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ABSTRACT

In this paper, a highly accurate method is introduced to achieve the numerical solution of the advection diffusion equation
(ADE). This approach contains collocation technique based on nonic B-spline functions in the spatial-domain discretization
and Adams Moulton scheme in the temporal-domain discretization. Two test problems are studied to validate effectiveness of
the new presented method and efficiency of the approximate results are tested by calculating rate of temporal-convergence and
error norm L,, for the suggested method. The obtained numerical results are compared in the tables by the other available
studies in literature and it is observed that a better approximate solution is provided than the existing methods.
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1. INTRODUCTION

ADE used to model a lot of real problems in physics and engineering is expressed in the following form:
We+aw, —uw,, =0,0<x < 1 (1)

along with the boundary conditions (BCs)

w(0,8) =w(l,t) =0
wy(0,6) = we(l,t) = 00t € [0T] @)

and the initial condition (IC)
w(x,0)=9(x),0<x<1 (3)

where a and u denote the steady uniform fluid velocity and the constant diffusion coefficient,
respectively.

Numerous techniques have been implemented to ADE to solve it numerically so far including Finite
difference method (FDM) [1-3], least-squares method [4], Taylor-Galerkin technique [5], cubic B-spline
differential quadrature method (CBSDQM) [6], extended cubic B-spline collocation method (ECBSCM)
[7], differential quadrature method based on quartic and quintic B-splines [8], extended cubic B-spline
Galerkin method (ECBSGM) [9], Galerkin method [10] and collocation technique based on fourth-order
cubic B-spline [11].
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The main purpose in this paper is to investigate the approximate solution of ADE by the new approach.

In this approach, ADE is fully discretized by employing nonic B-spline collocation technique in spatial

direction and Adams Moulton method in temporal direction. What is notable in this work is that the use

of nonic B-spline functions that have not been utilized before to achieve the numerical solution of ADE.

The rest structure of the paper is as follows. In section 2, the temporal and spatial discretizations of ADE

are performed. In section 3, two test problems are examined to see the efficiency and accuracy of the

present method. A brief summary about main findings of the suggested method is presented in section

4.

2. APPLICATION OF THE PROPOSED METHOD

In this work, the analytical solution of the unknown function at the grid points is represented by
wlx,,t,) =wihr=01,..,M; n=0,1.2,..

where x, = rh, t, = ndt and the approximate value of w;* is denoted by W;™.

2.1. Time Discretization

Considering ADE of the form
Wi = UWyxyx — AWy (4)
and employing the following two-step method
wtl = wm + At(O, Wit + O,wt + 0wl 1) (5)
we have the temporal discretization of the Eq. (4). Choosing the coefficients in (5) as

01=

N |-

,92=%, 93=0

gives Crank-Nicolson (CN) method having order two in time and then choosing the coefficients
in (5) as
5 2 1
91 _6192 _EI 93 - _E
yields the third-order implicit Adams Moulton method which is going to be used to discretizate
the temporal domain. Using Eq. (5), the temporal discretization of the Equation (4) is obtained
as
whtl — 91At(HW}lx+1 _ aW;ﬂ)
=w" + 0,4t (uwl, — awl) + 0;4t(uwi ! — aw? 1)

(6)

2.2. Nonic B-spline Collocation Method

Let the spatial domain [0, 1] be splitted into uniformly M finite elements at the knots
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0=X0<X1<<XM=l

where h = x, — x,_;, v =1,...,M . On this partition, the nonic B-splines ¢,, r =
—4,...,M + 4, have the following form:

((pl' Xyr-5 <x< Xy—4,

b2, Xp—g S X < Xp_3,

$3, X3 <X <Xp_p,

G Xpz S X < Xp_q,

1 ¢5) Xr—1 <x< Xy

Pr(x) = F< be Xr =X < Xpyq, ()
b7, Xry1 S X < Xpyo

$s,  Xri2 S X < Xpys,

b9 Xp3 S X < Xy,

b100 Xrpa <X < Xpys,
0 otherwise

where

¢1 = (x - xr—5)9!
¢y = h% +9h8(x — x,_4) + 367 (x — x,_4)% + 84RO (x — x,_4)3 + 126h°(x — x,_4)*
+126h*(x — x9r_4)5 + 84h3(x — x,_4)® + 36R%(x — x,_4)" + 9h(x — x,_4)8
—9(X - xr—4-) ’
¢3 = 502h° + 2214h8(x — x,_3) + 4248h7 (x — x,_3)% + 4536h°(x — x,_3)3
+2772h%(x — x,_3)* + 756h*(x — x,_3)> — 168h3(x — x,_3)°® — 216h?*(x — x,_3)’
—72h(x — x,_3)® + 36(x — x,_3)°,
¢s = 14608h° + 36414h8(x — x,_,) + 34272h7 (x — x,_5)% + 11256h®(x — x,_,)3
—4032h5(x — xr_zz()“' — 428;17114‘(x —X,_5)° —672h3(x — x,_,)®
+ 504h°(x — x,_,
+252h(x — x,_,)% — 84(x — x,_,)°,
b5 = 88234h° + 101934h8(x — x,_,) + 5544h7 (x — x,_;)? — 36456h5(x — x,_,)?
—10836h°(x — x,_1)* + 5796h*(x — x,_1)° + 28563 (x — x,_1)°®
—504h?(x — x,_1)” — 504h(x — x,_1)® + 126(x — x,_1)°,
be = 156190h° — 88200h7 (x — x,)% + 23940h5(x — x,_,)* — 42003 (x — x,.)°
+603h(x — x,)® — 126(x — x,.)°,
¢, = 88234h° — 101934h8(x — %, ) + 5544h7 (x — X,,1)? + 36456h5(x — x,4,)>
—10836h°(x — x,41)* — 5796h*(x — x,,.1)° + 28563 (x — x,.41)°®
+504h%(x — x,41)7 — 504h(x — x,41)% + 84(x — x,41)°,
g = 14608h° — 36414R8 (X — X,y5) + 3427217 (x — Xy 5)% — 11256R5(x — Xy 5)3
—4032h°(x — x;42)* + 4284h* (x — x,45)° — 672R3 (x — x,45)°®
— 504h?(x — x,45)7
+252h(x - xr+2)8 - 36(x - xr+2)9;
¢ = 502h° — 2214h8(x — x,.43) + 4248h7 (x — x,43)% — 4536h°(x — x,43)3
+2772h%(x — x,43)* — 756h* (x — x,43)° — 168h3(x — x,,3)® + 216h%(x — x,43)”
_72h(x - xr+3)8 + 9(x - xr+3)9'
$10 = [h — (x — xr40)]°.
The set of nonic B-spline functions
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{P_2(x), 9_3(x), ..., Py13(X), Py1a(X)}

generates a basis over the spatial domain [0,1] . The global approximate solution W(x,t)
corresponding to the analytical solution w(x,t) is expressed as a combination of separable

solution of the nonic B-spline spatial terms ¢;(x) and temporal terms §;(t) as

M+4

W(xt) = Z 5,

j==4

(8)

where temporal term §;(t) is going to be determined by means of the collocation procedure. Since each
subinterval [x,_q,x,] iscovered by ten B-splines, the approximate solution and its first two derivatives

at the knots x, are calculated in terms of temporal terms §;(t) using (7) and (8) as

W, = Or_4+ 5028, + 146086, , + 882346,_; + 1561905, + 882348, + 1460855 + 502843 + 6y44,

.9
W= (=64 = 2468, 3 — 40466, , — 113268,y + 11326611 + 4046047 + 246645 + 6y-a),

.72
W= 5 (Brog + 11883 +9526,_; + 1546,y — 24506, + 154641 + 952842 + 186,45 + 8r4a) -

Substituting (9) into (6), the fully-discretization of ADE is obtained as

SMI(1 + ay — ay) + 6™} (502 + 118a, — 246a,) + 671} (14608 + 952a, — 4046a,) +

(9)

S™1(88234 + 154a, — 11326a,) + 671 (156190 — 2450a,) + 67+1(88234 + 154a, + 11326a,) + (10)

6MH1(14608 + 952a, + 4046a,) + 61(502 + 118a, + 246a,) + 645L(1 + a; + a,)
=W +as(WHE+a,(W)HF +as(WHF T +agW)HF', 0<r<M

where

72

72 9
al = —Qlﬂt,u— az = Qlﬂta’ ﬁ,

hz; E, as = ngt,Ll

9 72 9
a, = —HZAtaE, as = 93At,uﬁ, ag = —93Ataﬁ.

Hence, we get a linear system (10) consisting of M + 1 algebraic equations in
unknowns (8F1, ..., 6111 . Using BCs (2) and the following additional BCs

Wi (0,8) =0  wy(,t) =0
Wi (0,8) = 0wy (L, t) =0,

the variables

n+l1 gsn+l1 gn+l1 gsn+l gn+l sn+l con+l n+1
6,605,655, 657 7, 6yt Omvz Omvs and Syl

M+9

are eliminated from the above system. Thus, the system is reduced to solvable matrix system
of (M+1)x(M+ 1) dimension. In order to commence iterative computation, the initial

vector

60 = (5(_)4, vy 61(3,+4)T
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is first computed using ICs, BCs and additional BCs. After getting the initial vector §° , the
unknown vector

61 = (61,,...,6%4,4)
is obtained by making use of CN method. Thus, the unknown vectors
S = (6741, .., 60t ) T(n=1,2,...)

at any desired time level can be computed repeatedly by solving the recurrence relation two
precious 6™ and 5™ L.

3. NUMERICAL EXPERIMENTS

In this section, two test problem are examined to illustrate the efficiency and applicability of
the suggested method. Accuracy of solution is tested by measuring error norm L,

Lo, = max|wy, — Wp| (11)

and the order of temporal convergence is calculated by the formula

(Loo)Ati
(LOO)Atl+1

log |A§:i

log

(12)

where (Lo,) ¢, is the error norm L, for time step At;.

3.1. Problem 1

Consider pure advection problem obtained by taking u = 0. The analytical solution of this
problem is given by

(x — %y — at)?
>' (13)

w(x,t) = 10 exp (— 207

The numerical computation is performed by choosing flow velocity a« = 0.5m/s, initial peak
location %, = 2km, p = 264 in the spatial domain [0,9000] until the terminating time t =
9600s . In this case, the wave which is initially located at %, = 2km with its peak moves to
the right along a channel maintaining its initial shape and size by the time t = 9600s . The
suggested program is running until the time t = 9600s and the figures of initial solution and
waves at various time levels are presented in Figure 1 with h = 60, 4t = 1. It can be observed
from Figure 1 that wave preserves its initial state while moving to the right. Thus, the initial
wave moves 4.8 km from the initial position and the peak of the wave remains stable 10 in
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progress of time. The graph of absolute error at t = 9600s s also given in Figure 2 which
shows that the influence of BCs can be neglected.

ot . . . .
0 1000 2000 3000 4000 5000 6000 7000 8000 9000

Figure 1. Waves at t = 0,3000,6000,9600.

The error norms L., are listed in Table 1 to make a comparison with previous studies given in
[4,7,9]. The obtain results confirm that the suggested method gives better results then the other
methods. Also, the order of temporal convergence is calculated for h = 100 and different
temporal steps At; . The calculated order of convergence along with error norm is listed in
Table 2. As expected from the theoretical results, the order of the temporal convergence is three.

Table 1. Comparison of L, at time t = 9600
Method h At L

Proposed 200 50 4.56 x 1072

Proposed 100 50 1.93 x 1072

Proposed 50 50 1.94 x 1072
[9] 200 50 2.18 x 1071
[9] 100 50 1.90 x 10~1
[9] 50 50 1.90 x 10~1
[7] 200 50 1.29
[7] 100 50 3.25 x 10~
[7] 50 50 1.98 x 10~1
[4] 200 50 5.18 x 10~
[4] 100 50 3.76 x 10~
[4] 50 50 3.73 x 107"

Table 2. The error norms and temporal order of convergence with h = 100 at t = 9600

At; Order L

100 - 1.63 x 1071
50 3.07 1.95 x 1072
25 3.01 241%x1073
12.5 3.00 3.01 x 107*
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0.02

0.015

0.01r

0.005

0 s \ |
4000 5000 6000 7000 8000 9000

Figure 2. Absolute error for Problem 1 with A=At = 50 .

3.2. Problem 2

The analytical solution of this problem, modeling fade out of an initial bell shaped
concentration of height 1, is

w(x,t) =

1 (x — Xy — at)?
Nz <‘ u(at+ 1) )

The initial wave forms the peak of which is initially located at X, , moves to the right along
X axis as time progresses.

(13)

The computation is carried out by taking the parameters ¢ =0.8 m/s and u¢ = 0.005
m? /s . Table 3 gives the comparison of L., error norms with At = 0.0125 . It can be seen
from the Table 3 that our method produces better results than the methods given in Method |
[6] and [9]. But the result of Method 11 [6] is a bit better than the result of the present method
for h = 0.025 . The order of convergence and L., error norms are listed Table 4. It is seen
from Table 4 that when time step size is reduced from 0.01 to 0.00125, the order of temporal
convergence approaches to three.

Table 3. Comparison of L, attimet = 5with0 <x <9

h Proposed [9] Method | [6] Method |1 [6]
0.2 1.36 x 1071 1.33x 1071 1.25x 1071 1.36 x 1071
0.1 4.01x 1073 423x1073 6.96 x 1073 1.46 x 1072
0.05 3.94 x 1075 8.43 x 107* 1.21x 107* 2.89 x 10~*

0.025 3.98 x 1075 8.43 x 10~* 3.07 x 107* 1.81 x 1075

Table 4. The error norms and temporal order of convergence with h = 0.01 att = 5.

At; Order L,
0.01 - 2.04 x 107°
0.005 3.00 2.55%x 107
0.0025 3.00 3.19 x 1077
0.00125 3.00 3.98 x 1078

Figure 3 shows the behaviour of numerical solutions up to time t = 5 over the spatial interval
[0,9] with h = At =0.001. Figure 4 gives the graph of the absolute error with h =
0.01,A4t = 0.00125 attime t = 5. It can be seen from Figure 4 that maximum error appears
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at about the peak of the final wave. Thus, it can be said that the there is no problem in applying
BCs.

t=0

0.8

061

t=1

04+

0.2F

3 3.5 4 4.5 5 5.5 6 6.5 7

Figure 4. Absolute error for Problem 2 with h = 0.01,4t = 0.00125att =5.

4. CONCLUSION

In this paper, nonic B-spline collocation technique in collaboration with Adams Moulton
method has been proposed to get approximate solution of ADE. To show the effectiveness of
the present method, two test problems are used by computing error norms L., and compared
with the results existing in the literature. The results obtained by the present method is found to
be better than the existed studies given in [4,6,7,9]. The order of temporal convergence is
calculated numerically, which agrees with theoretical rate. Consequently, nonic B-spline
functions can be applied to obtain approximate solution of the high order nonlinear partial
differential equations.
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