theorem 2 ([48]). Consider the following fractional-order system:
DUX(t) = F(X); (2)

with 0 < a < 1, X(t) = [21(t),2%(t),...,2" ()] and F(X) : [tg,00) — R™>™,
The equilibrium points of system are evaluated by solving system of equations
F(X) =0. These equilibrium points are locally asymptotically stable if each eigen-
value \ of the Jacobian matriz J(X) calculated at the equilibrium points satisfies
larg\)] > .

3. LSD PROPAGATION MODEL

A lumpy skin disease propagation model is proposed by categorising the entire
cattle population N into system four different classes: S, £, Z and R suscepti-
ble, exposed, infected and recovered cattle population respectively. S reflects the
cattle population that is prone to infection, £ displays livestock that have previ-
ously been exposed to disease-causing germs (LSDV), Z comprises of those cattle
who have been identified and confirmed positive for LSD, and finally, the recov-
ered cattle are placed in the category R. According to the model, cattle enter the
susceptible population at the rate of = either by migration from some other state
or by birth. Susceptible cattle become infected by interacting with the diseased
cattle at a contact rate of 3 per cattle per time(morbidity rate). n, p, o denotes the
incubation, recovery, mortality rate of the disease respectively.

YIS == — S — oSy,

DYE = ST — (0 + )&y, (3)
DT =n& — (p+0)Ls,

DIR: = pLy — o Ry

along with the initial conditions S;—¢g = So, =0 = &o, Zi=0 = Zo, Ri=0 = Ro.
Here, D¢ is the Caputo fractional derivative of order a; 0.5 < o < 1.

TABLE 1. Meaning of various parameters

Parameter Significance

influx rate or birth/migration rate
morbidity rate/number of bites
incubation rate

recovery rate

death rate

SERSEES RN |
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FIGURE 1. An illustration of the model’s scheme.
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4. MODEL ANALYSIS

This section marks the discussion about the uniqueness of the solution along with
its non-negative and bounded nature, the equilibrium points and basic reproduction
number are also obtained for the model.

Theorem 3. There is a unique solution U(t) = [S(t),E(t),Z(t),R(t)]T for the
initial value problem given by the system of equations in ont>0in (0,0) and
the solution will remain in Ri. Furthermore, the solutions are all bounded.

Proof. Here, Lemma [2]is used to establish the uniqueness of solution for the given
system of initial value problems on (0,00). Firstly, we shall establish the non-
negativity and boundedness of solution. From model , we find

Dy Sils—o = E >0,
@?&‘5:0 =B87I, >0,
D7 Ti|z=0 = n& > 0,
Dy Ri|lr=0 = pZy > 0.

The vector field on each hyperplane enclosing the non-negative orthant points into
R% . Furthermore, from system

DN(t) =Z—oN(t) >0,
i.e. DN (t) + o N(t) < E. (4)

Thus, from equation and deduction of Lemma [3] in the case of LSD infection,
the total population and hence the sub populations are all bounded. Consequently,
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the IVP’s biologically viable region (3] is

| [1]

Q: {(Stagtal—taRt) ERi 8,57I,R20, 0§8t+gt +It+Rt S

|

The next step is to demonstrate the uniqueness of solution in Q V ¢ > 0. As we
know, N (t) is the sum S(t), £(t), Z(t), R(t) populations. The Caputo fractional
derivative of order « of this equation, gives
DN (t) = DS + DE + DL, + DRy
which gives
DN (t) =Z — oN ().
Now, by taking Laplace transformation using Lemma [2] we have

= .—1 a—1
N(s) = 25T NO)

s +o

Using Lemma (1] to obtain inverse Laplace transformation, we get

N(t) = %[1 — Eu(—0t®)] + N(0)Ea(—0t®).

From the complete monotonicity of E,(—t) for ¢ > 0 and 0 < E,(—0t*) < 1 on
0 < a <1 |35], [50], we obtain

N(t) <

Q | [1]

(6)

To explore the presence of unique solution, we assume the model , where all
the functions on right hand side of system of equation are continuous and
bounded for ¢ > 0 as S(t), £(t), Z(t), R(t) bounded by equation (6)). Also, they
satisfy Lipschitz condition. Thus, there exists a bounded and unique solution of the
proposed model on (0, 00) owing to Theorem O

4.1. Equilibrium Points.

4.1.1. LSD-free equilibrium. When there are no infected cattle i.e. Z, = 0. The
LSD-free equilibrium point (Ep) is attained when we take £ =0, Z = 0, R = 0.
Thus, the steady state for LSD-free equilibrium is (%, 0,0, ()).

4.1.2. Reproduction Number: The number of cattle infected by a single sick cattle
throughout the course of the incubation period in the population of entirely sus-
ceptible cattle is known as the reproduction number (Rp). The largest eigenvalue
of F*V* ' at Ey is used to calculate the reproduction number (Ry) of the given
model [61].

(D28, D8, DT, D°Ry]" = F(t) = V(t), (7)

where F represents the rate at which new infections appear in different classes, ¥V~
is the pace of shifting individual cattle into various classes using all other methods,
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and V7 is the pace at which individual cattle are transferred between classes. Also,

V(t)=V~(t) — VT (¢) such that

0 E BStIt + O'St
BS,T, n 0 _ (0 +n)&
=757 v =gl V=] 015
0 pLy Ry

At Ejy, the Jacobian matrix of F(t) is given by

00 0 O
s |00 25 0
Fr) = 00 0 O
00 0 O
The Jacobian matrix of V(¢) is
o 0 ’GJE
* *— * 0 (U+77) 0
V) =V () - V() =
0 =v-m-vrm=|g 0 0
0 0 —p

qQ © oo

F*V*~!is the next generation matrix for the model. And, Ry is the spectral radius

of this matrix. Now, the eigenvalues of F*V*~! are 0,0, 0 and =

the reproduction number is given by

BEn

M= ot

Analyzing Ry:
To determine how sensitive each of Ry’s parameters is,

8R0 = n

= >0,
I o(e+mn)(o+p)
ORy Bn

= O
0= alotmots
8R0 _ ﬁ =0 > O,
on  a(oc+n)*(oc+p)
8R0 —ﬁ =0

ap olotn)o+p?

ORy ___ —B=m ){1+ LR }<0.

do o(o+n)(oc+p)lo (c+n) (o+p)

Thus, Ry is increasing with 3, Z, n and decreasing with p and o.

. Thus,

(®)
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4.1.3. LSD-Persistent Equilibrium. When the number of infected cattle i.e. Z, # 0.
The LSD-persistent equilibrium point (E4) is attained when the number of infected
cattle is not zero i.e (Z # 0). Therefore, the disease persistent equilibrium point is
given by (S1,&1,7Z1,R1), where

5, = @tnloty) o BEn—olotn)iotp)
Bn ’ Bn(o +n) ’
I, = U(Roﬂ_ 1) and R, = p(Roﬁ— 1)

which implies (81,&1,7Z1,R1) > 0 iff Ry > 1. So, the LSD-persistent steady state
exists iff Ry > 1. For Ry = 1, LSD-persistent steady state becomes LSD-free steady
state.

4.2. Stability Analysis.

Theorem 4. LSD-free equilibrium point Eg = (%,0,0,0) of the system is locally
asymptotically stable when Ry < 1, unstable otherwise.

Proof. The Jacobian matrix at Fjy is

—0 0 —L= 0
8 g

0 —(oc+n) = 0

0 n —(p+0o) O

0 0 p —0

Now, two of the eigenvalues are —o. The characteristic equation for finding the
remaining two eigenvalues is given by

P\ =M+ P A+ Dy, (14)
where

P1:(20+77+p)’

(1]

BEn

Py=m+o)p+to)-—

=+ 0)(p+ o)l = Rol.

Now, P, > 0 always and P» > 0 for Ry < 1. Thus, for Ry < 1, by using Routh-
Hurwitz criteria [5], all the eigenvalues of the Jacobian matrix at Ey have negative
real parts, it implies from Theorem [2] that the LSD-free equilibrium point is locally
asymptotically stable when Ry < 1 and unstable otherwise. O

Theorem 5. The LSD-persistent equilibrium point Ey = (S1,&1,71, R1) exists and
is locally asymptotically stable iff Ry > 1.

Proof. The Jacobian matrix at Fj is

—O'R() 0 _ (77+‘7)77(P+f7) 0
o(Ry—1) —(o+n) et g
0 n —(p+o0) 0

0 0 p —0
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Thus, on observation we see that one of the eigenvalues is —o. The characteristic
equation to obtain the remaining eigenvalues is

P\) =\ + PA? + P\ + Ps,
where

Pr=(o(Ro+2)+n+p),
Py =0Ry(20 +n+p),
Py=(Ro—1l)o(n+o)(p+o).

Clearly, P, > 0 and P3 > 0 whenever Ry > 1. Also, PP, — P3 > 0. Thus, by
Routh-Hurwitz criterion, all the eigenvalues of the Jacobian matrix of the system of
equations defining the model have negative real parts at LSD-persistent equilibrium
point E; for Ry > 1, which ensures the locally asymptotic stability of the LSD-
persistent equilibrium point for Ry > 1 and unstable elsewhere using Theorem

O

5. NUMERICAL SIMULATIONS

Computing findings that highlight the fluctuating nature of the lumpy skin dis-
ease propagation model and to verify the analytical outcomes for multiple deriva-
tive orders are presented in this section. Using a MATLAB programme supplied by
Roberto Garappa in [22], the proposed model is solved using the Adams-Bashforth-
Moulton predictor-corrector method. Table [2| carries the variables and parameters
used for simulation. According to 19th livestock census-2012 and 20th livestock
census-2019 all India report the total Cattle population in the country was 190.90
and 192.50 million respectively [41]. This shows that there has been an approxi-
mate increase of 0.0114 percent per year giving us the birth rate or the influx rate
(2). The morbidity rate (8) can be retrieved from [43] by making a few necessary
changes to it. As per the 20th livestock census-2019, the total cattle population
in the state of Gujarat is 10,165,000. Therefore, the total susceptible cattle pop-
ulation is 10,165,000/232. Similarly as in the case of COVID-19 (there it was 250
for the Wuhan city with a population of 11 million), the denominator was chosen
early in the epidemic and later proven to be a reasonable figure. It is a suitable
parameter for limiting the movement of cattle that were imposed by the respective
state governments on different dates between July to September, 2022 as reported
by various newspapers [34]. Now, assuming the average number of bites per cattle
per day to be 5, this gives us 8 = 5% 10, 165,000/232 [43]. The incubation period is
between 4 to 14 days [33]. Since, there is no or a little information available about
the mortality rate and recovery period(reciprocal of the recovery rate), we assume
them to be 0.0057 (half of the birth rate) and 7 days (keeping a positive view),
respectively.
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TABLE 2. Parameter Values

Parameter Value Source
= 0.0114 [41]

B 1.1412 x 107*  |43]

7 1/6 [33]

p 1/7 Assumed
o 0.0057 Assumed

Population S E T R
Initial Values 43815 1 1 O

For the initial populations, the initial susceptible population along with restricted
cattle movement is assumed to be Sy = 10, 165,000/232, we assume that initially
exposed and infected cattle are 1 each, no recovered cattle. In the event that Ry > 1,
the cattle population cannot be free of disease. Following the start of the pandemic,
the number of susceptible cattle continued to decline, while the exposed and infected
cattle classes show a rapid rise in population density, as seen by Figures and
[ respectively. The rapid rise in the number of recovered cattle population in
Figure |5[can be attributed to the massive vaccination drive in the state of Gujarat,
steps were made to control disease causing vectors and restrict bovine movement.
Regardless of the order, the plots in Figure [f] for each class of cattle population
indicates that the proposed model is asymptotically stable for the LSD-persistent
equilibrium points the population swiftly approaches its equilibria when we increase
the value of «. Since the susceptible and infected cattle populations are reduced to
negative populations, which is something we all know is not conceivable, we can
plainly state that the fractional order models are far superior than the conventional
integer order model with @ = 1. The equations @, and support the
findings of Figure [fa), (b)and (c), respectively. Equation demonstrates that
Ry rises with an increase in the incubation rate, 7, and falls with an increase in
the incubation duration (1/5), as shown by Figure[§{(a). In a similar vein, equation
reveals that Ry drops as the recovery rate, (p) rises. The recovery period (1/p)
grows as Ry does, as shown by Figure b).
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6. CONCLUDING REMARKS AND FUTURE STRATEGY

For Ry < 1, the diffusion of the virus can be controlled, and the equilibrium free
of LSD can be preserved across Gujarat. The susceptible cattle population keeps
on decreasing with time. The exposed and infected cattle population regularly rises
over time until it reaches a peak, after which it starts to decline until it attains
equilibrium. We can see that the best results are shown by taking o = 0.5 as it shows
the infected cases reach an all-time high in 56 days following the discovery of the first
case on April 23 of this year in the hamlet of Kaiyari, located on the Indo-Pak border
in the Kutch district’s Lakhpat taluka. Mosquito and housefly infestations continue
at their peak during the monsoon season, and veterinary scientists and government
officials blame a very wet July for the infection’s quick spread in Gujarat this year.
So far, Gujarat has experienced 1010 mm of rain, which is 20 percent higher than
the state normal of 850 mm. The four-month south-west monsoon season began in
June and ended in September. There is also an issue with feral cattle in Gujarat,
a state where cow slaughter is outlawed, and experts believe these free-roaming
cattle may be a factor in the quick spread of LSD. The dearth of knowledge about
the sickness may also contribute to the rapid spread of LSD. As can be seen, the
peak does not last long, which might be attributed to the state animal husbandry
department treating diseased cattle and administering goat pox vaccine to healthy
animals in surrounding regions.

This current investigation suggests the following policy changes to assist, iso-
late, and stop the further spread: import restrictions on domestic cattle and water
buffaloes, as well as their products; surveillance beyond the containment zone of
goods, trash, and disease spreading vectors; restriction on movement of cattle; pest
control measures; incineration; and cleaning and disinfection of the surroundings.

Effective LSD treatment with complete coverage is required. Given that LSD is
in close relation to the sheep pox and goat pox viruses, vaccine against same is
used to treat LSD. New animals should be inoculated before being introduced to
the afflicted farm. Calves reared from vaccinated or naturally infected moms should
be inoculated at the age of 3 to 4 months. Bulls used for breeding and pregnant
cows can both receive annual vaccinations [21]. The Ry may be used to calculate
the amount of vaccine needed to suppress an epidemic (i.e. to reduce Rg below one).
The study also emphasised the need of starting immunisation efforts ahead of viral
entrance.

Author Contribution Statements The authors contributed equally to this ar-
ticle.

Declaration of Competing Interests The authors declare that they have no
competing interests.



(1]

[2

9

(10]

(11]

(12]

(13]

14]

(15]

[16]

(17)

FRACTIONAL ORDER MATHEMATICAL MODELING OF LUMPY SKIN DISEASE 207

REFERENCES

Abboubakar, H., Kamgang, J. C., Nkamba, N. L., Tieudjo, D., Emini, L., Modeling the dy-
namics of arboviral diseases with vaccination perspective, Biomath, 4(1) (2015), ID-1507241.
https://doi.org/10.11145/j.biomath.2015.07.241

Abboubakar, H., Kom Regonne, R., Sooppy Nisar, K., Fractional dynamics of typhoid fever
transmission models with mass vaccination perspectives, Fractal and Fractional, 5(4) (2021),
149. https://doi.org/10.3390/fractalfract5040149

Abdulga, H. Y., Rahman, H. S., Dyary, H. O., Othman, H. H., Lumpy skin disease, Reproduc-
tive Immunology: Open Access, 1(4) (2016), 25. https://doi.org/10.21767/2476-1974.100025
Acharya, K. P., Subedi, D., First outbreak of lumpy skin disease in Nepal, Preventive Vet-
erinary Medicine, 102(4) (2020), 274-283. https://doi.org/10.1111/tbed.13815

Ahmed, E., El-Sayed, A. M. A., El-Saka, H. A., On some Routh-Hurwitz
conditions for fractional order differential equations and their applications in
Lorenz, Rossler, Chua and Chen systems, Physics Letters A, 358(1) (2006), 1-4.
https://doi.org/10.1016/j.physleta.2006.04.087

Al-Salihi, K., Lumpy skin disease: Review of literature, Mirror of Research in Veterinary
Sciences and Animals, 3(3) (2014), 6-23.

Arjkumpa, O., Suwannaboon, M., Boonrod, M., Punyawan, I., Liangchaisiri, S., Laobannue,
P., Punyapornwithaya, V., The first lumpy skin disease outbreak in Thailand (2021): Epi-
demiological features and spatio-temporal analysis, Frontiers in Veterinary Science, 8 (2022),
1580. https://doi.org/10.3389/fvets.2021.799065

Azeem, S., Sharma, B., Shabir, S., Akbar, H., Venter, E., Lumpy skin disease is expanding
its geographic range: A challenge for Asian livestock management and food security, The
Veterinary Journal, 279 (2022), 105785. https://doi.org/10.1016/j.tvjl.2021.105785
Atangana, A., Baleanu, D., New fractional derivatives with nonlocal and non-singular kernel:
theory and application to heat transfer model, arXiv preprint arXiv:1602.03408, (2016).
Baleanu, D., Ghassabzade, F. A., Nieto, J. J., Jajarmi, A., On a new and generalized frac-
tional model for a real cholera outbreak, Alezandria Engineering Journal, 61(11) (2022),
9175-9186. https://doi.org/10.1016/j.aej.2022.02.054

Baleanu, D., Hasanabadi, M., Vaziri, A. M., Jajarmi, A., A new interven-
tion strategy for an HIV/AIDS transmission by a general fractional modeling and
an optimal control approach, Chaos, Solitons and Fractals, 167 (2023), 113078.
https://doi.org/10.1016/j.chaos.2022.113078

Bansal, K., Arora, S., Pritam, K. S., Mathur, T., Agarwal, S., Dynamics of crime trans-
mission using fractional-order differential equations, Fractals, 30(1) (2022), 2250012 — 1485.
https://doi:10.1142/S0218348X 22500128

Bansal, K., Mathur, T., Singh, N. S. S., Agarwal, S., Analysis of illegal drug transmission
model using fractional delay differential equations, AIMS Mathematics, 7(10) (2022), 18173—
18193. https://doi.org/10.3934 /math.20221000

Butt, A. I. K., Ahmad, W., Rafiq, M., Baleanu, D., Numerical analysis of Atangana-Baleanu
fractional model to understand the propagation of a novel corona virus pandemic, Alezandria
Engineering Journal, 61(9) (2022), 7007-7027. https://doi.org/10.1016/j.aej.2021.12.042
Butt, A. I. K., Imran, M., Batool, S., Nuwairan, M. A., Theoretical analysis of a COVID-19
CF-fractional model to optimally control the spread of pandemic, Symmetry, 15(2) (2023),
380. https://doi.org/10.3390/sym15020380

Caputo, M., Fabrizio, M., A new definition of fractional derivative without singular kernel,
Progress in Fractional Differentiation and Applications, 1(2) (2015), 73-85.

Chen, Y., Liu, F., Yu, Q., Li, T., Review of fractional epidemic models, Applied Mathematical
Modelling, 97 (2021), 281-307. https://doi.org/10.1016/j.apm.2021.03.044



208

(18]

19]

20]

(21]

(22]

23]

[24]
(25]

[26]

27)

(28]

29]

(30]

(31]
(32]
(33]

(34]

(35]

Y. NARWAL, S. RATHEE

Das, M., Chowdhury, M. S. R., Akter, S., Mondal, A. K., Uddin, M. J., Rah-
man, M. M., Rahman, M. M., An updated review on lumpy skin disease: perspec-
tive of Southeast Asian countries, J. Adv. Biotechnol. Ezp. Ther, 4(3) (2021), 322-333.
https://doi.org/10.5455/jabet.2021.d133

Davies, G. F., Lumpy skin disease of cattle: A growing problem in Africa and the Near East,
World Ani Rev., 68(3) (1991), 37-42.

Djordjevic, J., Silva, C. J., Torres, D. F., A stochastic SICA epidemic
model for HIV transmission, Applied Mathematics Letters, 84 (2018), 168-175.
https://doi.org/10.1016/j.aml1.2018.05.005

Gelaye, E., Belay, A., Ayelet, G., Jenberie, S., Yami, M., Loitsch, A., Lamien, C. E., Capripox
disease in Ethiopia: Genetic differences between field isolates and vaccine strain, and impli-
cations for vaccination failure, Antiviral Research, 119 (2015), 28-35.

Garrappa, R., Numerical solution of fractional differential equations: A survey and a software
tutorial, Mathematics, 6(2) (2018), 16. https://doi.org/10.3390/math6020016

Gupta, T., Patial, V., Bali, D., Angaria, S., Sharma, M., Chahota, R., A review: Lumpy
skin disease and its emergence in India, Veterinary Research Communications, 44(3) (2020),
111-118. https://doi.org/10.1007/s11259-020-09780-1

https://www.fao.org/home/en.

Hasib, F. M. Y., Islam, M. S., Das, T., Rana, E. A., Uddin, M. H., Bayzid, M., Alim, M. A.,
Lumpy skin disease outbreak in cattle population of Chattogram, Bangladesh, Veterinary
Medicine and Science, 7(5) (2021), 1616-1624.

Igbal, M. S., Yasin, M. W., Ahmed, N., Akgiil, A., Rafiq, M., Raza, A., Numeri-
cal simulations of nonlinear stochastic Newell-Whitehead-Segel equation and its measur-
able properties, Journal of Computational and Applied Mathematics, 418 (2023), 114618.
https://doi.org/10.1016/j.cam.2022.114618

Katugampola, U. N., New approach to a generalized fractional integral, Applied Mathematics
and Computation, 218(3) (2011), 860-865. https://doi.org/10.1016/j.amc.2011.03.062
Khan, Y. R., Ali, A., Hussain, K., Ijaz, M., Rabbani, A. H., Khan, R. L., Abbas,
S. N., Aziz, M. U., Ghaffar, A., Sajid, H. A., A review: surveillance of lumpy skin
disease (LSD) a growing problem in Asia, Microbial Pathogenesis, 158 (2021), 105050.
https://doi.org/10.1016/j.micpath.2021.105050

Kexue, L., Jigen, P., Laplace transform and fractional differential equations, Applied Mathe-
matics Letters, 24(12) (2011), 2019-2023. https://doi.org/10.1016/j.aml.2011.05.035
Kononov, A., Prutnikov, P., Shumilova, I., Kononova, S., Nesterov, A., Byadovskaya, O.,
Sprygin, A., Determination of lumpy skin disease virus in bovine meat and offal products
following experimental infection, Transboundary and Emerging diseases, 66(3) (2019), 1332—
1340. https://doi.org/10.1111/tbed.13158

Kilbas, A. A., Srivastava, H. M., Trujillo, J. J., Theory and Applications of Fractional Dif-
ferential Equations, Vol. 204, Elsevier, 2006.

Lu, G., Xie, J., Luo, J., Shao, R., Jia, K., Li, S., Lumpy skin disease outbreaks in
China, since 3 August 2019, Transboundary and Emerging Diseases, 68(2) (2021), 216-219.
https://doi.org/10.1111/tbed.13898

Lumpy Skin Disease(LSD) field manual. https://www.fao.org/3/i7330e/i7330e.pdf

Lumpy Skin Disease: Ban on livestock transport from 14 districts. The In-
dian Express. 27 July 2022; Cattle fairs brought to a halt in Rajasthan
to control lumpy skin disease. The Hindu. 6 August 2022. ISSN 0971-751X,
https://www.thehindu.com/news/national /other-states/cattle-fairs-brought-to-a-halt-in-
rajasthan-to-control-lumpy-skin-disease/article65737852.ece

Mainardi, F., On some properties of the Mittag-Leffler function E4(—t%), completely mono-
tone for t > 0 with 0 < a < 1, Discrete and Continuous Dynamical Systems Series B
(DCDS-B)Series B, 19(7) (2014), 2267—-2278. https://doi.org/10.3934/dcdsb.2014.19.2267



(36]

(37)

(38]
(39]
[40]

[41]
(42]

(43]

[44]
[45]
[46]

(47)

(48]
[49]
[50]

[51]

(52]
(53]

[54]

[55]

FRACTIONAL ORDER MATHEMATICAL MODELING OF LUMPY SKIN DISEASE 209

Mehmood, N., Abbas, A., Akgiil, A., Abdeljawad, T., Alqudah, M. A., Existence and stability
results for coupled system of fractional differential equations involving AB-Caputo derivative,
Fractals, (2023), 2340023. https://doi.org/10.1142/30218348X23400236

Moonchai, S., Himakalasa, A., Rojsiraphisal, T., Arjkumpa, O., Panyasomboonying, P., Ku-
atako, N., Punyapornwithaya, V., Modelling epidemic growth models for lumpy skin disease
cases in Thailand using nationwide outbreak data, 2021-2022, Infectious Disease Modelling,
8(1) (2023), 282-293. https://doi.org/10.1016/j.idm.2023.02.004

Morris, J. P. A., Pseudo-urticaria, Northern Rhodesia Department of Animal Health, Annual
Report, 1930(12)(1931).

Miller, K. S., Ross, B., An Introduction to the Fractional Calculus and Fractional Differential
Equations, Wiley, 1993.

Ndairou, F., Area, 1., Nieto, J. J., Silva, C. J., Torres, D. F., Mathematical modeling of Zika
disease in pregnant women and newborns with microcephaly in Brazil, Mathematical Methods
in the Applied Sciences, 41(18) (2018), 8929-8941. https://doi.org/10.1002/mma.4702
https://www.nddb.coop/information/stats/pop

Nuugulu, S. M., Shikongo, A., Elago, D., Salom, A. T., Owolabi, K. M., Fractional SEIR
model for modelling the spread of COVID-19 in Namibia, In Mathematical Analysis for
Transmission of COVID-19 (pp. 161-184). Springer, Singapore, 2021.

Nisar, K. S., Ahmad, S., Ullah, A., Shah, K., Alrabaiah, H., Arfan, M., Mathematical analysis
of SIRD model of COVID-19 with Caputo fractional derivative based on real data, Results
in Physics, 21 (2021), 103772. https://doi.org/10.1016/j.rinp.2020.103772

Odibat, Z. M., Shawagfeh, N. T., Generalized Taylor’s formula, Applied Mathematics and
Computation, 186(1) (2007), 286—293. https://doi.org/10.1016/j.amc.2006.07.102

OIE Lumpy skin Disease OIE Terrestrial Mannual 2017 Chapter 2.4.13.

Onyejekwe, O. O., Alemu, A., Ambachew, B., Tigabie, A., Epidemiological study and optimal
control for Lumpy Skin Disease (LSD) in Ethiopia, Advances in Infectious Diseases, 9(1)
(2019), 8-24. https://doi.org/10.4236/aid.2019.91002

Partohaghighi, M., Akgiil, A., Akgiil, E. K., Attia, N., De la Sen, M., Bayram, M., Analysis
of the fractional differential equations using two different methods, Symmetry, 15(1) (2023),
65. https://doi.org/10.3390/sym15010065

Petras , 1., Fractional-Order Nonlinear Systems: Modeling, Analysis and Simulation, Springer
Science and Business Media, 2011.

Podlubny, I., Fractional Differential Equations, 198 Academic Press. San Diego, California,
USA, 1999.

Pollard, H., The completely monotonic character of the Mittag-Leffler function Eq(—z),
Bulletin of the American Mathematical Society, 54(12) (1948), 1115-1116.

Roche, X., Rozstalnyy, A., TagoPacheco, D., Pittiglio, C., Kamata, A., Beltran Alcrudo, D.,
Bisht, K., Karki, S., Kayamori, J., Larfaoui, F., Raizman, E., VonDobschuetz, S., Dhingra,
M. S., Sumption, K., Introduction and spread of lumpy skin disease in South, East and
Southeast Asia: qualitative risk assessment and management, Food and Agriculture Org.
(2021).

Rachah, A., Torres, D. F., Dynamics and optimal control of Ebola transmission, Mathematics
in Computer Science, 10(3) (2016), 331-342. https://doi.org/10.1007/s11786-016-0268-y
Samko, S. G., Kilbas, A. A., Marichev, O. I., Fractional Integrals and Derivatives, Gordon
and Breach Science Publishers, 1993.

Shahzad, A., Imran, M., Tahir, M., Khan, S. A., Akgiil, A., Abdullaev, S., Yahia, I. S., Brow-
nian motion and thermophoretic diffusion impact on Darcy-Forchheimer flow of bioconvective
micropolar nanofluid between double disks with Cattaneo-Christov heat flux, Alezandria En-
gineering Journal, 62 (2023), 1-15. https://doi.org/10.1016/j.aej.2022.07.023

Sin, C. S., Well-posedness of general Caputo-type fractional differential equations, Fractional
Calculus and Applied Analysis, 21(3) (2018), 819-832. https://doi.org/10.1515/fca-2018-0043



210

[56]

[57)

(58]

[59]

[60]

[61]

(62]

Y. NARWAL, S. RATHEE

Sudhakar, S. B., Mishra, N., Kalaiyarasu, S., Jhade, S. K., Hemadri, D., Sood, R., Bal, G.
C., Nayak, M. K., Pradhan, S. K., Singh, V. P., Lumpy skin disease (LSD) outbreaks in
cattle in Odisha state, India in August 2019: Epidemiological features and molecular studies,
Transboundary and Emerging Diseases, 67(6) (2020), 2408-2422. DOI: 10.1111/tbed.13579
Thirthar, A. A., Abboubakar, H., Khan, A., Abdeljawad, T., Mathematical modeling of
the COVID-19 epidemic with fear impact, AIMS Mathematics, 8(3) (2023), 6447-6465.
https://doi.org/10.3934/math.2023326

Tran, H. T. T., Truong, A. D., Dang, A. K., Ly, D. V., Nguyen, C. T., Chu, N. T., Dang, H.
V., Lumpy skin disease outbreaks in Vietnam, 2020, Transboundary and Emerging Diseases,
68(3) (2021), 977-980. https://doi.org/10.1111 /tbed.14022

Tuppurainen, E., Alexandrov, T., Beltrdn-Alcrudo, D., Lumpy skin disease field manual-A
manual for veterinarians, FAO Animal Production and Health Manual No. 20 (2017), pp. 1-
60. Rome: Food and Agriculture Organization of the United Nations (FAO).

Ullah, A., Abdeljawad, T., Ahmad, S., Shah, K., Study of a fractional-order epidemic model
of childhood diseases, J. Funct. Space, (2020). https://doi.org/10.1155/2020,/5895310

Van den Driessche, P., Watmough, J., Reproduction numbers and sub-threshold endemic equi-
libria for compartmental models of disease transmission, Mathematical Biosciences, 180(1-2)
(2002), 29-48. https://doi.org/10.1016,/S0025-5564(02)00108-6

Zhang, R., Shah, N. A., El-Zahar, E. R., Akgiil, A., Chung, J. D., Numerical analysis of
fractional-order Emden-Fowler equations using modified variational iteration method, Frac-
tals, (2023), 2340028. https://doi.org/10.1142/50218348X23400285



	1. Introduction
	1.1. Motivation and Research Background
	1.2. Structure of the Paper

	2. Auxiliary Results
	3. LSD Propagation Model
	4. Model Analysis
	4.1. Equilibrium Points
	4.2. Stability Analysis

	5. Numerical Simulations
	6. Concluding Remarks And Future Strategy
	References

