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in terms of the results found, the first step was taken for the sequence by defining the
binomial transform for the quadra Fibona-Pell sequence in the first part and then finding the
recurrence relation of this new binomial transform. Then, the Binet formula, generating
function and various sum formulas of the sequence were found. In the second part, the
binomial transform is applied for the quadra Fibona-Pell quaternion, which was discussed
in a thesis before. Similar results in the first section are covered in the quaternion binomial
transform.

1. Introduction

Number sequences such as Fibonacci, Pell, quadra Fibona-Pell, and their generalized versions are widely used in the literature. Fibonacci
numbers form a sequence defined by the following recurrence relation: Fy =0,F; = 1 and F,, = F,,_| + F,,_, for all n > 2. The first Fibonacci

numbers are 0,1,1,2,3,5,8,13,21,34,55,89,144,233, ... . The characteristic equation of F, is x% —x—1 =0 and hence the roots of it are
o= l%ﬁ and = "T‘E.It has become known as Binet’s formula F;, = a;:gn for n > 0. The Pell numbers are defined by the recurrence

relation Py =0, Py =1 and P, = 2P,_1 + P,_, for n > 2. The first few terms of the sequence are 0,1,2,5,12,29,70, 169,408, 985,2378 - --.
See [1] for detailed information on Fibonacci and Pell number sequences.

In [2], the author examined sequence with fourth-order recurrence relation and discussed a new sequence of fourth-order formed by the roots
of the characteristic equation of both Fibonacci and Pell number sequences. Later, different authors worked with similar integer sequences
with the same logic, see [3,4]. In addition, we can come across many studies on integer sequences with fourth-order recurrence relation in
the literature, see [S]. Quadra Fibona-Pell sequence as follows in [2]:

Wy =3W,_1 — 3W,_3+W,_4 (1.1

for n > 4, with initial values Wy = W; =0,W, = 1,W3 =3 and W,, is n—th quadra Fibona-Pell sequence. Note that here, the roots of the
characteristic equation of W, are the roots of the characteristic equations of both Fibonacci and Pell sequences, so & = #, B= %ﬁ,

y=1++2and § = 1 — /2 (a, B are the roots of the characteristic equation of Fibonacci numbers and ¥, § are the roots of the characteristic
equation of Pell numbers). The Binet formula for the quadra Fibona-Pell sequence is given by

77”—6”_(1’1—13”
- y-8  a-B

for n > 0. Besides that generating function for the quadra Fibona-Pell sequence is
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Normed division algebra, nowadays which is so important topic consists of the real numbers R, complex numbers C, quaternions H.
Quaternions are non-commutative normed division algebra over the real numbers, even it looks like things are going to be done with
quaternions. For ag,a; as a3 € R, a quaternion is defined by

e=ag+aji+ayj+ask
where i, j and k are unit vectors which verifies the following rules

P==k=ijk=—1. (1.2)
From equation (1.2), we get

ij=—ji=k, jk=—-kj=i, jk=—-kj=I.

You can find detailed information about quaternions from [6—8].

2. Binomial Transform of Quadra Fibona-Pell Sequence

It is possible to find different articles in the literature on binomial transforms of sequences as [9]. Actually, one of these was studied by
Chen [10] and later was studied by Falcon in [11]. In [12], given a sequence A = {ay,ay, - - - }, its binomial transform B is the sequence
B(A) = {b, } defined as follows:

by = i})(':) ai. @.1)

Also, detailed information about binomial transform can be found in [13, 14]. Some authors considered special binomial sequences which
are based on fourth-order recurrence relations, for example binomial transform of quadrapell sequences in [15].

In this part of the study, with similar logic, we apply the binomial transform of quadra Fibona-Pell sequence. When the binomial transform of
the quadra Fibona-Pell sequence, which has a fourth-order recurrence relation, is made, some additional identities, especially the generating
function, Binet formula and sum formulas, will be found for the new sequence obtained.

Definition 2.1. Let W,, be the n—th Quadra Fibona-Pell sequence. Then the binomial transform of quadra Fibona-Pell sequence is
"o (n
=Y ()W 22)
i=0 \!
Lemma 2.2. Let b, be the binomial transform of quadra Fibona-Pell sequence. Then
L (n
b =Y, () Oh4 ).
i=0 \!
Proof. By the help of (2.2), we get
n+1 n+1
n+1 n+1
buy1 =Y, ( ; )W,-: Yy ( ; )vv,-+wo.
i=0 i=1

Also (jfl) + (;’) = ("JJTI) and (/) = 0, we get

n+1 n n
B[
i=1

Thus we obtain that

" (n
by =Y, (l.>(Wi+Wi+1)-
i=0
This completes the proof. O
From Lemma 2.2, we can give the following result for the binomial transform of quadra Fibona-Pell sequence.
Corollary 2.3. Let b, be the binomial transform of quadra Fibona-Pell sequence. Then
"o (n
bn+l = bn+ Z < .)VVH-I-
i=0 \!
The recurrence relation of the binomial transforms of quadra Fibona-Pell sequence is obtained below.

Theorem 2.4. Let b,, is the binomial transform of quadra Fibona-Pell sequence. b, states the following recurrence relation
bpy3 =Tby1o —15b, 41+ 10b, —2b,, 1 (2.3)

forn >4 where b =by =0,bp =1 and b3 =6.
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Proof. Using Lemma 2.2 we get,
bn+3 = Kibpto +Libpt1 +Miby +Niby—1.
Then, if we solve the system of equations
n=1= by = Kbz +Liby+M;b; +Nyby,
n=2=bs=Kiby+Lib3+Mby +Nby,
n=3= be=Kbs+Liby+Mb3+Nby,
n=4= b7 =K\bg+Libs+Mbs+Nyb3,
by considering Definition 2.1, we deduce
Ky =17,L =—15M; =10, N; = —2.
which is completed the proof. O

The generating function of the new binomial transform is found below.

Theorem 2.5. Let by, be the binomial transform of quadra Fibona-Pell sequence. The generating function of the related binomial transform
is
¥ —x3

T T7x 1522 — 1003 1244
where bo = bl = 0,b2 =1and b3 =6.

b(x)

Proof. Assume that
b(x) = i bix'
i=0
is the generating function of the binomial transform for W,,. Then
b(x) = bo+bix+byx* +b3x> 4 -

Txb(x) = Thox + Tb1 x> + Thyx> 4+ Th3x* + - -
15x2b(x) = 15box® + 15b1 x> + 15bpx* + 15b32° + - --
10x°b(x) = 10box> + 10b1x* + 10byx° 4 10b3x° + - --
2x*b(x) = 2box* 4 2b1 % +2b2x0 +2b3x7 4 - .

Since, from equation (2.3), we obtain
(1 —7x+15x% — 102 + 2x*)b(x) = 2 —x°

and hence, the generating function for the binomial transform of the b, is

2 3
b(x) = i .
1 —7x+15x2 — 10x3 4 2x*
O
Another formula that is essential to find other results of the binomial transform is the Binet formula, which is provided below.
Theorem 2.6. Let by, be the binomial transform of quadra Fibona-Pell sequence. The Binet formula for by, is
nr—(§+1)" a2n __R2n
p,= YTV =+ B 2.4)
v=9 a—-B
forn > 0.

P

T se-Tonas: It is easily seen that 1 — 7x+ 15x% — 10x> + 2x* =

Proof. Note that the generating function is W(x) =
(2> —4x+1)(x> —3x+1). So we can rewrite W (x) as

X2 —X3 X X

1—Tx+ 152 — 103 + 2% 22 —dx+1 2 —3x+1
i (7+1)n7(5+1)n7§: aZniﬁZn
= Y

:n 0 -6 n=0 aiﬁ
(1 61y o
_2%( 7-8 a—B )

where o = H—z\/g, B= %, y=1++/2and 6§ = 1 —+/2. Using roots in quadra Fibona-Pell sequence, we get

(D) =841 o g

- 798 a—p

the result. O

by
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In the most general case, the following result was found for the series expansions.

Theorem 2.7. Let b, be the binomial transform of quadra Fibona-Pell sequence. Then

F et =i (1 D) (2 D
= mn+sAt — Us Al Bl s—m Al Bl 1

foralln e Nand m,s € N, s > m,

Ar=1=(r+1D"x)(1 - (8 +1)"x),
By =(1—ax)(1 - p>"x),

c _i 7' 8% 1 ((y+1) = (5+1) _K o2(s—m) _ ﬁZ(s m) x+i (Y1) — (§+1)5™m ;
o\ y=8 ) B y—96 A a—p B y—0 .

Proof. Again from equation (2.4), we get

hnd i (},+ l)mn+s _ (5 + 1)mn+s o2lmnts) _ ﬁZ(mnwLx)
byntsx" = - X'
L b= by ( 7=35 a—p

7()/_’_1)3 - myn _ g myyn _
=y L= S R (G0 -

with the help of sum formula, we get

,;b,,,n+sx" :m;tis)s (1 = (?’1+ 1)mx) - ((Syt ?S (1 - (81+ 1)'"x) - aa—zsﬁ (llexz'"x) " aﬁ—zsﬁ (Fj?zmx)

s_ s s—m_ s—m 25 __R2s 2(s—m) _ R2(s—m)
R (@ ) (P ) e e (T )

o P a—p
—((y+ 1)+ (8 +1)")x+ ((y+1)(8+1))"x? 1= (o2m 4 B2m)x + (B ) >mx2
_L <(7+1)‘Y—(5+1)‘Y) _ ((r+ D+ 1)" <(7+1) (5+1)‘ ’")x
Ay Y=o Ay Y-

a23 ﬁZA (aﬁ)Zm 0623 m) ﬁZs m
Bl(aﬁ)+ 31( a-p >x7

if necessary arrangements are made, then we get

C oy a (@=B) (1) —(8+1)\  (r=8) ( a¥—p>
L ome =g ((7—5)(06—13)) B, <(a—ﬁ)(7—8))
_ D@+ )" (=) ((y+1>°‘*m7<8+1>%m)x+ (aB)" (y=8) (2t — 2
Ay (r=8)(a—p) B (a—=B)(r-3)
v <bs((7+1)—(5+1))(a—ﬁ)+((7+1)—(5+1))(a2‘y—ﬁ2“))
A (@—B)(r-9)
((a ﬁ)((7+1)‘f(5+1))*bs((7+1)f(3+1))(06*ﬁ)>
B] (afﬁ)(’yfé)
_((7/+1)(6+1))m< bym((y+1) = (3 + 1) (0= B) +((y+1) — (5 + 1) (020 — g20~) )x

Ay ((X—ﬁ)(’)/—ﬁ)

(@B)™" (o =B) ((y+ 1) = (§+ 1) ™) —bym((y+1) = (8 + 1)) (et — B) .
B (@—B)(r=9)

=b 1+1 —b 2m+] +C
—AAI smAl B, X 1

Hence the result is obvious. O

—+

Now let’s get a grand total formula that includes all the sum results that deal with the sum formulas of mk + s terms.

Theorem 2.8. Let by, be the binomial transform of quadra Fibona-Pell sequence. Then

1 1
Z bmk+s bmn+s bsfm) + BfZ (bmn+s + bsfm + bmn+m+s - bs) + Aiz (bs - bmn+m+s) + C2
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foralln € Nand m,s € Z,s > m, where

Ay =(y+ )"+ )" =((y+ D"+ 6+ 1)) +1
BZ :aZmﬁZm < 2m ﬁZm)+1

c om (az(mn+s _BZ (mn+s) 1 ((},+ 1)mn+s _ (5 + 1)mn+s) om (aZ s—m) ﬁz s—m >
=" _ _

A a-p B, y—9o Ay a—p
L 1 (Y"‘ 1)5 m (5 + l)sfm B i o 2(mn+m-+s) _ ﬁZ(mn+m+s) N L (,Y+ 1)mn+m+s _ (5 + 1)mn+m+s
B Yy—96 Ay a—f B> Y—96
L (aBBEN L (1) (41
A2 oc—ﬁ B Y— 6 '

Proof. From (2.4), we get

n no((y+ 1)mk+s —(6+ 1)mk+s o2 (mk+s) _ ﬁ2(mk+s)
Z bnkys = Z -
k=0 k=0 Y9 a-p

gy (T =) (@07 =D sy (G 1) (D=1
I (2 e ((EE VR VI B2 B W (C RS EE [(CAR R

<(<a2m>"“—1> (ﬁz’"—l)> g ((<ﬁ2m>"“—1) <a2m—1>)

Tu—p\ @00 )BT D@D
mn+s __ 5 mn+s s—m __ 6 s—m
(y+1)m(8+l)m<(7+l) yfé UM ey [ Y Yié +1) )
(Y‘I' 1)mn+m+s_ (6+ 1)mn+m+s (,Y+ l)s_ (6+ l)s
- Y9 * Y9
- D)@+ —((y+ )"+ (S +1)m)+1
- o2 (mn+s) BZ mn+s) o 2(s—m) ﬁ25 m)
(ap) s (

. (aZ(;1zn+m+s /32 mn-+m+-s > <a2s B2s>

a2mﬁ2m (a2m+ﬁ2m +1

As a result of calculations, we obtained

ib ket _(7+1)’"(5+1)m< bunts((Y+1) = (8 + 1)) (@ = B) + (v +1) = (§+1)) (™) — g2 9)) >

Ay (a—=B)(r=9)
_ ()™ ((Oﬂ—ﬁ)((H1)’””“—(5+1)’””“)—bmn+s((7+1)—(5+1))(06—B))
B, (afﬁ)(yfs)
D@ [ bem((r D) — (8 D) (@ B)+ ((r+1) — (8 +1)) (a2 — g2
A (a—p)(r—9)
L (aB) ((Oﬂ—ﬁ)((%l)s’”‘—(5+1)H”)—bsfm((7+1)—(5+1))(a—l3))
B, ((X—B)(Y—(s)
b (YD) = (8 1)) (@ = B) + (7+1) — (§+ 1) (a2mimts) — p2lmimts))
A (a=p)(r—9)
1 ((a—ﬁ)((}”rl)’""*"’“ (6 +1)'””+m+‘)—bmn+m+s((7+1)—(5+1))(a—ﬁ))
By (a—p)(r—9)
+L<bs((7+1)*(5+1))(a B)+((y+1)— (5+1))(a2’*B2°‘))
Ay (a—=pB)(y—9) '
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Note that if we substitute the roots of the characteristic equation,

n om 1 om a2(mn+x) __ R2(mn+s) 1 +1 mn+s __ S+1 mn+s om 1
k;)bkar.v ZEbanrs + szzn11+s + E ( p _g _ 1?2 ((y ) = g ) > B Afzbsfm . B—zbs,m

om [ o2(s—m) _ g2(s—m) 1 1) (1) m |

() (T b,
1 [ gRmntmts) _ g2(mtimts) L (o 1)mntmts _(§ 4 )mntmets L,
Ay o — B B, Y— k) A, s B, s

L(o®=p>\ 1 ((r+1)=(E+1)

A\ a-B B, y—96

2m 1 |

:E (bm'hLS - bs—m) + EZ (bMH+s +bs—m+ bmn+m+s - bs) + 1?2 (bs - bmn+m+s) +C;.
We get the result. _

3. Binomial Transform of Quadra Fibona-Pell Quaternions

In this section, we give the binomial transform of quadra Fibona-Pell quaternion sequence and obtain some certain identities related to this
binomial transform. In [16], quaternion state of the Fibonacci-Pell sequence was investigated and here, Binet Formula, generating function,
sum formulas are obtained. In [17], the results for the new sequence obtained by applying binomial transform to the quaternion sequence of
the Horadam sequence, which is an integer sequence with a quadratic recurrence relation, are found. In [18], both quaternion and binomial
transform are examined simultaneously for the first time.
In [16], let W, be the quadra Fibona-Pell sequence, then

OW, =Wy + Wi+ Wypoj+ W3k
is called a quadra Fibona-Pell quaternion, containing the initial values of

OWo =j + 3k,

oW, =i+3j+9%,

OW, =1+3i+9j + 24k,

OW3 =3 +9i+ 24+ 62k.

Let QW,, be the n — th quadra Fibona-Pell quaternion. Then the binomial transform of quadra Fibona-Pell sequence is
n
ban =Y, (") o 3D
i=0 \!
Let us give a Lemma as a first step to find the recurrence relation of the binomial transform.

Lemma 3.1. Let b, be the binomial transform of quadra Fibona-Pell quaternion. Then

n

AED) (?) (QW; + OWiy1).

i=0
Proof. Notice that the equation (2.1)

bgn =Y (’:) oW,

i=0

n+1 n+1
ban:Z( . )Qw,-,

i=0
n+l1
n+1
bqn-H = Z ( i )Qm+QWO
i=1

Since (7) +(;",) = ("+') and (,11) =0, we get

i—1

n+l1 n n
bani1 =Y, Kl +<i_])}QWz+QW0
i=1
n+1 n n+1 n
-L (i>QVV[+i§i 1_1>QWI+QW0

I

Il
=

(OW; + QW4 q).

i

I
Ir-
> T
NN
|-
=
+
I
T
N~
|-
=
R
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Theorem 3.2. The binomial transform of quadra Fibona-Pell quaternion states following recurrence relation
banss = Tbans2 — 15bqus1 + 106, — 2bg,_y (3.2)
for n >4 where

bgo =j+ 3k,
bq) =i+4j+12,
bgr =1+ 5i+ 16 + 45k,

and

bgz = 6+21i+61j+ 164k.
Proof. Using Lemma 3.1 we get,

bgni3 = Kobgn 12+ Lobgni1 +Mabgn + Nabgy, ;.
If we take n = 1,2,3,4 we take the system,

n=1= bqy = Kabqs + Lybgr + Mbq| + N1bqy,
n=2=bqs = Kabqs + Lybq3 + Mabqs + Nabq1,
n=3 = bqc = Kybqs + Lybqs + Mbq3 + Nabqs,
n=4= bq; = Kybqe + Lybqs + Mabqs + Nabgs3.

By considering Cramer’s rule for the system, we obtain
Ky=7,Ly,=—15M;=10,N; = -2
which is completed the proof. O

Theorem 3.3. Let bg, be the binomial transform of quadra Fibona-Pell quaternion sequences. The generating function of the related
binomial transform is

bqo -+ (bqi — Thqo) x+ (bgs — Tbqy + 15bqo) x> + (bqz — Thqy + 15bqy — 10bgg) x°
1 —7x+ 15x2 — 10x3 4+ 2x*

where bqy = j+ 3k, bqy = i+4j+12, bgy = 1 +5i+ 16 +45k and bgy = 6+ 21i+ 61 j + 164k .

bg(x) =

Proof. Assume that

= i bq,-xi
i=0
is the generating function of the binomial transform for QW,,.Then
bq(x) = bgo + bq1x+ bgax* + bgzx> + -

Txbq(x) = Tbqox + Tbq1 x> + Tbgrx® + Thgzx* + -
15x%bg(x) = 15bgox® + 15bq x> + 15bgox* + 15bgax> + - - -
10x3bg(x) = 10bgox> + 10bg 1 x* + 10bgrx° + 10bg3x® + - - -

2x*bg(x) = 2bgox* +2bq x> + 2bg2x° + 2bg3x” +

Since from equation (3.2), we obtain
(1 —7x+15x% — 10x° + 2x*)bg(x) = j+3k+ (i — 3/ — k) x+ (1 = 2i +3j+6k) x> + (=1 +1— j— k) x°
and hence the generating function for the binomial transform of the bg,, is

bqo + (bq1 —Tbqo) x + (bgr — Thq; + 15bq0)x2 + (bgs —Tbgr + 15bgq; — 101%10))63

ba(x) =
9(x) 1 —7x+ 1562 — 1013 + 244

Finally, we can give the following result. O
Now let’s find the Binet formula, which we will use for the identities. For this, let the following equations be given

A =—10bqg + 15bgy —Tbgy + bgs, (3.3)
B =—3bgy + 10bq, — 6bqs + bqs,

C =—10bqq +24bq; — 13bg, + 2bg3,

D =4bgg — 10bq + 6bgqr — bg3.
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Theorem 3.4. Let bq,, be the binomial transform of quadra Fibona-Pell quaternion sequences. Binet formula for the related binomial
transform is

P(y+1)"—=R(+1)*  Sa? —TB>"
= +
Y4 a-p

bgy 34)

forn >0, where

Proof. Assume that, from the previous theorem

Ax+B Cx+D
202 —4x+1  x2—=3x+1"

bq(x) =
When the denominator is equal

B+ D =bqy,
A+2C =bgz —Tbqy + 15bq; — 10bqy,
B—3A—4C+2D =bg, —Tbq1 + 15bqy,
A—3B+C—4D =bq; —7bqy.

the equation is obtained (3.3). When the values are replaced, we get

A=—10(j+3k) +15(i+4j + 12k) — 7(1 + 5i+ 16+ 45k) + 6+ 21i + 61 j + 164k
—i—j—k—1,

B=—3(j+3k) +10(i+4j+ 12k) — 6(1 +5i+ 16 + 45k) + 6+ 21i + 61 j + 164k
—i+2j+ 5k,

C = —10(j+3k) +24(i +4j + 12k) — 13(1 + 5i + 16 +45k) +2(6 + 21i + 61 j + 164k)
=—14i+k

D =4(j+3k) — 10(i+4j+ 12k) + 6(1 +5i + 16 -+ 45k) — (6 + 21i + 61 + 164k)
=—i—j—2k

Finally, when necessary calculations are taken

_ Ax+B Cx+D
S22 —dx+1 0 x2—3x+1

Ax B Cx D
:2x2—4x—|—1 +2x2—4x+1 +x2—3x+1 +x2—3x+1
7A(’)/+1)"—A(5+1)"+B(’)/+1)”+1—B(5+1)”+1 +Ca2n_cﬁ2n+Da2n+2_DB2n+2
y—9 oa—p
)-45+n"m+4x5+n)+a%(C+Da%—ﬁh%c+Dﬁ5
] a-p

bq(x)

(y+1)"(A+B(y+1)

we find the result

P(y+1)"—R(§+1)" Sa> —TB>
+
Y46 a—p

b‘In =

where
A+B(y+1)=P
A+B(6+1)=R,
C+Dao? =S,
C+DB%=T.

Now, we can give the following result.
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Theorem 3.5. Let bq, be the binomial transform of quadra Fibona-Pell quaternion sequences. Then

Zb K'=b LYoy 1 x+H
= Gmn+s s El Fl s—m E Gl 1
foralln € Nand m,s € N;s > m,
Ep=(1—(y+1)"x)(1=(6+1)"x),
Gy =(1—a*"x)(1—B*"x),

g L (S -TEN L (P(y+1) —RE+1)) 2" (SoeTm) T 4 (P(y+ 1) RS+ 1)
1= - |t X X.
Ey ] Gy ] E a—p G y—86

Proof. Again from equation (3.4), we get

oo 7+ l)mn-H (5+ 1)mn+s Saz(mn+s') 7TB2(mn+s)
mntsX' = + x"
O a—p
_ ('}/"']) - m niR(6+])S - n 23 - 2m n
=5 L= T Y g 2 p L0

_P(y+1) 1 R(641)° 1 Sa% TB2°
- y-9 <17(7+1)"’x>_ Y-8 (17(5+1)mx)+afﬁ(l—a2mx) (1—B2mx)
1 (P(y+1)*=R(6+1)")—(P(y+1)*(6+1)"=R(6+1)*(y+1)")x

Y-8 T—((y+ 1)+ (8 + 1)m)x+ ((y+1)(8 + 1))mx2
1 (Sazszﬁzs) _ (Saz.vBZmiTﬁZthZm)x
a—B 1 (@4 BTt (ap) 2
L(a—=B) (P(y+1)' =R(E+1)*\  1(y=98) ( Sa*-TB>
Th ( (1= 8)(a—B) )* G ((wﬁ)(y— ))
D@ f) (R RO, (@B (y=6) (SoPbm g2
E; (y=06)(a—pB) G (¢—PB)(r—9) '
If necessary arrangements are made, then we get
- _ L by D) = (8 4+ D)) (a—B) + ((y+1) — (8 +1))(Sa? —TB*)
L o’ = ( @=B)(r-9) )
L ((a—ﬁ)(P(Hl)s— (6+1)°) - x((Y+1)—(5+1))(a—ﬁ))
Gy (a—pB)(r—9)
(D)@ [ by 1) = (B D) (@ B)+ (y+1) = (§+1))(Sa2t—m) — 7 g2m)) .
E, (¢—PB)(y—6)
_(@B)* [ (a=B) (P(y+1) ™ =R(E+1)*") = bym((y+1) = (§ + 1)) (a — B) .
G (¢—B)(r—9)
1 1 2m 1
b (El_a) e m(El Gl) -
Hence the result is obvious. O
Theorem 3.6. Let bg, be the binomial transform of quadra Fibona-Pell quaternion sequences. Then
ké)mekJrs = g (bnzn+s - bsfm) - é(bmn+s - bsfm - bmn+m+s +bs) - Eiz (bmn+m+s +bs) +H2
foralln e Nandm,s € Z, s > m,
E={y+D)™6+D)"—((y+1)"+(6+1)")+1,
Gy :aZmBZm _ <a2m+ﬁ2m> +1,
_g Sog2lmnts) _ Tﬁ2(mn+s) i P(}’+ 1)mn+s 7R(5 =+ l)mn-ﬁ—s B g So2(s—m) _ TBZ(s—m)
H2_E2< oc—ﬁ >+G2( }’—6 > E2 (X—B
1 P(’}/+ ])sfm —R(6+ ])sfm 1 So2(mntm+s) _ Tﬁ2(mn+m+s) 1 P(y+ l)mn+m+s _ T(5 + 1)mn+m+s
,a< 7=3§ )75 a—B 752( 7=3§ )
1 (Sa® TP\ 1 (P(y+1)—R(+1)*
e I e = L
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Proof. From (3.4), we get

n n P(’y-i- 1)mk+s —R(6 + l)mk+s So2(mk+s) _ TﬁZ(mk+s)
kz()quk+s_k26< Y—6 + (X—ﬁ )
_P(Y+ l)mn+m+s(5+ 1)m —P(Y+ l)mn+m+s —P(’}/+ 1)s(5+ 1)m+P(7+ 1)s
- (=) ((r+ D@+ 1" = ((r+ )"+ (8+1)")+1)

RS )M (Y4 1) — R( + 1) —R(S+ 1) (y+ )" +R(S+1)*

(=) ((r+ )@+ 1" = ((r+ )"+ (8 +1)")+1)
Saz(mn+m+s)ﬁ2m _ So2(mntm+ts) _ Sa2sﬁ2m +Sa?
(= p) (2B — (a2 + B2m) +1)

TBZ(nzn+m+.v) o2m — TB 2(mn4m+s) _ TBZsOth + TﬁZx

T (@ B) (e BT — (a2 ) £ 1)

As a result of calculations, we obtained

J’_

5 by =TV EHD” (b7 D) =G4 D)@ =B+ (r+1) (B + 1) (Sat) ~ 7))
& Vs E, (@—PB)(r—9)
L epyem [ (a=B)(Ply+ )™ — R+ D)™™) —bmnss((y+1) — (8 + D)) (@~ B)
G2 (a,B)(y,(S)
)" @+ [ beml(rH ) (B + D)@ B)+ (1) ~ (8 +1)(Se?C TR
E> (a—=B)(r—9)
_ (ap) ((WB)(P(HI)H”fR(5+I)H”)fbsfm((7+1)f(5+l))(afﬁ))
G (a—=B)(r=9)
L bngmgs (1) =8+ D) (a@=B)+((r+1) - (6 + 1)) (So2(mntmts) _ g2(mn-tmts)y
E, (a—B)(y—ﬁ)
_ ((a—ﬁ)(P(H D™ = R(S 4 1)™) — bngmes (Y +1) — (5+1))(a—ﬁ))
Gy ((X—ﬁ)(’}’—(s)
+i(bs((wl)f(5+1))(afﬁ)+((7+1)*(6+1))(Sa2‘7Tﬁ2*">
Ey (a—=B)(r=9)
+L((a—ﬁ)(P(Hl)*‘—R(6+l)s)—bs((7+1)—(5+1))(a—ﬁ))
G> (a—=B)(r=9)
2m 1

1
= (bmn+s - bsfm) - 62 (banrs - bsfm - bmn+m+s + bs) - EZ (bmn+m+s + bs) +1'12~

4. Conclusion

Our aim in this study is to study the binomial transform for quadra Fibona-Pell sequence and its binomial transform of quaternion sequence.
In the article, the binomial transform of the sequence is found in the first part, and then the results related to this transform are mentioned. In
the second part, similar results were obtained by binomial transform of quadra Fibona-Pell quaternion sequence, which was found before.
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