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Abstract

The work studies boundary value problems with non-dynamic and dynamic boundary conditions for one-
and two-dimensional Boussinesg-type equations in domains representing a trapezoid, triangle, "curvilinear"
trapezoid, "curvilinear" triangle, truncated cone, cone, truncated "curvilinear" cone, and "curvilinear" cone.
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1. Introduction

The theory of Boussinesq equations and its modifications always attracts the attention of mathematicians
and applied scientists. The Boussinesq equation, as well as its modifications, take an important place in the
description of the motion of liquids and gases, including in the theory of non-stationary filtration in porous
media [I]-[11]. The works [12]-[17] can also be noted here. In recent years, boundary value problems for these
equations have been actively studied, since they simulate processes in porous media. Processes occurring
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in porous media acquire special importance for deep understanding and comprehension in the problems of
exploration and efficient development of oil and gas fields.

The papers [I8]|-[20] previously studied the solvability of the boundary value problems for one-dimensional
Boussinesqg-type and Burgers equations with Dirichlet boundary conditions in a domain, which is represented
by a trapezoid or a triangle, respectively.

In this paper, we study the questions of the correctness of the formulation of boundary value problems
for one- and two-dimensional Boussinesq-type equations in a domain on the moving part of the boundary
of which dynamic nonlinear conditions are set. Domains are represented by a trapezoid, triangle, truncated
cone, cone, truncated "curvilinear" cone, and "curvilinear" cone. We establish theorems on the unique
weak solvability of the considered boundary problems.

2. Statements of the problems and main results

Problem 1. Let ; = {0 < x < ¢t} and 9 be the boundary of ;, 0 <ty < T < oo. In the domain
Qut = Q4 X (to, T), which is a trapezoid, we consider an initial boundary value problem for Boussinesq-type

equation
Oru — 0y (Jul0zu) = f, (2,1) € Qut, (1)
with boundary conditions
du 1
n + §\u|u =g(t) at {x =t, t € (to, T)}, u=0 at {x =0,t€ (to,T)}, (2)

where duc(lt’t) = [Owu(x,t) + Ozu(z,t)] and with initial condition

t |z=t »

u(z,to) = up(z), =€ Qy = (0,t0); ulto,to) = uoo, (3)
where f(x,t), g(t), uo(x) are given functions, ugo is a given number.

Problem 2. Let Q, = {0 < z < t} and 09 be the boundary of Q;, T < co. In the domain Q. =
Q; x (0,T), representing a triangle, we consider a boundary value problem for the Boussinesq-type equation

Ot — Oy (‘u|axu) = f, (m,t) € Qut, (4)
with boundary conditions
du 1

i §|u\u =g(t) at {z=¢tt€(0,7)}, u=0 at {x=0,te (0,7}, (5)

where % = [0wu(z,t) + Opu(zx,t)] and the functions f(x,t), g(t) are given.

|z=t »

Problem 3. Let ©; = {0 < z < ¢(t)} and 9 be the boundary of ©;, 0 < tp < T < o0,
o(t) € CY([to, T]), 0 < p'(t) < C1 = const, ¢(tg) > 0. In the domain Qu = Q X (to,T), representing
a "curvilinear" trapezoid, we consider the initial-boundary problem for the Boussinesg-type equation

Otu — Oy (\U|3xu) = f, (:B,t) € Qut, (6)
with boundary conditions
du 1
n + §|u]u =g(t) at {z =p(t), t € (to,T)}, u=0 at {x =0,t € (to,T)}, (7)

where % = [0wu(z,t) + ' (t)02u(z,1)]|, 4 - and with initial condition

u(z,to) = up(z), =€ Qy = (0,t0); ule(to),to) = woo, (8)
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where f(x,t), g(t), uo(x) are given functions, ugo is a given number.

Problem 4. Let Q; = {0 < 2 < p(t)} and 9 be the boundary of ;, T < oo, ¢(t) € C1([0,T]), 0 <
e'(t) < Cp =const, p(0) =0, de: 0<e KT, ¢'(t) =1Vt € [0,¢]. In the domain Q,; = Q¢ x (0,7,
which is a "curvilinear" triangle, we consider a boundary value problem for Boussinesg-type equation

Oru— 0y ([u|0zu) = f, (,t) € Qut, (9)
with boundary conditions
du 1
o Slulu=g(t) at {x = p(t), 1 € (0, 1)}, u=0 at {zr=0,1€ (0,T)}, (10)

where C(lt t) — = [Qwu(x,t) +¢'(t )02u(z,1)]|;— s - and the functions f(z,t), g(t) are given.

Remark 2.1. We consider problems with a dynamic boundary condition only on the moving part of the
boundary. The latter in no way detracts from the generality; this is done only for the sake of simplicity of
presentation. It would be possible to put a dynamic condition on the fized part of the boundary as well.

Problem 5. Let z = (x1,22), Q4 = {|z| < t} and 0Q; be the boundary of Q;, 0 <ty < T < oco. In
the domain Q¢ = 4 X (to,T), which is a truncated cone, we consider an initial-boundary problem for a
two-dimensional Boussinesq-type equation

2
Opu— Y 0q, (Jul0zu) = £, (,t) € Qur, (11)
i=1
with boundary conditions
1
Diu + §|u\u =g(z,t) at (z,t) € By = 0N x (to, T), (12)
where Dyu(x,t) ’I =t 2 [0u(x,t) + Ozu(z,t)] lezt, 7 is a unit outward normal to the circle |z| = ¢, and
with initial condition
u(x;tO) = U0($>, S Qtoa ’U,(l‘,t()) = U()(](.’IJ), MRS aQth (13)

where f(z,t), g(z,t), uo(x), upo(x) are given functions.

Problem 6. Let z = (x1,22), Q = {|z| < t} and 0 be the boundary of €, T < oo. In the
domain Qg+ =  x (0,7"), which is a cone, we consider a boundary value problem for a two-dimensional
Boussinesqg-type equation

Dy — Za (|uldzu) = f, (2,) € Qut, (14)
with boundary conditions
1
Dyu + §]u|u =g(x,t) at (z,t) € Xgp = 0 x (0,7, (15)

where Dyu(x,t) ‘\x| _; = 0vul(z,t) + Ozu(z,t)]
functions f(z,t), g(x,t) are given.

‘\x|=t’ 7l is a unit outward normal to the circle |z| = ¢, and the

Problem 7. Let x = (x1,22), % = {|z| < ¢(t)} and 99 be the boundary of €, 0 <ty < T < oo,
o(t) € CY([to,T]), 0 < ¢'(t) < Cy = const, p(ty) > 0. In the domain Q,; = 4 x (to,T), representing
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a truncated cone (with a curvilinear generatrix determined by the function ¢(t)), we consider an initial
boundary value problem for a two-dimensional Boussinesg-type equation

2
Do~ 0 (Juldw) = £, (1) € Q. (16)
i=1
with boundary conditions

Dy + %]u\u =g(z,t) at (z,t) € gy = O x (Lo, T), (17)
where Dyu(x,t) ’lzl (1) £ [Owu(z,t) + @' (t)07u(z,t)] “x|:¢(t), 7 is a unit outward normal to the circle

|z| = ¢(t), and with initial condition
u(z,to) = ug(z), = € Qy, ulz,to) =uo(x), =€ 0,, (18)

where f(x,t), g(x,t), ug(x), ugo(x) are given functions.
Problem 8. Let x = (x1,22), % = {|z] < ¢(t)} and 0Q; be the boundary of €, T < oo, ¢(t) €
CH[0,T]), 0 < ¢'(t) < Cy =const, p(0) =0, Je: 0<e <L T,0'(t)=1>0Vt € [0,¢]. In the domain

Qut = Q¢ x (0,T), representing a cone (with a curvilinear generatrix determined by the function ¢(t)), we
consider a boundary value problem for a two-dimensional Boussinesqg-type equation

0w — ZE) (|u|0zu) = f, (x,t) € Qut, (19)
with boundary conditions
1
Dyu + §]u|u =g(z,t) at (z,t) € Tgp = 0 x (0,T), (20)

where Dtu(a:,t)‘mz 0 2 [Qeu(z,t) + @' (t)05u(z,t)] ‘ng)
|z| = ¢(t), and the functions f(x,t), g(x,t) are assumed to be given.

() 71 is a unit outward normal to the circle

3. Main results

Using and developing the results of [I8]-[19], we have established the validity of the following theo-
rems.

Theorem 3.1 (Trapezoid). Let

S L3/2((t07T) Wg/z(Qt)) ug € H_I(Qto)v

g € L3)o((to, T)), ugo S a given number. 1)
Then the initial boundary value problem f has a unique solution
u € Ls((to, T); Ls(Q)) N Loo((to, T); H (),
Oru € L3 o((to, T); Wg/g(ﬂt)) (22)

v(s) € L3(0, V2 (T — to)),
v'(s) € L35(0, V2(T —ty)),

where t € (to, T), s € (0,v/2(T —to)), U(S)‘S:\/ﬁ(tito) =u(t,t), s=s(t) =v2(t—tp).
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Theorem 3.2 (Triangle). Let
€ Lgya((0,7); Wy (%)), g € Lgya((0,T)). (23)
Then the boundary value problem f has a unique solution

u € L3((0,T); L()) N Loo (0, T); H~H (),
dru € L3/5((0,7); Wg_/é(ﬂt))a
v(s) € L3(0,v2T) N Loo(0,v/27T),

v'(s) € L3o(0,V2T),

(24)

wheret € (0,T), s € (0,v/27T), ’U(S)‘S:ﬂt =u(t,t), s=s(t)=+2t; and for {x — 0+, x —t—0, t — 0+}
we have

u(z,t) = O (z70(t — x)~otaot=F) (25)
25
a0§a<%, a+ﬁ<%.
Theorem 3.3 ("Curvilinear" trapezoid). Let
€ Lyya((to, T); Wy (), wo € H™ (), (26)
g € L3)o((to, T)), upo 18 @ given number.
Then the initial boundary value problem @f has a unique solution
u € Ls((to, T); L3(R)) N Loo((to, T); H (1),
diu € L3/2((t07 T)v Wd_/é(ﬂt))a (27)
v(s) € L3(0,s(T)),

v'(s) € L3/s(0,s(T)),

where v(s)‘szs(t) =u(p(t),t), s=s(t) :tj: \/Wdﬂ s €(0,s(7)), t € (to, T).
Theorem 3.4 ("Curvilinear" triangle). Let

f € Lz»((0,T); WQ%(QQ), g € L35((0,7)). (28)
Then the boundary value problem @f has a unigque solution

u € L3((0,7); Ls()) N Loo((0,T); HH (<)),

diu € L3/2((0) T), Wg_/;(Qt))ﬂ

U(S) € L3(07 S(T)) N Loo(oa S(T))v
v'(s) € Lg/2(0,s(T)),

(29)

¢

where U(S)’szs(t) = u(p(t),t), s = s(t) = [ /14 [p'(1)]?dr, s € (0,s(T)), t € (0,T); and for {x —
to

0+, x =t —0, t — 0+} we have

u(z,t) = O (x70(t — z)~ta0p=F
{ (2,t) = O (w700 (t —w)7oF0r™F), (30)

a0§a<%, a+ﬁ<%.
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Theorem 3.5 (Truncated cone). Let

[ e L3/2((t07T) 3/2(Qt)) up € H_I(Qto)v

g € Lgs((to, T); W3/§/3(as2t)), uoo € La(S,) are given functions.

Then the initial boundary value problem (11} f has a unique solution

u € Ly((to, T); L3()) N Leo((to, T); H (),
du € L3 jo((to, T); Wg/g(Qt))

v(z, ) € L3((0, V2 (T — t0)); W3"*(9%)) N Loo (0, V2 (T — to)); L2 (),

D50, 5) € Laya((0,V2 (T — t9)); Wy 2/ *(99)),
where t € (tg,T), s = V2 (t —tg) € (0,v2(T — tg)),

v(, S>|s:\/§(t—to),|x\:t = u(x’t)‘m:t’
asv(x’s)}s:\/i(t—to),m _, = Dyu(z,t) h =t = £ [Ogu(z,t) + Ozu(z,t)] || =t

Theorem 3.6 (Cone). Let

fe L3/2<<0,T>;W3/2<9t>>, g € Lyn((0,T); Wy 5 (09)).
Then the boundary value problem f has a unique solution
uw € Ls((0,T); L3() N Loo (0, T); H~H (),
dtu € L3/2((0’T); Wg/Q(Qt))
v(x,8) € L3((0, V2 T); W3 (094)) N Loo (0, V/2T); Lo (0)),

D50(w,5) € Lya((0, V21); W, 5% (09)),

where t € (0,T), s =+/2t € (0,v/27),

v(, 5)‘52\@, w|=t u(x7t)||x\:t’
05v(,8)|,_ 3y jajmy = Drul@, t)] yyy = [0vu(,t) + Ogu(@, )] | 3
and for {|x| — 0+, |z| =t —0, t — 0+} we have
u(,t) = O (|70t — |a])~Fo0t7)
{ Oé(]é()é<%, a+ﬁ<%.
Theorem 3.7 (Truncated "curvilinear" cone). Let
f € Ls((to, T); 3/2(Qt)) ug € H™H(Qy,),

g € Lgo((to, T); 3_/3/3(8Qt)) ugo € La(,) are given functions.

Then the initial boundary value problem (16} f has a unigque solution
u € Ls((to, T); L3(Q)) N Loo((to, T); H™H (1),
Oru € L3 so((to, T); Wg/Q(Qt))
v(@,) € Ls((0,5(T)); W3'*(992)) N Lo (0, 5(T)); La(9%%)),

D5v(w,5) € Lyya((0,5(7)); W, 5/ (094)),

(33)

(35)
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where

t € (to,T), s€(0,s(T)), /\/7d7
’U(:E, S)‘g:s(t), |lz|=p(t) — u SU,t ’\m|:<p(t)’

dsv(z, s)| = Dtu(x,t)}lx‘:w(t) £ [Qpu(z,t) + ' (t)07u(z,t)]

s=s(t), |z|=p(t) ‘Iw\:w(t)'

Theorem 3.8 ("Curvilinear" cone). Let
2/3
f € Lya((0,T); Wi b (), g € Lan((0,T); Wy o' (09)). (38)
Then the boundary value problem f has a unique solution

w € Ls((0,T); L3()) N Loo((0,T); H(2)),

D1 € Lay((0,1); Wy (%)),

v(, 5) € Ls((0, 5(T)); W3'* (92)) N Loo (0, 5(T)): Lo (89)),
Ds0(w,5) € Lyya((0,5(7)); W, 3/ (094)),

(39)

where

€ (0,T), 5 € (0,5(T)), 5 = s(t) :/\/H[W(T)Pdﬂ
0

U(x7 S)‘s:s(t) |z|=¢(t) - u(ac, t)“ﬂ:‘P(t),

(951)(30,3)‘ = Dyu(z,t) M —o(t) = £ [0pu(z,t) + ' (t)07u(z,t)]

s=s(1), lal=p(t) = [I—_.

and for {|z| — 0+, |z| = ¢t —0, t = 0+} we have

{ u(,t) = O (|70t — |a])~Feot7)

. ) (40)
ap<a<gz, atfB<3.

4. Schemes of proofs of theorems

Let us give a scheme of the proof using Theorems For example, Problem 1 is divided into
two subproblems:
Problem 1.1. Find a solution to the following Cauchy problem for an (ordinary) differential equation

du

A + %|u|u = g(t) at {I =t,te (to,T)}, (41)

where c(lt ) — = [0yu(z,t) + Ozu(w, t)]|,—, , with initial condition

u(to, to) = uoo, (42)

where ¢g(t) is a given function, ugg is a given number.

Under the conditions of Theorem in the Cauchy problem (41)—(42)) the operator %|u|u has the mono-
tonicity condition. This allows us to establish the validity of the assertion that Problem 1.1 has a unique
solution {v(s), s € (0,v2T)}, moreover v(s) € L3(0,v2 (T —10)), v'(s) € L3/2(0, V2 (T —ty)), which allows
us to obtain the Dirichlet boundary condition wu(t,t) = v(v/2 (t — tg)), on the moving boundary x = t of the
domain Q¢ where u(to,t9) = v(0) = ugo.
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Thus, we get the following initial boundary value problem
Problem 1.2. Find a solution to the initial boundary value problem for the Boussinesq equation

Oru— 0z (|ul0zu) = f, (2,t) € Qut, (43)

with boundary conditions
u(x,t) = h(t) at {x =t,t € (to,T)}, u(x,t) =0 at {x =0,t € (to,T)}, (44)

and with initial condition
u(z,to) = uo(z), = € Qy = (0,10), (45)

where f(z,t), h(t) = v(v/2 (t — tg)), uo(z) are given functions.

The solvability of the problem ([#3)-(#5]) was previously established by us in [18].

Thus, the solvability of Problems 1.1 and 1.2 allows us to obtain the assertion of Theorem This is a
brief outline of the proof of this theorem.

Now about the proof of Theorem [3.2] First of all, let us formulate an analog of Problem 1.1.

Problem 2.1. Find a solution to the Cauchy problem for an (ordinary) differential equation

d 1
At glulu=g(t) at {o =t te (0,1}, (46)
where duc(li’t) = [0ru(, 1) + Ozu(w,1)]|,—, , with initial condition

u(0,0) =0, (47)

where ¢g(t) is a given function.

Under the conditions of Theorem in the Cauchy problem (46)—(47)) the operator %|u|u has the mono-
tonicity condition. This allows us to establish the validity of the assertion that Problem 2.1 has a unique
solution {v(s), s € (0,v2T)}, moreover v(s) € L3(0,v2T), v'(s) € L3s2(0,v/2T), which allows us to
obtain the Dirichlet boundary condition u(t,t) = v(v/2t), where u(0,0) = v(0) = 0.

Thus, we get the following boundary value problem

Problem 2.2. Find a solution to the boundary value problem for the Boussinesq equation

8tu - aa} (‘u|axu) = fa (x,t) S tha (48)
with boundary conditions
u(z,t) =h(t) at {z=1t,t€ (0,7)}, u(z,t)=0 at {z =0,t€ (0,7}, (49)

where f(x,t), h(t) = v(v/2t) are given functions.
The solvability of the problem (48)—-([9) was established by us earlier in [19].

Remark 4.1. Let us show that the solution u(x,t) of the boundary value problem f having a singu-
larity of the order specified in will belong to the space Lg(QtO), where i% ={r,tl0<zx<t, 0<t<

xt

to < T'}. For this purpose, it suffices to show that the following integral is bounded for ty — 0+:

/ gm0t _ g)=3aten =30 gy gt (50)
Qs

We have
o . x = tsin? 6
/ 438 / 230t — g)3et300 gp g — || 0 < 9 < 1 /2 -
0 0 dr = 2sinf cos 6 db
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to . 7'(/2
= 2/ tl—8a—36 / sint 620 g cogl—6at620 g 49 q¢.
0 0

It is easy to check that under the conditions of Theorem[3.2, in the last expression the inner integral takes
a finite value. Calculating the outer integral, we have

/ " i-3a-38 gy _ L 2-3048)
0 2—3(a+p)" ’

which, under the conditions of Theorem ("1"), is also bounded from above.
Note that if the order of the singularity of the solution u(x,t) is higher than in ([28)), then this function
is no longer an element of the space L3(Q).

Thus, the solvability of Problems 2.1 and 2.2 allows us to obtain the assertion of Theorem 2.2. This is a
brief outline of the proof of this theorem.

Theorems and are proved similarly to Theorems and

Let us proceed to the proof of Theorems 3.8l Let us give a proof scheme using the theorems
as an example. For example, Problem 5 is divided into two subproblems:
Problem 5.1. Find a solution to the following Cauchy problem for a differential equation

1
Dyu+ Slulu = g(,t) at {|z| =, t € (to, T)}, (51)

where Dyu(z,t) £ [0u(x,t) + Ozu(z,t)] ‘\:p\:t’ 7 is a unit outward normal to the circle |x| = ¢, with initial
condition
u(z,to) = uoo(x), = € {|z| =1}, (52)

where g(x,t), upp(z) are given functions.

Under the conditions of Theorem in the Cauchy problem (51)-(52)) the operator %|u|u has the mono-
tonicity condition. This allows us to establish the validity of the assertion that Problem 5.1 has a unique
solution {v(x,s), s € (0,v/27T)}, moreover v(z,s) € L3((0,v2(T — to));W§/3(GQt)) N Loo((0,v2(T —
t0)); La(0%)), Osv(x,s) € Lg/2((0,v2 (T —1p)); W;/i/?’(aszt)), which allows us to obtain the Dirichlet bound-
ary condition on the moving boundary |z| = t of Qz: u(z, t)hx\:t = v(z, V2 (t—tg)), where u(x, to) = v(z,0) =
uo(z), = € {|z| = t}.

Thus, we get the following initial-boundary problem

Problem 5.2. Find a solution to the initial boundary value problem for the Boussinesq equation

Otu — Oy (|u|axu) =f, ($at) € Qut, (53)

with boundary conditions
u(z,t) = h(z,t) at {|z| =1, t € (to,T)}, (54)

and with initial condition
u(z,to) = uo(x), =€ Uy = (2] < to), (55)

where f(z,t), h(z,t) = v(z, V2 (t — tg)) are given functions.
The solvability of the problem (53)—(B5)) is established in the same way as in [18], following [21]-[24].
Thus, the solvability of Problems 5.1 and 5.2 allows us to obtain the assertion of Theorem This is a
brief outline of the proof of this theorem.
Now about the proof of Theorem [3.6] First of all, we formulate an analog of Problem 5.1.
Problem 6.1. Find a solution to the Cauchy problem for a differential equation

1
Dyu+t Slulu= g(x,t) at {|e| = t, t € (0,7)}, (56)
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where Dyu(x,t) 2 [0u(x,t) + 0 u(z,t)] M;L’\:t’ with initial condition
u(z,0) = ugo(x), = € {|z| =1}, (57)

where g(x,t) is a given function.

Under the conditions of Theorem in the Cauchy problem (56)-(57)) the operator %|u|u has the mono-
tonicity condition. This allows us to establish the validity of the assertion that Problem 6.1 has a unique solu-
tion {v(z, s), s € (0,4/2T)}, moreover v(z, s) € L3((0,v2T); W32/3(8(2t))ﬂLoo((0, V2T); La(08%)), dsv(x,s) €

L3 5((0, V2 T);Wg_/g/ 3(690), which allows us to obtain the Dirichlet boundary condition on the moving

boundary |z| =t of Qg u(w,t)hxl:t = v(z,v/2t), where u(x,0) = v(z,0) = ug(x).
Thus, we get the following boundary value problem
Problem 6.2. Find a solution to the boundary value problem for the Boussinesq equation

Otu— 0y (|u|axu) = (:L',t) € Qut, (58)
with boundary conditions
u(z,t) = h(z,t) at {x =t,t€ (0,7}, u(z,t)=0 at {x =0,t € (0,7)}, (59)

where f(z,t), h(z,t) = v(z,/2t) are given functions.

The solvability of the problem (58)—(59) is set in the same way as in [19], following [21]-[24].

Thus, the solvability of Problems 6.1 and 6.2 allows us to obtain the assertion of Theorem 2.6. This is a
brief outline of the proof of this theorem.

Theorems [3.7] and [3.§] are proved similarly to Theorems [3.5] and

Conclusion

In the work boundary value problems for one- and two-dimensional Boussinesg-type equations in domains
representing a trapezoid, a triangle, a "curvilinear" trapezoid, a "curvilinear" triangle, a truncated cone, a
cone, a truncated "curvilinear" cone, and " curvilinear" cone are studied. Using the methods of the theory
of monotone operators and a priori estimates, we prove theorems on their unique weak solvability in Sobolev
classes.
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