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ABSTRACT 
 

Let 𝐾[𝑋4] = 𝐾[𝑥1, 𝑥2, 𝑥3, 𝑥4] be the polynomial algebra with 4 algebraically independent commuting variables over a field 𝐾 

of characteristic zero. The symmetric group 𝑆4 acts on 𝐾[𝑋4] naturally by the action of permutations exchanging the indices 

of variables with respect to the corresponding permutation. It is well known that the algebra 𝐾[𝑋4]𝑆4 of all polynomials 

preserved under the action of 𝑆4 is generated by 4 algebraically independent elements called the elementary symmetric 

polynomials. In this study, we consider the subalgebra 𝐺 of 𝑆4 generated by the transpositions (13) and (24) which is 

isomorphic to the Klein-4 group, and find a free generating set for the algebra 𝐾[𝑋4]𝐺  of 𝐺-invariants.  

 

Keywords: Action, Invariants, Symmetric group 
 

 

 

1. INTRODUCTION 

 

The initiation of study of 𝐺-invariants, where 𝐺 is a subgroup of the general linear group 𝐺𝐿𝑛(𝐾) for a   

field 𝐾 of characteristic zero, dates back to the beginning of the twentieth century. The fourteenth of 

twenty three problems given by David Hilbert [1] is related to the algebra 𝐾[𝑋𝑛]𝐺 of 𝐺-invariants of 

the polynomial algebra 𝐾[𝑋𝑛] in 𝑛 commuting variables 𝑥1, … , 𝑥𝑛 over the field 𝐾. Nagata [2] showed 

that 𝐾[𝑋𝑛]𝐺 is not finitely generated in general, while it is finitely generated for finite subgroups 𝐺 of 

𝐺𝐿𝑛(𝐾) via Noether [3]. 

 

The most interesting group in this theory is the symmetric group 𝑆𝑛. The algebra 𝐾[𝑋𝑛]𝑆𝑛 of 𝑆𝑛-

invariants is called the algebra of symmetric polynomials, and each polynomial in this algebra is called 

a symmetric polynomial. The action of each permutation 𝜋 ∈ 𝑆𝑛 on a monomial is defined as follows. 

 

𝜋(𝑥𝑖1
⋯ 𝑥𝑖𝑘

) = 𝑥𝜋(𝑖1) ⋯ 𝑥𝜋(𝑖𝑘). 

 

It is well known by Cayley's Theorem that every group is a subgroup of 𝑆𝑛 (see e.g., [4]). In this study, 

we realize the Klein-4 group 𝐺 as a subgroup of 𝑆4 generated by two transpositions (13) and (24), 

and describe the algebra 𝐾[𝑋4]𝐺 by providing its generators. 

 

2. THE KLEIN-4 INVARIANTS 

 

In this section, we investigate the algebra 

 

𝐾[𝑋4]𝐺 = {𝑝 ∈ 𝐾[𝑋4]: 𝑝(𝑥1, 𝑥2, 𝑥3, 𝑥4) = 𝑝(𝑥3, 𝑥2, 𝑥1, 𝑥4) = 𝑝(𝑥1, 𝑥4, 𝑥3, 𝑥2)}, 
 

where 
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𝐺 = 〈(13), (24)〉 = {(1), (13), (24), (13)(24)}

= {(

1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

) , (

0 0
0 1

1 0
0 0

1 0
0 0

0 0
0 1

) , (

1 0
0 0

0 0
0 1

0 0
0 1

1 0
0 0

) , (

0 0
0 0

1 0
0 1

1 0
0 1

0 0
0 0

)}, 

 

that is isomorphic to the Klein-4 group. Then, we give a finite generating set for 𝐾[𝑋4]𝐺 .  

 

Lemma 1. 𝐾[𝑋4]𝐺 = 𝐾[𝛼𝑎𝑏 , 𝛽𝑎𝑏: 0 ≤ 𝑎, 𝑏] , such that  

 

𝛼𝑎𝑏 = 𝑥1
𝑎𝑥3

𝑏 + 𝑥1
𝑏𝑥3

𝑎  , 
𝛽𝑎𝑏 = 𝑥2

𝑎𝑥4
𝑏 + 𝑥2

𝑏𝑥4
𝑎 , 

 

where 0 ≤ 𝑎, 𝑏. 

 

Proof. Let 𝑝 ∈ 𝐾[𝑋4] be an arbitrary polynomial. One may express 

 

𝑝(𝑥1, 𝑥2, 𝑥3, 𝑥4) = ∑ 𝜀𝑎𝑏𝑐𝑑𝑥1
𝑎𝑥2

𝑏𝑥3
𝑐𝑥4

𝑑

0≤𝑎,𝑏,𝑐,𝑑

= ∑ 𝜀𝑎𝑏𝑐𝑑𝑋𝑎𝑏𝑐𝑑

0≤𝑎,𝑏,𝑐,𝑑

 , 𝜀𝑎𝑏𝑐𝑑 ∈ 𝐾, 

 

as = 𝑝1 + 𝑝2 + 𝑝3 + 𝑝4 , where 𝑝1, 𝑝2, 𝑝3, 𝑝4 are of the form 

 

𝑝1(𝑥1, 𝑥2, 𝑥3, 𝑥4) = ∑ 𝜀𝑎𝑎𝑎𝑎𝑋𝑎𝑎𝑎𝑎

0≤𝑎

 

𝑝2(𝑥1, 𝑥2, 𝑥3, 𝑥4)

= ∑ (𝜀𝑎𝑏𝑏𝑏𝑋𝑎𝑏𝑏𝑏 + 𝜀𝑏𝑏𝑎𝑏𝑋𝑏𝑏𝑎𝑏) + (𝜀𝑏𝑎𝑏𝑏𝑋𝑏𝑎𝑏𝑏 + 𝜀𝑏𝑏𝑏𝑎𝑋𝑏𝑏𝑏𝑎)

0≤𝑎<𝑏

+ (𝜀𝑏𝑎𝑎𝑎𝑋𝑏𝑎𝑎𝑎 + 𝜀𝑎𝑎𝑏𝑎𝑋𝑎𝑎𝑏𝑎) + (𝜀𝑎𝑏𝑎𝑎𝑋𝑎𝑏𝑎𝑎 + 𝜀𝑎𝑎𝑎𝑏𝑋𝑎𝑎𝑎𝑏)

+ (𝜀𝑎𝑎𝑏𝑏𝑋𝑎𝑎𝑏𝑏 + 𝜀𝑏𝑎𝑎𝑏𝑋𝑏𝑎𝑎𝑏 + 𝜀𝑏𝑏𝑎𝑎𝑋𝑏𝑏𝑎𝑎 + 𝜀𝑎𝑏𝑏𝑎𝑋𝑎𝑏𝑏𝑎) + 𝜀𝑎𝑏𝑎𝑏𝑋𝑎𝑏𝑎𝑏

+ 𝜀𝑏𝑎𝑏𝑎𝑋𝑏𝑎𝑏𝑎 = ∑ 𝑝2,1 + ⋯ + 𝑝2,7

0≤𝑎<𝑏

 

𝑝3(𝑥1, 𝑥2, 𝑥3, 𝑥4)

= ∑ (𝜀𝑎𝑎𝑏𝑐𝑋𝑎𝑎𝑏𝑐 + 𝜀𝑏𝑎𝑎𝑐𝑋𝑏𝑎𝑎𝑐 + 𝜀𝑏𝑐𝑎𝑎𝑋𝑏𝑐𝑎𝑎 + 𝜀𝑎𝑐𝑏𝑎𝑋𝑎𝑐𝑏𝑎)

0≤𝑎<𝑏<𝑐

+ (𝜀𝑎𝑎𝑐𝑏𝑋𝑎𝑎𝑐𝑏 + 𝜀𝑐𝑎𝑎𝑏𝑋𝑐𝑎𝑎𝑏 + 𝜀𝑐𝑏𝑎𝑎𝑋𝑐𝑏𝑎𝑎 + 𝜀𝑎𝑏𝑐𝑎𝑋𝑎𝑏𝑐𝑎)

+ (𝜀𝑎𝑏𝑎𝑐𝑋𝑎𝑏𝑎𝑐 + 𝜀𝑎𝑐𝑎𝑏𝑋𝑎𝑐𝑎𝑏) + (𝜀𝑏𝑎𝑐𝑎𝑋𝑏𝑎𝑐𝑎 + 𝜀𝑐𝑎𝑏𝑎𝑋𝑐𝑎𝑏𝑎)

+ (𝜀𝑏𝑏𝑎𝑐𝑋𝑏𝑏𝑎𝑐 + 𝜀𝑎𝑏𝑏𝑐𝑋𝑎𝑏𝑏𝑐 + 𝜀𝑎𝑐𝑏𝑏𝑋𝑎𝑐𝑏𝑏 + 𝜀𝑏𝑐𝑎𝑏𝑋𝑏𝑐𝑎𝑏)

+ (𝜀𝑏𝑏𝑐𝑎𝑋𝑏𝑏𝑐𝑎 + 𝜀𝑐𝑏𝑏𝑎𝑋𝑐𝑏𝑏𝑎 + 𝜀𝑐𝑎𝑏𝑏𝑋𝑐𝑎𝑏𝑏 + 𝜀𝑏𝑎𝑐𝑏𝑋𝑏𝑎𝑐𝑏)

+ (𝜀𝑏𝑎𝑏𝑐𝑋𝑏𝑎𝑏𝑐 + 𝜀𝑏𝑐𝑏𝑎𝑋𝑏𝑐𝑏𝑎) + (𝜀𝑎𝑏𝑐𝑏𝑋𝑎𝑏𝑐𝑏 + 𝜀𝑐𝑏𝑎𝑏𝑋𝑐𝑏𝑎𝑏)

+ (𝜀𝑐𝑐𝑎𝑏𝑋𝑐𝑐𝑎𝑏 + 𝜀𝑎𝑐𝑐𝑏𝑋𝑎𝑐𝑐𝑏 + 𝜀𝑎𝑏𝑐𝑐𝑋𝑎𝑏𝑐𝑐 + 𝜀𝑐𝑏𝑎𝑐𝑋𝑐𝑏𝑎𝑐)

+ (𝜀𝑐𝑐𝑏𝑎𝑋𝑐𝑐𝑏𝑎 + 𝜀𝑏𝑐𝑐𝑎𝑋𝑏𝑐𝑐𝑎 + 𝜀𝑏𝑎𝑐𝑐𝑋𝑏𝑎𝑐𝑐 + 𝜀𝑐𝑎𝑏𝑐𝑋𝑐𝑎𝑏𝑐)

+ (𝜀𝑐𝑎𝑐𝑏𝑋𝑐𝑎𝑐𝑏 + 𝜀𝑐𝑏𝑐𝑎𝑋𝑐𝑏𝑐𝑎) + (𝜀𝑎𝑐𝑏𝑐𝑋𝑎𝑐𝑏𝑐 + 𝜀𝑏𝑐𝑎𝑐𝑋𝑏𝑐𝑎𝑐)

= ∑ 𝑝3,1 + ⋯ + 𝑝3,12

0≤𝑎<𝑏<𝑐
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𝑝4(𝑥1, 𝑥2, 𝑥3, 𝑥4)

= ∑ (𝜀𝑎𝑏𝑐𝑑𝑋𝑎𝑏𝑐𝑑 + 𝜀𝑎𝑑𝑐𝑏𝑋𝑎𝑑𝑐𝑏 + 𝜀𝑐𝑏𝑎𝑑𝑋𝑐𝑏𝑎𝑑 + 𝜀𝑐𝑑𝑎𝑏𝑋𝑐𝑑𝑎𝑏)

0≤𝑎<𝑏<𝑐<𝑑

+ (𝜀𝑎𝑏𝑑𝑐𝑋𝑎𝑏𝑑𝑐 + 𝜀𝑎𝑐𝑑𝑏𝑋𝑎𝑐𝑑𝑏 + 𝜀𝑑𝑏𝑎𝑐𝑋𝑑𝑏𝑎𝑐 + 𝜀𝑑𝑐𝑎𝑏𝑋𝑑𝑐𝑎𝑏)

+ (𝜀𝑎𝑐𝑏𝑑𝑋𝑎𝑐𝑏𝑑 + 𝜀𝑎𝑑𝑏𝑐𝑋𝑎𝑑𝑏𝑐 + 𝜀𝑏𝑐𝑎𝑑𝑋𝑏𝑐𝑎𝑑 + 𝜀𝑏𝑑𝑎𝑐𝑋𝑏𝑑𝑎𝑐)

+ (𝜀𝑏𝑎𝑐𝑑𝑋𝑏𝑎𝑐𝑑 + 𝜀𝑏𝑑𝑐𝑎𝑋𝑏𝑑𝑐𝑎 + 𝜀𝑐𝑎𝑏𝑑𝑋𝑐𝑎𝑏𝑑 + 𝜀𝑐𝑑𝑏𝑎𝑋𝑐𝑑𝑏𝑎)

+ (𝜀𝑏𝑎𝑑𝑐𝑋𝑏𝑎𝑑𝑐 + 𝜀𝑏𝑐𝑑𝑎𝑋𝑏𝑐𝑑𝑎 + 𝜀𝑑𝑎𝑏𝑐𝑋𝑑𝑎𝑏𝑐 + 𝜀𝑑𝑐𝑏𝑎𝑋𝑑𝑐𝑏𝑎)

+ (𝜀𝑐𝑎𝑑𝑏𝑋𝑐𝑎𝑑𝑏 + 𝜀𝑐𝑏𝑑𝑎𝑋𝑐𝑏𝑑𝑎 + 𝜀𝑑𝑎𝑐𝑏𝑋𝑑𝑎𝑐𝑏 + 𝜀𝑑𝑏𝑐𝑎𝑋𝑑𝑏𝑐𝑎)

= ∑ 𝑝4,1 + ⋯ + 𝑝4,6

0≤𝑎<𝑏<𝑐

 

 

such that 𝑝𝑖,𝑗 counts the sum in the paranthesis indicated as a sum in the expression of 𝑝𝑖  , 𝑖 = 1,2,3,4. 

 

Now let 𝑝 ∈ 𝐾[𝑋4]𝐺. Then, clearly 𝑝 = 𝜋(𝑝) gives that 

 

𝑝1 + 𝑝2 + 𝑝3 + 𝑝4 = 𝜋(𝑝1 + 𝑝2 + 𝑝3 + 𝑝4) = 𝜋(𝑝1) + 𝜋(𝑝2) + 𝜋(𝑝2) + 𝜋(𝑝2) 

 

and that 𝜋(𝑝1) = 𝑝1, 𝜋(𝑝2) = 𝑝2, 𝜋(𝑝3) = 𝑝3, 𝜋(𝑝4) = 𝑝4, 𝜋 ∈ 𝐺, since the elements of the form 𝑝𝑖 

are 𝐺-invariants for each 𝑖 = 1,2,3,4, due to the number of distinct powers of the variables in the 

monomials of corresponding summands. 

 

Initially, 

 

𝑋𝑎𝑎𝑎𝑎 = 𝑥1
𝑎𝑥2

𝑎𝑥3
𝑎𝑥4

𝑎 = (
𝛼11𝛽11

4
)

𝑎

= 𝜎4
𝑎 

 

that means 

 

𝑝1(𝑥1, 𝑥2, 𝑥3, 𝑥4) = ∑ 𝜀𝑎𝑎𝑎𝑎𝜎4
𝑎

0≤𝑎

∈ 𝐾[𝜎4]. 

 

Secondly, let us consider 𝑝2 = ∑ (𝑝2,1 + ⋯ + 𝑝2,7)0≤𝑎<𝑏 . Recall that 

 

𝑝2,1(𝑥1, 𝑥2, 𝑥3, 𝑥4) = ∑ (𝜀𝑎𝑏𝑏𝑏𝑋𝑎𝑏𝑏𝑏 + 𝜀𝑏𝑏𝑎𝑏𝑋𝑏𝑏𝑎𝑏)

0≤𝑎<𝑏

. 

 

The orbit of the monomial 𝑋𝑎𝑏𝑏𝑏 is  

 

𝑋𝑎𝑏𝑏𝑏 , 𝑋𝑏𝑏𝑎𝑏 , 𝑋𝑎𝑏𝑏𝑏 , 𝑋𝑏𝑏𝑎𝑏 

 

with respect to the group 𝐺. Similarly the orbit of the monomial 𝑋𝑏𝑏𝑎𝑏 is 

 

𝑋𝑏𝑏𝑎𝑏 , 𝑋𝑎𝑏𝑏𝑏 , 𝑋𝑏𝑏𝑎𝑏 , 𝑋𝑎𝑏𝑏𝑏 . 
Hence, 

𝜋(𝑝2,1) ∈ span𝐾{𝑋𝑎𝑏𝑏𝑏 , 𝑋𝑏𝑏𝑎𝑏}, 
 

or 𝜋(𝑝2,1) = 𝑝2,1, for 𝜋 = (13), (24). This implies that 

 

𝜀𝑎𝑏𝑏𝑏𝑋𝑎𝑏𝑏𝑏 + 𝜀𝑏𝑏𝑎𝑏𝑋𝑏𝑏𝑎𝑏 = (13)(𝜀𝑎𝑏𝑏𝑏𝑋𝑎𝑏𝑏𝑏 + 𝜀𝑏𝑏𝑎𝑏𝑋𝑏𝑏𝑎𝑏) = 𝜀𝑎𝑏𝑏𝑏𝑋𝑏𝑏𝑎𝑏 + 𝜀𝑏𝑏𝑎𝑏𝑋𝑎𝑏𝑏𝑏 , 
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or 

(𝜀𝑎𝑏𝑏𝑏 − 𝜀𝑏𝑏𝑎𝑏)𝑋𝑎𝑏𝑏𝑏 + (𝜀𝑏𝑏𝑎𝑏 − 𝜀𝑎𝑏𝑏𝑏)𝑋𝑏𝑏𝑎𝑏 = 0, 
 

for each pair (𝑎, 𝑏). Thus, 𝜀𝑎𝑏𝑏𝑏 = 𝜀𝑏𝑏𝑎𝑏, 0 ≤ 𝑎 < 𝑏. Therefore,  

 

𝜀𝑎𝑏𝑏𝑏𝑋𝑎𝑏𝑏𝑏 + 𝜀𝑏𝑏𝑎𝑏𝑋𝑏𝑏𝑎𝑏 = 𝜀𝑎𝑏𝑏𝑏(𝑋𝑎𝑏𝑏𝑏 + 𝑋𝑏𝑏𝑎𝑏)

= 𝜀𝑎𝑏𝑏𝑏𝑋𝑎𝑎𝑎𝑎(𝑋0(𝑏−𝑎)(𝑏−𝑎)(𝑏−𝑎) + 𝑋(𝑏−𝑎)(𝑏−𝑎)0(𝑏−𝑎))

= 𝜀𝑎𝑏𝑏𝑏𝜎4
𝑎𝑋0(𝑏−𝑎)0(𝑏−𝑎)(𝑋00(𝑏−𝑎)0 + 𝑋(𝑏−𝑎)000) = 𝜀𝑎𝑏𝑏𝑏𝜎4

𝑎
𝛽(𝑏−𝑎)(𝑏−𝑎)

2
𝛼(𝑏−𝑎)0 

 

and thus  

𝑝2,1(𝑥1, 𝑥2, 𝑥3, 𝑥4) = ∑ 𝜀𝑎𝑏𝑏𝑏𝜎4
𝑎

𝛽(𝑏−𝑎)(𝑏−𝑎)

2
𝛼(𝑏−𝑎)0

0≤𝑎<𝑏

∈ 𝐾[𝜎4, 𝛼𝑎0, 𝛽𝑎𝑎: 0 ≤ 𝑎]. 

 

Similar arguments gives that 𝜋(𝑝2,𝑖) = 𝑝2,𝑖, 𝑖 = 2, … ,7, 𝜋(𝑝3,𝑗) = 𝑝3,𝑗, 𝑗 = 1, … ,12, 𝜋(𝑝4,𝑘) = 𝑝4,𝑘, 

𝑘 = 1, … ,6, for 𝜋 = (13), (24), and that 

 

𝑝2,2 = ∑ 𝜀𝑏𝑎𝑏𝑏(𝑋𝑏𝑎𝑏𝑏 + 𝑋𝑏𝑏𝑏𝑎)

0≤𝑎<𝑏

= ∑ 𝜀𝑏𝑎𝑏𝑏𝜎4
𝑎

𝛼(𝑏−𝑎)(𝑏−𝑎)

2
𝛽(𝑏−𝑎)0

0≤𝑎<𝑏

∈ 𝐾[𝜎4, 𝛼𝑎𝑎, 𝛽𝑎0: 0 ≤ 𝑎], 

 

𝑝2,3 = ∑ 𝜀𝑏𝑎𝑎𝑎(𝑋𝑏𝑎𝑎𝑎 + 𝑋𝑎𝑎𝑏𝑎)

0≤𝑎<𝑏

= ∑ 𝜀𝑏𝑎𝑎𝑎𝜎4
𝑎𝛼(𝑏−𝑎)0

0≤𝑎<𝑏

∈ 𝐾[𝜎4, 𝛼𝑎0: 0 ≤ 𝑎], 

 

𝑝2,4 = ∑ 𝜀𝑎𝑏𝑎𝑎(𝑋𝑎𝑏𝑎𝑎 + 𝑋𝑎𝑎𝑎𝑏)

0≤𝑎<𝑏

= ∑ 𝜀𝑏𝑎𝑎𝑎𝜎4
𝑎𝛽(𝑏−𝑎)0

0≤𝑎<𝑏

∈ 𝐾[𝜎4, 𝛽𝑎0: 0 ≤ 𝑎], 

 

𝑝2,5 = ∑ 𝜀𝑎𝑎𝑏𝑏(𝑋𝑎𝑎𝑏𝑏 + 𝑋𝑏𝑎𝑎𝑏 + 𝑋𝑏𝑏𝑎𝑎 + 𝑋𝑎𝑏𝑏𝑎)

0≤𝑎<𝑏

= ∑ 𝜀𝑎𝑎𝑏𝑏𝜎4
𝑎𝛼(𝑏−𝑎)0𝛽(𝑏−𝑎)0

0≤𝑎<𝑏

∈ 𝐾[𝜎4, 𝛼𝑎0, 𝛽𝑎0: 0 ≤ 𝑎], 
 

𝑝2,6 = ∑ 𝜀𝑎𝑏𝑎𝑏𝑋𝑎𝑏𝑎𝑏

0≤𝑎<𝑏

= ∑ 𝜀𝑎𝑎𝑏𝑏𝜎4
𝑎

𝛽(𝑏−𝑎)(𝑏−𝑎)

2
0≤𝑎<𝑏

∈ 𝐾[𝜎4, 𝛽𝑎𝑎: 0 ≤ 𝑎], 

 

 

𝑝2,7 = ∑ 𝜀𝑏𝑎𝑏𝑎𝑋𝑏𝑎𝑏𝑎

0≤𝑎<𝑏

= ∑ 𝜀𝑏𝑎𝑏𝑎𝜎4
𝑎

𝛼(𝑏−𝑎)(𝑏−𝑎)

2
0≤𝑎<𝑏

∈ 𝐾[𝜎4, 𝛼𝑎𝑎: 0 ≤ 𝑎], 

 

𝑝3,1 = ∑ 𝜀𝑎𝑎𝑏𝑐(𝑋𝑎𝑎𝑏𝑐 + 𝑋𝑏𝑎𝑎𝑐 + 𝑋𝑏𝑐𝑎𝑎 + 𝑋𝑎𝑐𝑏𝑎)

0≤𝑎<𝑏<𝑐

= ∑ 𝜀𝑎𝑎𝑏𝑐𝜎4
𝑎𝛼(𝑏−𝑎)0𝛽(𝑐−𝑎)0

0≤𝑎<𝑏<𝑐

∈ 𝐾[𝜎4, 𝛼𝑎0, 𝛽𝑎0: 0 ≤ 𝑎], 
 

𝑝3,2 = ∑ 𝜀𝑎𝑎𝑐𝑏(𝑋𝑎𝑎𝑐𝑏 + 𝑋𝑐𝑎𝑎𝑏 + 𝑋𝑐𝑏𝑎𝑎 + 𝑋𝑎𝑏𝑐𝑎)

0≤𝑎<𝑏<𝑐

= ∑ 𝜀𝑎𝑎𝑏𝑐𝜎4
𝑎𝛼(𝑐−𝑎)0𝛽(𝑏−𝑎)0

0≤𝑎<𝑏<𝑐

∈ 𝐾[𝜎4, 𝛼𝑎0, 𝛽𝑎0: 0 ≤ 𝑎], 
 

𝑝3,3 = ∑ 𝜀𝑎𝑏𝑎𝑐(𝑋𝑎𝑏𝑎𝑐 + 𝑋𝑎𝑐𝑎𝑏)

0≤𝑎<𝑏<𝑐

= ∑ 𝜀𝑎𝑏𝑎𝑐𝜎4
𝑎𝛽(𝑐−𝑎)(𝑏−𝑎)

0≤𝑎<𝑏<𝑐

∈ 𝐾[𝜎4, 𝛽𝑎𝑏: 0 ≤ 𝑎, 𝑏], 
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𝑝3,4 = ∑ 𝜀𝑏𝑎𝑐𝑎(𝑋𝑏𝑎𝑐𝑎 + 𝑋𝑐𝑎𝑏𝑎)

0≤𝑎<𝑏<𝑐

= ∑ 𝜀𝑎𝑏𝑎𝑐𝜎4
𝑎𝛼(𝑐−𝑏)(𝑏−𝑎)

0≤𝑎<𝑏<𝑐

∈ 𝐾[𝜎4, 𝛼𝑎𝑏: 0 ≤ 𝑎, 𝑏], 

𝑝3,5 = ∑ 𝜀𝑏𝑏𝑎𝑐(𝑋𝑏𝑏𝑎𝑐 + 𝑋𝑎𝑏𝑏𝑐 + 𝑋𝑎𝑐𝑏𝑏 + 𝑋𝑏𝑐𝑎𝑏)

0≤𝑎<𝑏<𝑐

= ∑ 𝜀𝑏𝑏𝑎𝑐𝜎4
𝑎𝛼(𝑏−𝑎)0𝛽(𝑐−𝑎)(𝑏−𝑎)

0≤𝑎<𝑏<𝑐

∈ 𝐾[𝜎4, 𝛼𝑎0, 𝛽𝑎𝑏: 0 ≤ 𝑎, 𝑏], 
 

𝑝3,6 = ∑ 𝜀𝑏𝑏𝑐𝑎(𝑋𝑏𝑏𝑐𝑎 + 𝑋𝑐𝑏𝑏𝑎 + 𝑋𝑐𝑎𝑏𝑏 + 𝑋𝑏𝑎𝑐𝑏)

0≤𝑎<𝑏<𝑐

= ∑ 𝜀𝑏𝑏𝑐𝑎𝜎4
𝑎𝛼(𝑐−𝑎)(𝑏−𝑎)𝛽(𝑏−𝑎)0

0≤𝑎<𝑏<𝑐

∈ 𝐾[𝜎4, 𝛼𝑎𝑏 , 𝛽𝑎0: 0 ≤ 𝑎, 𝑏], 
 

𝑝3,7 = ∑ 𝜀𝑏𝑎𝑏𝑐(𝑋𝑏𝑎𝑏𝑐 + 𝑋𝑏𝑐𝑏𝑎)

0≤𝑎<𝑏<𝑐

= ∑ 𝜀𝑏𝑎𝑏𝑐𝜎4
𝑎

𝛼(𝑏−𝑎)(𝑏−𝑎)

2
𝛽(𝑐−𝑎)0

0≤𝑎<𝑏<𝑐

∈ 𝐾[𝜎4, 𝛼𝑎𝑎 , 𝛽𝑎0: 0 ≤ 𝑎], 
 

𝑝3,8 = ∑ 𝜀𝑎𝑏𝑐𝑏(𝑋𝑎𝑏𝑐𝑏 + 𝑋𝑐𝑏𝑎𝑏)

0≤𝑎<𝑏<𝑐

= ∑ 𝜀𝑎𝑏𝑐𝑏𝜎4
𝑎𝛼(𝑐−𝑎)0

𝛽(𝑏−𝑎)(𝑏−𝑎)

2
0≤𝑎<𝑏<𝑐

∈ 𝐾[𝜎4, 𝛼𝑎0, 𝛽𝑎𝑎: 0 ≤ 𝑎], 
 

𝑝3,9 = ∑ 𝜀𝑐𝑐𝑎𝑏(𝑋𝑐𝑐𝑎𝑏 + 𝑋𝑎𝑐𝑐𝑏 + 𝑋𝑎𝑏𝑐𝑐 + 𝑋𝑐𝑏𝑎𝑐)

0≤𝑎<𝑏<𝑐

= ∑ 𝜀𝑐𝑐𝑎𝑏𝜎4
𝑎𝛼(𝑐−𝑎)0𝛽(𝑐−𝑎)(𝑏−𝑎)

0≤𝑎<𝑏<𝑐

∈ 𝐾[𝜎4, 𝛼𝑎0, 𝛽𝑎𝑏: 0 ≤ 𝑎, 𝑏], 
 

𝑝3,10 = ∑ 𝜀𝑐𝑐𝑏𝑎(𝑋𝑐𝑐𝑏𝑎 + 𝑋𝑏𝑐𝑐𝑎 + 𝑋𝑏𝑎𝑐𝑐 + 𝑋𝑐𝑎𝑏𝑐)

0≤𝑎<𝑏<𝑐

= ∑ 𝜀𝑐𝑐𝑏𝑎𝜎4
𝑎𝛼(𝑐−𝑎)(𝑏−𝑎)𝛽(𝑐−𝑎)0

0≤𝑎<𝑏<𝑐

∈ 𝐾[𝜎4, 𝛼𝑎𝑏 , 𝛽𝑎0: 0 ≤ 𝑎, 𝑏], 
 

𝑝3,11 = ∑ 𝜀𝑐𝑎𝑐𝑏(𝑋𝑐𝑎𝑐𝑏 + 𝑋𝑐𝑏𝑐𝑎)

0≤𝑎<𝑏<𝑐

= ∑ 𝜀𝑐𝑎𝑐𝑏𝜎4
𝑎

𝛼(𝑐−𝑎)(𝑐−𝑎)

2
𝛽(𝑏−𝑎)0

0≤𝑎<𝑏<𝑐

∈ 𝐾[𝜎4, 𝛼𝑎𝑏 , 𝛽𝑎0: 0 ≤ 𝑎, 𝑏], 
 

𝑝3,12 = ∑ 𝜀𝑎𝑐𝑏𝑐(𝑋𝑎𝑐𝑏𝑐 + 𝑋𝑏𝑐𝑎𝑐)

0≤𝑎<𝑏<𝑐

= ∑ 𝜀𝑎𝑐𝑏𝑐𝜎4
𝑎𝛼(𝑏−𝑎)0

𝛽(𝑐−𝑎)(𝑐−𝑎)

2
0≤𝑎<𝑏<𝑐

∈ 𝐾[𝜎4, 𝛼𝑎0, 𝛽𝑎𝑏: 0 ≤ 𝑎, 𝑏], 
 

𝑝4,1 = ∑ 𝜀𝑎𝑏𝑐𝑑(𝑋𝑎𝑏𝑐𝑑 + 𝑋𝑎𝑑𝑐𝑏 + 𝑋𝑐𝑏𝑎𝑑 + 𝑋𝑐𝑑𝑎𝑏)

0≤𝑎<𝑏<𝑐<𝑑

= ∑ 𝜀𝑎𝑏𝑐𝑑𝜎4
𝑎𝛼(𝑐−𝑎)0𝛽(𝑑−𝑎)(𝑏−𝑎)

0≤𝑎<𝑏<𝑐<𝑑

∈ 𝐾[𝜎4, 𝛼𝑎0, 𝛽𝑎𝑏: 0 ≤ 𝑎, 𝑏], 
 

𝑝4,2 = ∑ 𝜀𝑎𝑏𝑑𝑐(𝑋𝑎𝑏𝑑𝑐 + 𝑋𝑎𝑐𝑑𝑏 + 𝑋𝑑𝑏𝑎𝑐 + 𝑋𝑑𝑐𝑎𝑏)

0≤𝑎<𝑏<𝑐<𝑑

= ∑ 𝜀𝑎𝑏𝑑𝑐𝜎4
𝑎𝛼(𝑑−𝑎)0𝛽(𝑐−𝑎)(𝑏−𝑎)

0≤𝑎<𝑏<𝑐<𝑑

∈ 𝐾[𝜎4, 𝛼𝑎0, 𝛽𝑎𝑏: 0 ≤ 𝑎, 𝑏], 
 

𝑝4,3 = ∑ 𝜀𝑎𝑐𝑏𝑑(𝑋𝑎𝑐𝑏𝑑 + 𝑋𝑎𝑑𝑏𝑐 + 𝑋𝑏𝑐𝑎𝑑 + 𝑋𝑏𝑑𝑎𝑐)

0≤𝑎<𝑏<𝑐<𝑑

= ∑ 𝜀𝑎𝑐𝑏𝑑𝜎4
𝑎𝛼(𝑏−𝑎)0𝛽(𝑑−𝑎)(𝑐−𝑎)

0≤𝑎<𝑏<𝑐<𝑑

∈ 𝐾[𝜎4, 𝛼𝑎0, 𝛽𝑎𝑏: 0 ≤ 𝑎, 𝑏], 
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𝑝4,4 = ∑ 𝜀𝑏𝑎𝑐𝑑(𝑋𝑏𝑎𝑐𝑑 + 𝑋𝑏𝑑𝑐𝑎 + 𝑋𝑐𝑎𝑏𝑑 + 𝑋𝑐𝑑𝑏𝑎)

0≤𝑎<𝑏<𝑐<𝑑

= ∑ 𝜀𝑏𝑎𝑐𝑑𝜎4
𝑎𝛼(𝑐−𝑎)(𝑏−𝑎)𝛽(𝑑−𝑎)0

0≤𝑎<𝑏<𝑐<𝑑

∈ 𝐾[𝜎4, 𝛼𝑎𝑏 , 𝛽𝑎0: 0 ≤ 𝑎, 𝑏], 
 

𝑝4,5 = ∑ 𝜀𝑏𝑎𝑑𝑐(𝑋𝑏𝑎𝑑𝑐 + 𝑋𝑏𝑐𝑑𝑎 + 𝑋𝑑𝑎𝑏𝑐 + 𝑋𝑑𝑐𝑏𝑎)

0≤𝑎<𝑏<𝑐<𝑑

= ∑ 𝜀𝑏𝑎𝑑𝑐𝜎4
𝑎𝛼(𝑑−𝑎)(𝑏−𝑎)𝛽(𝑐−𝑎)0

0≤𝑎<𝑏<𝑐<𝑑

∈ 𝐾[𝜎4, 𝛼𝑎𝑏 , 𝛽𝑎0: 0 ≤ 𝑎, 𝑏], 
 

𝑝4,6 = ∑ 𝜀𝑐𝑎𝑑𝑏(𝑋𝑐𝑎𝑑𝑏 + 𝑋𝑐𝑏𝑑𝑎 + 𝑋𝑑𝑎𝑐𝑏 + 𝑋𝑑𝑏𝑐𝑎)

0≤𝑎<𝑏<𝑐<𝑑

= ∑ 𝜀𝑐𝑎𝑑𝑏𝜎4
𝑎𝛼(𝑑−𝑎)(𝑐−𝑎)𝛽(𝑏−𝑎)0

0≤𝑎<𝑏<𝑐<𝑑

∈ 𝐾[𝜎4, 𝛼𝑎𝑏 , 𝛽𝑎0: 0 ≤ 𝑎, 𝑏]. 
 

This yields that 𝐾[𝑋4]𝐺 ⊆ 𝐾[𝛼𝑎𝑏 , 𝛽𝑎𝑏: 0 ≤ 𝑎, 𝑏]. Conversely, it is straightforward to show that the 

elements 𝛼𝑎𝑏 , 𝛽𝑎𝑏, 0 ≤ 𝑎, 𝑏, are 𝐺-invariants, which completes the proof. 

 

Remark 2. Note that 𝐾[𝑋4]𝑆4 = 𝐾[𝜎1, 𝜎2, 𝜎3, 𝜎4] ⊆ 𝐾[𝑋4]𝐺 = 𝐾[𝛼𝑎𝑏 , 𝛽𝑎𝑏: 0 ≤ 𝑎, 𝑏], where 

 

𝜎1 = 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 , 
𝜎2 = 𝑥1𝑥2 + 𝑥1𝑥3 + 𝑥1𝑥4 + 𝑥2𝑥3 + 𝑥2𝑥4 + 𝑥3𝑥4 , 

𝜎3 = 𝑥1𝑥2𝑥3 + 𝑥1𝑥2𝑥4 + 𝑥1𝑥3𝑥4 + 𝑥2𝑥3𝑥4 , 
𝜎4 = 𝑥1𝑥2𝑥3𝑥4 , 

 

which can be verified by the simple computations given below. 

 

𝜎1 = 𝛼10 + 𝛽10 , 𝜎2 = 𝛼10𝛽10 +
𝛼11

2
+

𝛽11

2
 , 

𝜎3 =
𝛼11𝛽10 + 𝛼10𝛽11

2
 , 𝜎4 =

𝛼11𝛽11

4
 . 

 

The next theorem is our main result. 

 

Theorem 3. The algebra 𝐾[𝑋4]𝐺 is freely generated by the set {𝛼10, 𝛼11, 𝛽10, 𝛽11}. 

 

Proof. Firstly, direct computations give that 

 

𝛼𝑎𝑏 =
𝛼11𝛼(𝑎−1)(𝑏−1)

2
 , 𝛽𝑎𝑏 =

𝛽11𝛽(𝑎−1)(𝑏−1)

2
 

 

for 1 ≤ 𝑎, 𝑏. This yields that the elements of the form 𝛼𝑎𝑏 , 𝛽𝑎𝑏 , 1 ≤ 𝑎, 𝑏, are included in the algebra 

generated by 𝛼11, 𝛽11, 𝛼𝑛0, 𝛽𝑛0, 1 ≤ 𝑛, by induction. 

 

Let 2 ≤ 𝑛 = 2𝑚 be an even positive integer. Then by binomial expansion, we have that 

 

𝛼10
𝑛 = 𝛼𝑛0 + 𝑛(𝑥1

𝑛−1𝑥3 + 𝑥1𝑥3
𝑛−1) + ⋯ + (

𝑛
𝑚 − 1

) (𝑥1
𝑚+1𝑥3

𝑚−1 + 𝑥1
𝑚−1𝑥3

𝑚+1) + (
𝑛
𝑚

) (
𝛼11

2
)

𝑚

 

𝛼𝑛0 = 𝛼10
𝑛 − 𝑛𝛼(𝑛−2)0

𝛼11

2
− ⋯ − (

𝑛
𝑚 − 1

)
𝛼11

2
𝛼𝑚(𝑚−2) − (

𝑛
𝑚

) (
𝛼11

2
)

𝑚

 

 

and hence, 𝛼𝑛0 = 𝛼(2𝑚)0 is included in the algebra generated by the elements 𝛼10, 𝛼11 by induction. 

 

Now let 3 ≤ 𝑛 = 2𝑚 + 1 be an odd positive integer. Then,  



………….. / Eskişehir Technical Univ. J. of Sci. and Technology B – Theo.Sci. XX (X) – 20XX 

 

115 

 

𝛼10
𝑛 = 𝛼𝑛0 + 𝑛(𝑥1

𝑛−1𝑥3 + 𝑥1𝑥3
𝑛−1) + ⋯ + (

𝑛
𝑚

) (𝑥1
𝑚+1𝑥3

𝑚−1 + 𝑥1
𝑚−1𝑥3

𝑚+1) 

𝛼𝑛0 = 𝛼10
𝑛 − 𝑛𝛼(𝑛−2)0

𝛼11

2
− ⋯ − (

𝑛
𝑚

)
𝛼11

2
𝛼𝑚(𝑚−2) 

 

and thus, 𝛼𝑛0 = 𝛼(2𝑚+1)0 is included in 𝐾[𝛼10, 𝛼11]. Similarly one may show that 𝛽𝑛0 ∈ 𝐾[𝛽10, 𝛽11] 

for all 2 ≤ 𝑛.  

 

The rest is to show that the elements 𝛼10, 𝛼11, 𝛽10, 𝛽11 are algebraically independent. For this purpose, 

we apply the Jacobian criterion [5]. The determinant  

 

|

1 𝑧
0 0

0 0
1 𝑡

1 𝑥
0 0

0 0
1 𝑦

| 

 

filled by the entries with respect to the partial derivatives of the corresponding elements is nonzero, 

that completes the proof.  
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