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Abstract

The main object of the study is to consider the binomial transform for quadra Fibona-Pell
sequence and quadra Fibona-Pell quaternion. In the paper, which consists of two parts
in terms of the results found, the first step was taken for the sequence by defining the
binomial transform for the quadra Fibona-Pell sequence in the first part and then finding the
recurrence relation of this new binomial transform. Then, the Binet formula, generating
function and various sum formulas of the sequence were found. In the second part, the
binomial transform is applied for the quadra Fibona-Pell quaternion, which was discussed
in a thesis before. Similar results in the first section are covered in the quaternion binomial
transform.

1. Introduction

Number sequences such as Fibonacci, Pell, quadra Fibona-Pell, and their generalized versions are widely used in the literature. Fibonacci
numbers form a sequence defined by the following recurrence relation: F0 = 0,F1 = 1 and Fn = Fn−1+Fn−2 for all n≥ 2. The first Fibonacci
numbers are 0,1,1,2,3,5,8,13,21,34,55,89,144,233, · · · . The characteristic equation of Fn is x2− x−1 = 0 and hence the roots of it are
α = 1+

√
5

2 and β = 1−
√

5
2 .It has become known as Binet’s formula Fn =

αn−β n

α−β
for n≥ 0. The Pell numbers are defined by the recurrence

relation P0 = 0, P1 = 1 and Pn = 2Pn−1 +Pn−2 for n≥ 2. The first few terms of the sequence are 0,1,2,5,12,29,70,169,408, 985,2378 · · · .
See [1] for detailed information on Fibonacci and Pell number sequences.
In [2], the author examined sequence with fourth-order recurrence relation and discussed a new sequence of fourth-order formed by the roots
of the characteristic equation of both Fibonacci and Pell number sequences. Later, different authors worked with similar integer sequences
with the same logic, see [3, 4]. In addition, we can come across many studies on integer sequences with fourth-order recurrence relation in
the literature, see [5]. Quadra Fibona-Pell sequence as follows in [2]:

Wn = 3Wn−1− 3Wn−3 +Wn−4 (1.1)

for n≥ 4, with initial values W0 =W1 = 0,W2 = 1,W3 = 3 and Wn is n−th quadra Fibona-Pell sequence. Note that here, the roots of the
characteristic equation of Wn are the roots of the characteristic equations of both Fibonacci and Pell sequences, so α = 1+

√
5

2 , β = 1−
√

5
2 ,

γ = 1+
√

2 and δ = 1−
√

2 (α,β are the roots of the characteristic equation of Fibonacci numbers and γ,δ are the roots of the characteristic
equation of Pell numbers). The Binet formula for the quadra Fibona-Pell sequence is given by

Wn =
γn−δ n

γ−δ
− αn−β n

α−β

for n≥ 0. Besides that generating function for the quadra Fibona-Pell sequence is

W (x) =
x2

x4 +3x3−3x+1
.
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Normed division algebra, nowadays which is so important topic consists of the real numbers R, complex numbers C, quaternions H.
Quaternions are non-commutative normed division algebra over the real numbers, even it looks like things are going to be done with
quaternions. For a0,a1,a2,a3 ∈ R, a quaternion is defined by

e = a0 +a1i+a2 j+a3k

where i, j and k are unit vectors which verifies the following rules

i2 = j2 = k2 = i jk =−1. (1.2)

From equation (1.2), we get

i j =− ji = k, jk =−k j = i, jk =−k j = i.

You can find detailed information about quaternions from [6–8].

2. Binomial Transform of Quadra Fibona-Pell Sequence

It is possible to find different articles in the literature on binomial transforms of sequences as [9]. Actually, one of these was studied by
Chen [10] and later was studied by Falcon in [11]. In [12], given a sequence A = {a1,a2, · · ·}, its binomial transform B is the sequence
B(A) = {bn} defined as follows:

bn =
n

∑
i=0

(
n
i

)
ai. (2.1)

Also, detailed information about binomial transform can be found in [13, 14]. Some authors considered special binomial sequences which
are based on fourth-order recurrence relations, for example binomial transform of quadrapell sequences in [15].
In this part of the study, with similar logic, we apply the binomial transform of quadra Fibona-Pell sequence. When the binomial transform of
the quadra Fibona-Pell sequence, which has a fourth-order recurrence relation, is made, some additional identities, especially the generating
function, Binet formula and sum formulas, will be found for the new sequence obtained.

Definition 2.1. Let Wn be the n−th Quadra Fibona-Pell sequence. Then the binomial transform of quadra Fibona-Pell sequence is

bn =
n

∑
i=0

(
n
i

)
Wi. (2.2)

Lemma 2.2. Let bn be the binomial transform of quadra Fibona-Pell sequence. Then

bn+1 =
n

∑
i=0

(
n
i

)
(Wi +Wi).

Proof. By the help of (2.2), we get

bn+1 =
n+1

∑
i=0

(
n+1

i

)
Wi =

n+1

∑
i=1

(
n+1

i

)
Wi +W0.

Also
( n

j−1
)
+
(n

j
)
=
(n+1

j
)

and
( n

n+1
)
= 0, we get

bn+1 =
n+1

∑
i=1

[(
n

i−1

)
+

(
n
i

)]
Wi +W0.

Thus we obtain that

bn+1 =
n

∑
i=0

(
n
i

)
(Wi +Wi+1).

This completes the proof.

From Lemma 2.2, we can give the following result for the binomial transform of quadra Fibona-Pell sequence.

Corollary 2.3. Let bn be the binomial transform of quadra Fibona-Pell sequence. Then

bn+1 = bn +
n

∑
i=0

(
n
i

)
Wi+1.

The recurrence relation of the binomial transforms of quadra Fibona-Pell sequence is obtained below.

Theorem 2.4. Let bn is the binomial transform of quadra Fibona-Pell sequence. bn states the following recurrence relation

bn+3 = 7bn+2−15bn+1 +10bn−2bn−1 (2.3)

for n≥ 4, where b0 = b1 = 0,b2 = 1 and b3 = 6 .
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Proof. Using Lemma 2.2 we get,

bn+3 = K1bn+2 +L1bn+1 +M1bn +N1bn−1.

Then, if we solve the system of equations

n = 1⇒ b4 = K1b3 +L1b2 +M1b1 +N1b0,

n = 2⇒ b5 = K1b4 +L1b3 +M1b2 +N1b1,

n = 3⇒ b6 = K1b5 +L1b4 +M1b3 +N1b2,

n = 4⇒ b7 = K1b6 +L1b5 +M1b4 +N1b3,

by considering Definition 2.1, we deduce

K1 = 7, L1 =−15, M1 = 10, N1 =−2.

which is completed the proof.

The generating function of the new binomial transform is found below.

Theorem 2.5. Let bn be the binomial transform of quadra Fibona-Pell sequence. The generating function of the related binomial transform
is

b(x) =
x2− x3

1−7x+15x2−10x3 +2x4 ,

where b0 = b1 = 0,b2 = 1 and b3 = 6.

Proof. Assume that

b(x) =
∞

∑
i=0

bixi

is the generating function of the binomial transform for Wn. Then

b(x) = b0 +b1x+b2x2 +b3x3 + · · ·

7xb(x) = 7b0x+7b1x2 +7b2x3 +7b3x4 + · · ·

15x2b(x) = 15b0x2 +15b1x3 +15b2x4 +15b3x5 + · · ·

10x3b(x) = 10b0x3 +10b1x4 +10b2x5 +10b3x6 + · · ·

2x4b(x) = 2b0x4 +2b1x5 +2b2x6 +2b3x7 + · · ·.

Since, from equation (2.3), we obtain

(1−7x+15x2−10x3 +2x4)b(x) = x2− x3

and hence, the generating function for the binomial transform of the bn is

b(x) =
x2− x3

1−7x+15x2−10x3 +2x4 .

Another formula that is essential to find other results of the binomial transform is the Binet formula, which is provided below.

Theorem 2.6. Let bn be the binomial transform of quadra Fibona-Pell sequence. The Binet formula for bn is

bn =
(γ +1)n− (δ +1)n

γ−δ
− α2n−β 2n

α−β
(2.4)

for n > 0.

Proof. Note that the generating function is W (x) = x2−x3

1−7x+15x2−10x3+2x4 . It is easily seen that 1 − 7x + 15x2 − 10x3 + 2x4 =

(2x2−4x+1)(x2−3x+1). So we can rewrite W (x) as

x2− x3

1−7x+15x2−10x3 +2x4 =
x

2x2−4x+1
− x

x2−3x+1

=
∞

∑
n=0

(γ +1)n− (δ +1)n

γ−δ
−

∞

∑
n=0

α2n−β 2n

α−β

=
∞

∑
n=0

(
(γ +1)n− (δ +1)n

γ−δ
− α2n−β 2n

α−β

)
where α = 1+

√
5

2 , β = 1−
√

5
2 , γ = 1+

√
2 and δ = 1−

√
2. Using roots in quadra Fibona-Pell sequence, we get

bn =
(γ +1)n− (δ +1)n

γ−δ
− α2n−β 2n

α−β

the result.
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In the most general case, the following result was found for the series expansions.

Theorem 2.7. Let bn be the binomial transform of quadra Fibona-Pell sequence. Then

∞

∑
n=0

bmn+sxn = bs

(
1

A1
+

1
B1

)
−bs−m

(
2m

A1
+

1
B1

)
x+C1

for all n ∈ N and m,s ∈ N, s > m,

A1 =(1− (γ +1)mx)(1− (δ +1)mx),

B1 =(1−α
2mx)(1−β

2mx),

C1 =
1

A1

(
γ2s−δ 2s

γ−δ

)
− 1

B1

(
(γ +1)s− (δ +1)s

γ−δ

)
− 2m

A1

(
α2(s−m)−β 2(s−m)

α−β

)
x+

1
B1

(
(γ +1)s−m− (δ +1)s−m

γ−δ

)
x.

Proof. Again from equation (2.4), we get

∞

∑
n=0

bmn+sxn =
∞

∑
n=0

(
(γ +1)mn+s− (δ +1)mn+s

γ−δ
− α2(mn+s)−β 2(mn+s)

α−β

)
xn

=
(γ +1)s

γ−δ

∞

∑
n=0

((γ +1)mx)n− (δ +1)s

γ−δ

∞

∑
n=0

((δ +1)mx)n− α2s

α−β

∞

∑
n=0

(α2mx)n +
β 2s

α−β

∞

∑
n=0

(β 2mx)n

with the help of sum formula, we get

∞

∑
n=0

bmn+sxn =
(γ +1)s

γ−δ

(
1

1− (γ +1)mx

)
− (δ +1)s

γ−δ

(
1

1− (δ +1)mx

)
− α2s

α−β

(
1

1−α2mx

)
+

β 2s

α−β

(
1

1−β 2mx

)

=

(γ+1)s−(δ+1)s

γ−δ
− ((γ +1)(δ +1))m

(
(γ+1)s−m−(δ+1)s−m

γ−δ

)
x

1− ((γ +1)m +(δ +1)m)x+((γ +1)(δ +1))mx2 −
α2s−β 2s

α−β
− (αβ )2m

(
α2(s−m)−β 2(s−m)

α−β

)
x

1− (α2m +β 2m)x+(αβ )2mx2

=
1

A1

(
(γ +1)s− (δ +1)s

γ−δ

)
− ((γ +1)(δ +1))m

A1

(
(γ +1)s−m− (δ +1)s−m

γ−δ

)
x

− 1
B1

(
α2s−β 2s

α−β

)
+

(αβ )2m

B1

(
α2(s−m)−β 2(s−m)

α−β

)
x,

if necessary arrangements are made, then we get

∞

∑
n=0

bmn+sxn =
(α−β )

A1

(
(γ +1)s− (δ +1)s

(γ−δ )(α−β )

)
− (γ−δ )

B1

(
α2s−β 2s

(α−β )(γ−δ )

)

− ((γ +1)(δ +1))m (α−β )

A1

(
(γ +1)s−m− (δ +1)s−m

(γ−δ )(α−β )

)
x+

(αβ )2m (γ−δ )

B1

(
α2(s−m)−β 2(s−m)

(α−β )(γ−δ )

)
x

=
1

A1

(
bs((γ +1)− (δ +1))(α−β )+((γ +1)− (δ +1))(α2s−β 2s)

(α−β )(γ−δ )

)
− 1

B1

(
(α−β )((γ +1)s− (δ +1)s)−bs((γ +1)− (δ +1))(α−β )

(α−β )(γ−δ )

)
− ((γ +1)(δ +1))m

A1

(
bs−m((γ +1)− (δ +1))(α−β )+((γ +1)− (δ +1))(α2(s−m)−β 2(s−m))

(α−β )(γ−δ )

)
x

+
(αβ )2m

B1

(
(α−β )

(
(γ +1)s−m− (δ +1)s−m)−bs−m((γ +1)− (δ +1))(α−β )

(α−β )(γ−δ )

)
x

=bs

(
1

A1
+

1
B1

)
−bs−m

(
2m

A1
+

1
B1

)
x+C1.

Hence the result is obvious.

Now let’s get a grand total formula that includes all the sum results that deal with the sum formulas of mk+ s terms.

Theorem 2.8. Let bn be the binomial transform of quadra Fibona-Pell sequence. Then

n

∑
k=0

bmk+s =
2m

A2
(bmn+s−bs−m)+

1
B2

(bmn+s +bs−m +bmn+m+s−bs)+
1

A2
(bs−bmn+m+s)+C2
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for all n ∈ N and m,s ∈ Z,s > m, where

A2 =(γ +1)m(δ +1)m− ((γ +1)m +(δ +1)m)+1

B2 =α
2m

β
2m−

(
α

2m +β
2m
)
+1

C2 =
2m

A2

(
α2(mn+s)−β 2(mn+s)

α−β

)
− 1

B2

(
(γ +1)mn+s− (δ +1)mn+s

γ−δ

)
− 2m

A2

(
α2(s−m)−β 2(s−m)

α−β

)

+
1

B2

(
(γ +1)s−m− (δ +1)s−m

γ−δ

)
− 1

A2

(
α2(mn+m+s)−β 2(mn+m+s)

α−β

)
+

1
B2

(
(γ +1)mn+m+s− (δ +1)mn+m+s

γ−δ

)
+

1
A2

(
α2s−β 2s

α−β

)
− 1

B2

(
(γ +1)s− (δ +1)s

γ−δ

)
.

Proof. From (2.4), we get

n

∑
k=0

bmk+s =
n

∑
k=0

(
(γ +1)mk+s− (δ +1)mk+s

γ−δ
− α2(mk+s)−β 2(mk+s)

α−β

)

=
(γ +1)s

γ−δ


(
((γ +1)m)n+1−1

)
((δ +1)m−1)

((γ +1)m−1)((δ +1)m−1)

− (δ +1)s

γ−δ


(
((δ +1)m)n+1−1

)
((γ +1)m−1)

((δ +1)m−1)((γ +1)m−1)


− α2s

α−β


((

α2m)n+1−1
)(

β 2m−1
)

(α2m−1)(β 2m−1)

+
β 2s

α−β


((

β 2m)n+1−1
)(

α2m−1
)

(β 2m−1)(α2m−1)



=


(γ +1)m(δ +1)m

(
(γ +1)mn+s− (δ +1)mn+s

γ−δ

)
− (γ +1)m(δ +1)m

(
(γ +1)s−m− (δ +1)s−m

γ−δ

)

−

(
(γ +1)mn+m+s− (δ +1)mn+m+s

γ−δ

)
+

(
(γ +1)s− (δ +1)s

γ−δ

)


(γ +1)m(δ +1)m− ((γ +1)m +(δ +1)m)+1

−


(αβ )2m

(
α2(mn+s)−β 2(mn+s)

α−β

)
+(αβ )2m

(
α2(s−m)−β 2(s−m)

α−β

)

+

(
α2(mn+m+s)−β 2(mn+m+s)

α−β

)
−

(
α2s−β 2s

α−β

)


α2mβ 2m− (α2m +β 2m)+1
.

As a result of calculations, we obtained

n

∑
k=0

bmk+s =
(γ +1)m(δ +1)m

A2

(
bmn+s((γ +1)− (δ +1))(α−β )+((γ +1)− (δ +1))(α2(mn+s)−β 2(mn+s))

(α−β )(γ−δ )

)

− (αβ )2m

B2

(
(α−β )((γ +1)mn+s− (δ +1)mn+s)−bmn+s((γ +1)− (δ +1))(α−β )

(α−β )(γ−δ )

)
− (γ +1)m(δ +1)m

A2

(
bs−m((γ +1)− (δ +1))(α−β )+((γ +1)− (δ +1))(α2(s−m)−β 2(s−m))

(α−β )(γ−δ )

)

+
(αβ )2m

B2

(
(α−β )((γ +1)s−m− (δ +1)s−m)−bs−m((γ +1)− (δ +1))(α−β )

(α−β )(γ−δ )

)
− 1

A2

(
bmn+m+s((γ +1)− (δ +1))(α−β )+((γ +1)− (δ +1))(α2(mn+m+s)−β 2(mn+m+s))

(α−β )(γ−δ )

)

+
1

B2

(
(α−β )((γ +1)mn+m+s− (δ +1)mn+m+s)−bmn+m+s((γ +1)− (δ +1))(α−β )

(α−β )(γ−δ )

)
+

1
A2

(
bs((γ +1)− (δ +1))(α−β )+((γ +1)− (δ +1))(α2s−β 2s)

(α−β )(γ−δ )

)
.
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Note that if we substitute the roots of the characteristic equation,

n

∑
k=0

bmk+s =
2m

A2
bmn+s +

1
B2

bmn+s +
2m

A2

(
α2(mn+s)−β 2(mn+s)

α−β

)
− 1

B2

(
(γ +1)mn+s− (δ +1)mn+s

γ−δ

)
− 2m

A2
bs−m +

1
B2

bs−m

+
2m

A2

(
α2(s−m)−β 2(s−m)

α−β

)
+

1
B2

(
(γ +1)s−m− (δ +1)s−m

γ−δ

)
− 1

A2
bmn+m+s +

1
B2

bmn+m+s

− 1
A2

(
α2(mn+m+s)−β 2(mn+m+s)

α−β

)
+

1
B2

(
(γ +1)mn+m+s− (δ +1)mn+m+s

γ−δ

)
+

1
A2

bs−
1

B2
bs

+
1

A2

(
α2s−β 2s

α−β

)
− 1

B2

(
(γ +1)s− (δ +1)s

γ−δ

)
=

2m

A2
(bmn+s−bs−m)+

1
B2

(bmn+s +bs−m +bmn+m+s−bs)+
1

A2
(bs−bmn+m+s)+C2.

We get the result.

3. Binomial Transform of Quadra Fibona-Pell Quaternions

In this section, we give the binomial transform of quadra Fibona-Pell quaternion sequence and obtain some certain identities related to this
binomial transform. In [16], quaternion state of the Fibonacci-Pell sequence was investigated and here, Binet Formula, generating function,
sum formulas are obtained. In [17], the results for the new sequence obtained by applying binomial transform to the quaternion sequence of
the Horadam sequence, which is an integer sequence with a quadratic recurrence relation, are found. In [18], both quaternion and binomial
transform are examined simultaneously for the first time.
In [16], let Wn be the quadra Fibona-Pell sequence, then

QWn =Wn +Wn+1i+Wn+2 j+Wn+3k

is called a quadra Fibona-Pell quaternion, containing the initial values of

QW0 = j+3k,

QW1 =i+3 j+9k,

QW2 =1+3i+9 j+24k,

QW3 =3+9i+24 j+62k.

Let QWn be the n− th quadra Fibona-Pell quaternion. Then the binomial transform of quadra Fibona-Pell sequence is

bqn =
n

∑
i=0

(
n
i

)
QWi. (3.1)

Let us give a Lemma as a first step to find the recurrence relation of the binomial transform.

Lemma 3.1. Let bn be the binomial transform of quadra Fibona-Pell quaternion. Then

bqn+1 =
n

∑
i=0

(
n
i

)
(QWi +QWi+1).

Proof. Notice that the equation (2.1)

bqn =
n

∑
i=0

(
n
i

)
QWi,

bqn+1 =
n+1

∑
i=0

(
n+1

i

)
QWi,

bqn+1 =
n+1

∑
i=1

(
n+1

i

)
QWi +QW0.

Since
(n

i
)
+
( n

i−1
)
=
(n+1

i
)

and
( n

n+1
)
= 0, we get

bqn+1 =
n+1

∑
i=1

[(
n
i

)
+

(
n

i−1

)]
QWi +QW0

=
n+1

∑
i=1

(
n
i

)
QWi +

n+1

∑
i=1

(
n

i−1

)
QWi +QW0

=
n

∑
i=0

(
n
i

)
QWi +

n

∑
i=0

(
n
i

)
QWi+1

=
n

∑
i=0

(
n
i

)
(QWi +QWi+1) .
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Theorem 3.2. The binomial transform of quadra Fibona-Pell quaternion states following recurrence relation

bqn+3 = 7bqn+2−15bqn+1 +10bqn−2bqn−1 (3.2)

for n≥ 4, where

bq0 = j+3k,

bq1 =i+4 j+12,

bq2 =1+5i+16 j+45k,

and

bq3 = 6+21i+61 j+164k.

Proof. Using Lemma 3.1 we get,

bqn+3 = K2bqn+2 +L2bqn+1 +M2bqn +N2bqn−1.

If we take n = 1,2,3,4 we take the system,

n = 1⇒ bq4 = K2bq3 +L2bq2 +M2bq1 +N2bq0,

n = 2⇒ bq5 = K2bq4 +L2bq3 +M2bq2 +N2bq1,

n = 3⇒ bq6 = K2bq5 +L2bq4 +M2bq3 +N2bq2,

n = 4⇒ bq7 = K2bq6 +L2bq5 +M2bq4 +N2bq3.

By considering Cramer’s rule for the system, we obtain

K2 = 7, L2 =−15, M2 = 10, N2 =−2

which is completed the proof.

Theorem 3.3. Let bqn be the binomial transform of quadra Fibona-Pell quaternion sequences. The generating function of the related
binomial transform is

bq(x) =
bq0 +(bq1−7bq0)x+(bq2−7bq1 +15bq0)x2 +(bq3−7bq2 +15bq1−10bq0)x3

1−7x+15x2−10x3 +2x4

where bq0 = j+3k, bq1 = i+4 j+12, bq2 = 1+5i+16 j+45k and bq3 = 6+21i+61 j+164k .

Proof. Assume that

bq(x) =
∞

∑
i=0

bqixi

is the generating function of the binomial transform for QWn.Then

bq(x) = bq0 +bq1x+bq2x2 +bq3x3 + · · ·

7xbq(x) = 7bq0x+7bq1x2 +7bq2x3 +7bq3x4 + · · ·

15x2bq(x) = 15bq0x2 +15bq1x3 +15bq2x4 +15bq3x5 + · · ·

10x3bq(x) = 10bq0x3 +10bq1x4 +10bq2x5 +10bq3x6 + · · ·

2x4bq(x) = 2bq0x4 +2bq1x5 +2bq2x6 +2bq3x7 + · · ·

Since from equation (3.2), we obtain

(1−7x+15x2−10x3 +2x4)bq(x) = j+3k+(i−3 j−9k)x+(1−2i+3 j+6k)x2 +(−1+ ı̂− j− k)x3

and hence the generating function for the binomial transform of the bqn is

bq(x) =
bq0 +(bq1−7bq0)x+(bq2−7bq1 +15bq0)x2 +(bq3−7bq2 +15bq1−10bq0)x3

1−7x+15x2−10x3 +2x4 .

Finally, we can give the following result.

Now let’s find the Binet formula, which we will use for the identities. For this, let the following equations be given

A =−10bq0 +15bq1−7bq2 +bq3, (3.3)

B =−3bq0 +10bq1−6bq2 +bq3,

C =−10bq0 +24bq1−13bq2 +2bq3,

D =4bq0−10bq1 +6bq2−bq3.
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Theorem 3.4. Let bqn be the binomial transform of quadra Fibona-Pell quaternion sequences. Binet formula for the related binomial
transform is

bqn =
P(γ +1)n−R(δ +1)n

γ−δ
+

Sα2n−T β 2n

α−β
(3.4)

for n > 0, where

A+B(γ +1) =P,

A+B(δ +1) =R,

C+D
(

α
2
)
=S,

C+D
(

β
2
)
=T.

Proof. Assume that, from the previous theorem

bq(x) =
Ax+B

2x2−4x+1
+

Cx+D
x2−3x+1

.

When the denominator is equal

B+D =bq0,

A+2C =bq3−7bq2 +15bq1−10bq0,

B−3A−4C+2D =bq2−7bq1 +15bq0,

A−3B+C−4D =bq1−7bq0.

the equation is obtained (3.3). When the values are replaced, we get

A =−10( j+3k)+15(i+4 j+12k)−7(1+5i+16 j+45k)+6+21i+61 j+164k

=i− j− k−1,

B =−3( j+3k)+10(i+4 j+12k)−6(1+5i+16 j+45k)+6+21i+61 j+164k

=i+2 j+5k,

C =−10( j+3k)+24(i+4 j+12k)−13(1+5i+16 j+45k)+2(6+21i+61 j+164k)

=−1+ i+ k,

D =4( j+3k)−10(i+4 j+12k)+6(1+5i+16 j+45k)− (6+21i+61 j+164k)

=− i− j−2k.

Finally, when necessary calculations are taken

bq(x) =
Ax+B

2x2−4x+1
+

Cx+D
x2−3x+1

=
Ax

2x2−4x+1
+

B
2x2−4x+1

+
Cx

x2−3x+1
+

D
x2−3x+1

=
A(γ +1)n−A(δ +1)n +B(γ +1)n+1−B(δ +1)n+1

γ−δ
+

Cα2n−Cβ 2n +Dα2n+2−Dβ 2n+2

α−β

=
(γ +1)n (A+B(γ +1))− (δ +1)n (A+B(δ +1))

γ−δ
+

α2n (C+Dα2)−β 2n (C+Dβ 2)
α−β

we find the result

bqn =
P(γ +1)n−R(δ +1)n

γ−δ
+

Sα2n−T β 2n

α−β

where

A+B(γ +1) =P,

A+B(δ +1) =R,

C+Dα
2 =S,

C+Dβ
2 =T.

Now, we can give the following result.
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Theorem 3.5. Let bqn be the binomial transform of quadra Fibona-Pell quaternion sequences. Then

∞

∑
n=0

bqmn+sxn = bs

(
1

E1
− 1

F1

)
−bs−m

(
2m

E1
− 1

G1

)
x+H1

for all n ∈ N and m,s ∈ N,s > m,

E1 =(1− (γ +1)mx)(1− (δ +1)mx),

G1 =(1−α
2mx)(1−β

2mx),

H1 =
1

E1

(
Sγ2s−T δ 2s

γ−δ

)
+

1
G1

(
P(γ +1)s−R(δ +1)s

γ−δ

)
− 2m

E1

(
Sα2(s−m)−T β 2(s−m)

α−β

)
x− 4m

G1

(
P(γ +1)s−m−R(δ +1)s−m

γ−δ

)
x.

Proof. Again from equation (3.4), we get

∞

∑
n=0

bqmn+sxn =
∞

∑
n=0

(
P(γ +1)mn+s−R(δ +1)mn+s

γ−δ
+

Sα2(mn+s)−T β 2(mn+s)

α−β

)
xn

=
P(γ +1)s

γ−δ

∞

∑
n=0

((γ +1)mx)n− R(δ +1)s

γ−δ

∞

∑
n=0

((δ +1)mx)n +
Sα2s

α−β

∞

∑
n=0

(α2mx)n− T β 2s

α−β

∞

∑
n=0

(β 2mx)n

=
P(γ +1)s

γ−δ

(
1

1− (γ +1)mx

)
− R(δ +1)s

γ−δ

(
1

1− (δ +1)mx

)
+

Sα2s

α−β

(
1

1−α2mx

)
− T β 2s

α−β

(
1

1−β 2mx

)
=

1
γ−δ

(P(γ +1)s−R(δ +1)s)− (P(γ +1)s(δ +1)m−R(δ +1)s(γ +1)m)x
1− ((γ +1)m +(δ +1)m)x+((γ +1)(δ +1))mx2

+
1

α−β

(Sα2s−T β 2s)− (Sα2sβ 2m−T β 2sα2m)x
1− (α2m +β 2m)x+(αβ )2mx2

=
1(α−β )

E1

(
P(γ +1)s−R(δ +1)s

(γ−δ )(α−β )

)
+

1(γ−δ )

G1

(
Sα2s−T β 2s

(α−β )(γ−δ )

)
− ((γ +1)(δ +1))m (α−β )

E1

(
P(γ +1)s−m−R(δ +1)s−m

(γ−δ )(α−β )

)
x− (αβ )2m (γ−δ )

G1

(
Sα2(s−m)−T β 2(s−m)

(α−β )(γ−δ )

)
x.

If necessary arrangements are made, then we get

∞

∑
n=0

bqmn+sxn =
1

E1

(
bs((γ +1)− (δ +1))(α−β )+((γ +1)− (δ +1))(Sα2s−T β 2s)

(α−β )(γ−δ )

)
+

1
G1

(
(α−β )(P(γ +1)s−R(δ +1)s)−bs((γ +1)− (δ +1))(α−β )

(α−β )(γ−δ )

)
− ((γ +1)(δ +1))m

E1

(
bs−m((γ +1)− (δ +1))(α−β )+((γ +1)− (δ +1))(Sα2(s−m)−T β 2(s−m))

(α−β )(γ−δ )

)
x

− (αβ )2m

G1

(
(α−β )

(
P(γ +1)s−m−R(δ +1)s−m)−bs−m((γ +1)− (δ +1))(α−β )

(α−β )(γ−δ )

)
x

=bs

(
1

E1
− 1

G1

)
−bs−m

(
2m

E1
− 1

G1

)
x+H1.

Hence the result is obvious.

Theorem 3.6. Let bqn be the binomial transform of quadra Fibona-Pell quaternion sequences. Then

n

∑
k=0

bqmk+s =
2m

E2
(bmn+s−bs−m)−

1
G2

(bmn+s−bs−m−bmn+m+s +bs)−
1

E2
(bmn+m+s +bs)+H2

for all n ∈ N and m,s ∈ Z, s > m,

E2 =(γ +1)m(δ +1)m− ((γ +1)m +(δ +1)m)+1,

G2 =α
2m

β
2m−

(
α

2m +β
2m
)
+1,

H2 =
2m

E2

(
Sα2(mn+s)−T β 2(mn+s)

α−β

)
+

1
G2

(
P(γ +1)mn+s−R(δ +1)mn+s

γ−δ

)
− 2m

E2

(
Sα2(s−m)−T β 2(s−m)

α−β

)

− 1
G2

(
P(γ +1)s−m−R(δ +1)s−m

γ−δ

)
− 1

E2

(
Sα2(mn+m+s)−T β 2(mn+m+s)

α−β

)
− 1

G2

(
P(γ +1)mn+m+s−T (δ +1)mn+m+s

γ−δ

)
+

1
E2

(
Sα2s−T β 2s

α−β

)
+

1
G2

(
P(γ +1)s−R(δ +1)s

γ−δ

)
.
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Proof. From (3.4), we get

n

∑
k=0

bqmk+s =
n

∑
k=0

(
P(γ +1)mk+s−R(δ +1)mk+s

γ−δ
+

Sα2(mk+s)−T β 2(mk+s)

α−β

)

=
P(γ +1)mn+m+s(δ +1)m−P(γ +1)mn+m+s−P(γ +1)s(δ +1)m +P(γ +1)s

(γ−δ )((γ +1)m(δ +1)m− ((γ +1)m +(δ +1)m)+1)

− R(δ +1)mn+m+s(γ +1)m−R(δ +1)mn+m+s−R(δ +1)s(γ +1)m +R(δ +1)s

(γ−δ )((γ +1)m(δ +1)m− ((γ +1)m +(δ +1)m)+1)

+
Sα2(mn+m+s)β 2m−Sα2(mn+m+s)−Sα2sβ 2m +Sα2s

(α−β )(α2mβ 2m− (α2m +β 2m)+1)

− T β 2(mn+m+s)α2m−T β 2(mn+m+s)−T β 2sα2m +T β 2s

(α−β )(α2mβ 2m− (α2m +β 2m)+1)
.

As a result of calculations, we obtained

n

∑
k=0

bqmk+s =
(γ +1)m(δ +1)m

E2

(
bmn+s((γ +1)− (δ +1))(α−β )+((γ +1)− (δ +1))(Sα2(mn+s)−T β 2(mn+s))

(α−β )(γ−δ )

)

+
(αβ )2m

G2

(
(α−β )(P(γ +1)mn+s−R(δ +1)mn+s)−bmn+s((γ +1)− (δ +1))(α−β )

(α−β )(γ−δ )

)

− (γ +1)m(δ +1)m

E2

(
bs−m((γ +1)− (δ +1))(α−β )+((γ +1)− (δ +1))(Sα2(s−m)−T β 2(s−m))

(α−β )(γ−δ )

)

− (αβ )2m

G2

(
(α−β )(P(γ +1)s−m−R(δ +1)s−m)−bs−m((γ +1)− (δ +1))(α−β )

(α−β )(γ−δ )

)
− 1

E2

(
bmn+m+s((γ +1)− (δ +1))(α−β )+((γ +1)− (δ +1))(Sα2(mn+m+s)−T β 2(mn+m+s))

(α−β )(γ−δ )

)

− 1
G2

(
(α−β )(P(γ +1)mn+m+s−R(δ +1)mn+m+s)−bmn+m+s((γ +1)− (δ +1))(α−β )

(α−β )(γ−δ )

)
+

1
E2

(
bs((γ +1)− (δ +1))(α−β )+((γ +1)− (δ +1))(Sα2s−T β 2s

(α−β )(γ−δ )

)
+

1
G2

(
(α−β )(P(γ +1)s−R(δ +1)s)−bs((γ +1)− (δ +1))(α−β )

(α−β )(γ−δ )

)
=

2m

E2
(bmn+s−bs−m)−

1
G2

(bmn+s−bs−m−bmn+m+s +bs)−
1

E2
(bmn+m+s +bs)+H2.

4. Conclusion

Our aim in this study is to study the binomial transform for quadra Fibona-Pell sequence and its binomial transform of quaternion sequence.
In the article, the binomial transform of the sequence is found in the first part, and then the results related to this transform are mentioned. In
the second part, similar results were obtained by binomial transform of quadra Fibona-Pell quaternion sequence, which was found before.
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