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ABSTRACT

The aim of this paper is to define hyper-Leonardo hybrinomials as a generalization of the Leonardo Pisano hybrinomials and
to examine some of their properties such as the recurrence relation, summation formula and generating function. Another aim

is to introduce hyper-Leonardo hybrid numbers.
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The integer sequences have an important role in the development of science and technology. Therefore,
(2

1. INTRODUCTION
it is widely used especially in mathematics and many other sciences [1-5]. The most famous integer
sequences are the Fibonacci and Lucas number sequences which are defined by the recurrence relations,
(€Y)

respectively (n = 2) [ 6]:
Fn = Fn—l + Fn_z Wlth FO = O, Fl =1

(3)

Ln = Ln—l + Ln_z With LO = 2, Ll =1.
The Leonardo sequence which has similar properties to the Fibonacci sequence is defined by Catarino

and Borges [7], as follows:

Le, =Le,_1+Le,_»+1(n=2),
with the initial conditions Ley, = Le; = 1. Alp and Koger [8] obtained some identities for the Leonardo
numbers, and presented some relations among the Fibonacci, Lucas and Leonardo numbers. There are

some papers on the generalization of the Leonardo numbers in the literature [9-12]. Kiiriiz et al. [13]
preferred to call the Leonardo numbers as Leonardo Pisano numbers and defined Leonardo Pisano
4)

n=20,1

n=2

1
n = 3.

polynomials as
Le,(x) =4x+ 2,
ZxLen—l(x) - Len—3(x)'
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Mersin and Bahsi [11] defined hyper-Leonardo numbers Lef[) as a generalization of the Leonardo
numbers, by the formula

n
Le,(lr) = Z Leﬁr_l) with Le,(lo) = Le,, Legr) = Ley and Lel(r) =r+1, (5
s=0
where r is a positive integer. Hyper-Leonardo numbers have the following recurrence relation for
n>1landr >1[11]:
Lel” = Leflr_)1 +Lel Y, (6)
Hyper-Leonardo polynomials are defined as [14]:
n
Ler(lr) (x) = Z Les(r_l)(x) with Le,(lo) (x) = Le,(x), Leér) (x) =1, Lel(r) (x)=r+1. 7
s=0
Hyper-Leonardo polynomials have the following recurrence relation for r > 1 and n > 1 [14]:
LeP(x) = Le, (x) + LeS ™M (). (8)
There is the relation between hyper-Leonardo polynomials and Leonardo Pisano polynomials for

n>1andr > 1[14]:

Le,gr)(x) = zn: (n + : B i N 1) Les(x). 9
s=0

Hybrid number system KK, which is a generalization of complex, hyperbolic and dual numbers, is defined
by Ozdemir [15] as

K = {a+ bi + ce + dh:a,b,c,d € R,i? = —1,e2 = 0,h? = 1,ih = hi = € + i}. (10)

Hybrid numbers have been the subject of much research recently [16-30]. Szynal-Liana and Wloch [16]
defined the n-th Fibonacci hybrid number as

HF, = F, + Fypqi + Fpyp€ + Fpizh. (11)

Kizilates [24] introduced g-Fibonacci and g-Lucas hybrid numbers, and gave some of their algebraic
properties. A new class of quaternions, octanions and sedenions called higher order Fibonacci hyper
complex numbers whose components are higher order Fibonacci numbers are defined and some of their
identities are examined by Kizilates and Kone [25]. Polath [26] studied on divisibility identities of the
Fibonacci and Lucas hybrid numbers. Fibonacci divisor hybrid numbers which are a generalization
Fibonacci hybrid numbers are defined by using the Fibonacci divisor numbers [27]. Alp and Koger [28]
introduced hybrid-Leonardo numbers by using the Leonardo sequence as follows:

HLe, = Le, + Ley i + Ley € + Ley 3h. (12)
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The generating function for the hybrid Leonardo numbers HLe,, is [28]

_ Hleg+t(=1+i—€e—h)+t>(1—i—e€—3h)

9(t) 1—-2t+1¢t3

(13)

There are some relations between the hybrid-Leonardo numbers and Fibonacci hybrid numbers such as
in [28]:

HLe, = 2HF,.; — (1+i+e€e+h), (n=0). (14)
Also, one can easily see the relation
2HF, = HLe, — HLe,,_,, (n > 2) (15)

is valid. The Horadam hybrid quaternions and some special classes of number sequences such as
Fibonacci, Lucas, Pell and Jacobsthal hybrid quaternions are introduced by Dagdeviren and Kiiriiz [29].
Mangueira et al. [30] defined Leonardo quaternions and Leonardo hybrid quaternions. The authors also
presented the recurrence relation, characteristic equation, generating function, Binet formula for the
Leonardo hybrid quaternions and its relations with the Fibonacci quaternions. Kiiriiz et al. [13] defined
Leonardo Pisano hybrinomials by using the Leonardo Pisano polynomials as:

Ll (x) = Leny(x) + iLepy1(x) + €Lenyo(x) + hLeyys(x). (16)

The Leonardo Pisano hybrinomials have the following recurrence relation and generating function,
respectively [13]:

Lel(x) = 2xLe!™ (x) — Le!"L (x), (n = 3) (17)
and
Le([)H] (x) + (Lel[H] (x) — 2xLe([)H] (x)) A+ (Legﬂ (x) — 2xLe£H] (x)) A2 (18)
el = 1—2x2+ A3 '

By the motivation of the above papers, we define hyper-Leonardo hybrinomials and investigate their
some algebraic and combinatoric properties. In addition, we introduce hyper-Leonardo hybrid numbers
and examine some of their properties.

2. MAIN RESULTS

Definition 2.1. The n-th hyper-Leonardo hybrinomial is defined as
n
HLel" (x) = Z HLe ™V (x) (19)
s=0

with the initial conditions HLer(lO) (x) = HLe, (x), HLeér) (x) = HLey(x), where r is a positive integer
and HE, (x) is the n-th Leonardo Pisano hybrinomial.
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The first few hyper-Leonardo hybrinomials are

HLeSP(x) = 1+ i+ e(x +2) + h(2x% + 4x — 1),
HLe™D(x) = 2+ i(x + 3) + €(2x% + 5x + 1) + h(4x3 + 10x2 + 2x — 2),
HLegl)(x) =(x+4)+i(2x% +5x + 2) + €(4x3 + 10x? + 3x) + h(8x* + 20x3 + 6x% — x — 4)

and

HLeP(x) = 1+ i+ e(x +2) + h(2x% + 4x — 1),
HLe® (x) = 3 +i(x + 4) + €(2x2 + 6x + 3) + h(4x® + 12x2 + 6x — 3),
HLeSP (x) = (x + 7) + i(2x% + 6x + 6) + €(4x3 + 12x% + 9x + 3)

+h(8x* + 24x3 + 18x% + 5x — 7).

Definition 2.1 yields that the hyper-Leonardo hybrinomials have the following recurrence relation for
n>1landr > 1:

HLe( (x) = HLe™, (x) + HLeS ™ (x). (20)
Note that, for x = 1, Definition 2.1 gives the following definition of hyper-Leonardo hybrid numbers.

Therefore, the hyper-Leonardo hybrinomials are a generalization of the hyper-Leonardo hybrid
numbers.

Definition 2.2. The n-th hyper-Leonardo hybrid number HLe,(f) is defined by

n
HLel" = Z HLe{™™ (21)
s=0

with HLeT(LO) = HLe, and HLeér) = HLe,, where r is a positive integer and HLe,, is the n-th hybrid-
Leonardo number.

Hyper-Leonardo hybrid numbers also have the following recurrence relation forn = 1 and r > 1:
HLe{” = HLe( | + HLel ™. (22)

Table 1 contains the values of the hyper-Leonardo hybrid numbers.
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Table 1. The first few values of the hyper-Leonardo hybrid numbers HLe(”

n -

r=0 r=1 r=2 r=3
n=0(| 1+i+3e+5h 1+i+3e+5h 1+i+3e+5h 1+i+3e+5h
n=1( 1+3i+5¢+9h 2+ 4i+8e+14h 3+5i+11e+19Ah 4+ 60 + 14€ + 24h
n=2| 3+5i+9+15h 5+9i+17¢ + 29h 8 + 14i + 28¢ + 48h 12 + 20i + 42e + 72h

n=3| 5+9i+15¢+25h 10 + 18i + 32e + 54h | 18 + 32i + 60e + 102h 30 +52i+ 102e + 174h

n=4| 9+15i+25¢+41h| 19+ 33i+57¢ +95h | 37+ 65i+117¢ +197h| 67 +117i+ 219¢ + 371h

Theorem 2.1. The generating function for the hyper-Leonardo hybrinomials is

HLey(x) + t(HLey (x) — 2xHLey(x)) + t?(HLe, (x) — 2xHLey (x))
(1—-2xt2+t3)A —-0) '

G(r) = z HLe™ ()t =
n=0

(23)

Proof. We use the induction method on r. Since

G0) = Z HLe® (x)t"
n=0

_ HLey(x) + t(HLe; (x) — 2xHLey(x)) + t*(HLe,(x) — 2xHLe; (x))
B (=2xt? + t3)(1 — t)°

- Z HLe, (x)t™,
n=0

the result is true for r = 0. Suppose that the result is true for . Then, we have

HLey(x) + t(HLey (x) — 2xHLey(x)) + t?(HLe, (x) — 2xHLey (x))
(1—-2xt?+t3)1—-0)" '

G(r) = Z HLel” (x)tn =
n=0

Now, we must show that the result is true for » 4+ 1. Considering the Cauchy product, we have

Grr+1) = i HLe ()t = i (Zn: HLe,(f)(x)) ¢n

n=0 n=0 \s=0

(S e[S e
(; HLe| (x)t) th

j=0

Then, we have
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HLey(x) + t(HLey(x) — 2xHLey(x)) + t*>(HLe,(x) — 2xHLel(x))
(1—-2xt2+t3)(1—¢t)r+!

Gr+1) =

Corollary 2.1. The generating function for the hyper-Leonardo hybrid numbers is

- HLey+t(—1+i—€e—h)+t>’(1—i—€—-3h
g(r)=z HLem = HLeo ¥t )+t ), (24)

1-2t+t3)A-0)

n=0

Theorem 2.2. If n > 1 and r > 1, then there is the relation between the hyper-Leonardo hybrinomials
and Leonardo Pisano hybrinomials:

n

Le,(lr) (x) Z n tr- 1) HLey(x). (25)

Proof. The symmetric infinite matrix with entries aj, has the following recurrence relation [31]:
al = a,, a =a" (n = 0), (26)
ahb=ayt+a,_; (m=1,r=1), (27)

where (a,) and (a™) are two real initial sequences. Also the entries a;, have the following symmetric
relation [32]:

T n

aﬂzZ(n+;:;_1)a6+2 (n+::i_1)a2. (28)

i=1 s=1

For the case ay, = HLe,(lr) (x), equation (28) is of the form:

r

n
Le®(x) = z (" +; i 1) HLeY (x) + Z G T 1) HLe® (x). (29)
s=1

i=1

By using the initial conditions in Definition 2.1, we get

<

n
n+r—i—1 n+r—s—1
HLe™ (x) =Z( ! )HLeO(x)+Z( TS D eyt
s=1

-
[

r— n-1
_ n+r—i—2 n+r—s—2
= ( n—1 )HLeO(x) + Z _1 )HLeS+1(x)
i=0 5=0
+k—1 +b
eo(x)z " Z ("0 ) HLen (o),

wherek=r—i—landb=n—s—1.

By means of [33], we have
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> ()=, 2

Thus,

n—1
Le,(lr)(x) = HLeO(x) n T + Z r + b HLen_b(x)
b

=0

_ Zn: (" Jrf EI 1) HLey_p (%)
b=0
= 2 (n +:: i B 1) HLey(x).

7
Il
o

Corollary 2.2. If n > 1 and r > 1, then there is the relation between the hyper-Leonardo hybrid
numbers and hybrid-Leonardo numbers:

n

HLe® = Z ("rrosT ") HLes, 31)

s=0
Theorem 2.3. If n =2 and r > 1, then the summation formula is valid for the hyper-Leonardo
hybrinomials:

Z HLe$) (x) = HLel, (x) + (1 — 2x)HLey, (x) + HLey_,(x). (32)

Proof. By using Theorem 2.2 and equation (30), we get

Zr: HLe,(LS) (x) = i (i nts-— 1) HLet(x)>
s=1

s=1 t=0
n r
n+s—t—1
= z HLet(x)z ( s 1 )
t=0 s=1
n
_ n+r—t
_z ( r—1 )HLet(x)
t=0
n+1
n+r—t
= Z ( o1 )HLet(x) — HLe, .1 (x).
t=0
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Then, by considering equation (17), we have

T
Z HLe,(ls) x) = HLeT(l?l(x) —HLe,1(x) + HLe, (x)
$=0

= HLeT(l?l(x) — (2xHLe,(x) — HLe,,_,(x)) + HLe,(x)
= HLe() (x) + (1 — 2x)HLe, (x) + HLe,_, (x).

Corollary 2.3. If n > 1 and r > 1, then there is the summation formula for the hyper-Leonardo hybrid
numbers:

T
Z HLe!® = HLe(), — 2HF,. (33)
s=0

Theorem 2.4. For n>3 and r > 1, there is the recurrence relation for the hyper-Leonardo
hybrinomials:

HLeS” (x) = 2xHLe”, (x) — HLe(™, (x) + (n :r i; 1) HLeo (o)
(T @ 1vic-D et = (TTT ) (-2 v it et b+ D). (Y

Proof. Considering Theorem 2.2 and equation (17), we have

HLe(” (x) = Zn: (n +:: i - 1) HLes(x)
s=0
_ Zn: (n +:: i - 1) (2xHLes_1(x) — HLes_3(x))

n n
_ n+r—s—1 _ n+r—s—1
=2, ("I o=, (M
s=0

1) Hiess ()

s=0
n-1 n—-3
_ szzl (n +7r —r(i-ll- 1) - 1) HLe, (x) — SZB (n +7r —r(i-ll- 3) - 1) HLe,(x)

-1
s=—1

n—-1
= 2x ( z ((n B 1)r+—T1_ 5~ 1) HLes(x) + (n ;': "= 1) HLe_l(x)>

n—-3
- ( z ((" N 3)r+_r1_ S~ Heey) + (" :’f; 3) HLe_y (x)
s=-3

+(n+r—2

_1 )HLe_Z(x) + (n ;l:zz 1) HLe_3(x)>.
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Thus,

Le,(lr)(x) = 2x (HLe,(lr)(x) + (n :: - ) x—2+i+e+(x+ Z)h))

— (HLe () + ("jif) (x—2+i+e+ (x+2)h)

+("jr )(2x—1+l(x—2)+e+h)

+(nji11)(2x2—4x—1+i(2x—1)+6(x—2)+h)>

= 2xHLe(T) () = HLe(T) 5(x) + (n T ) (1+i+e(x+2)+h2x*+4x—1))

_(n‘:zzz)(zx—1+i(x—2)+e+h) (":’z )(x—2+1+e+h(x+2))

Corollary 2.4. For n > 3 and r > 1, the recurrence relation is valid for the hyper-Leonardo hybrid
numbers:

Hie? = 2HLe[”, — HLel, + (" T 7 D HLe, - (" T Na-ite+h

(T 1Hitet3n. 39)

Theorem 2.5. If n = 1 and r > 1 then, there is the relation between the hyper-Leonardo polynomials
and hyper-Leonardo hybrinomials:

Ley” (x) + iLe(), (x) + eLe(), () + hLe() () — HLey () = (T T 7) (1 + € + h(x + 2)

n+1 n+2 n+3

+(n:—r+1)( +h)+(n+r-;2)h_ (36)

Proof. By using equations (9), (16) and (25), we have

Le,(lr) (x) + iLe (x) + eLel”) (x) + hLe " (x) — HLe,(lT) %)

n+1 n+2 n+3
. n+1
_ n+r—s—1 ; m+D+r—-s-1
_z ( T_l )Les(x)_l_lz ( ,r_l )Les(x)
=0 n+2 = w3
n+2)+r—-s—1 n+3)+r—-s—1
. r—1 Jiesr+h ) ( r—1 ) eso)
n
Z "z 1) (Les(x) + ilegyq(x) + €legy,(x) + hLeS+3(x))'

s=0
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Then,
Le,(lr) (x) + iLer(l?1 (x) + eLeéi)Z (x) + hLeT(l:)3 (x) — HLe,(lr) (%)
n n+1
n+r—s—1 . n+1)+r—-s—-1
Z )Les(x)+lz ( 1 )Les(x)
s=0 s=0
n+2 n+3
(n+2)+r -1 Z n+3)+r—-s-—1
Z ) Leg(x) + h 0 ( b ) Leg(x)
s=0 S=

n

i P e -y ("I T et

5=0

n n

+r—s—1 +r—s—1
Z (ST Dt =h ) (PFITS T  Lena )
s=0 s=0

n+1 n+1
— <z ((n + 1)r+_r1— s— 1) Ley(x) — ((n + 1)r+_r1— s— 1) Les(x))
s=1

s=0

n+2 n+2
e <z (o 2)T+_r1— 51 Ley(o) - z (G 2)r+_r1— 51 1, (x))

s=0 $=2
n+3 nt3
h( (DA ey - ) (DT o Les(x)>
s=0 s=3

=l(:+;)Leo(x)+6<(ni_il_1) (x)+(n+;)Le1(x)>

+h<(” T e + ("I e + (BT I)Lez(x)>

(Z* )(l+6+h(x+2))+(n+r+1)( +h)+(n+r1_2)h.

Corollary 2.5. If n > 1 and r > 1 then, there is the relation between the hyper-Leonardo numbers and
hyper-Leonardo hybrid numbers:

Le (r)+LLe,(L:_)1+eLefl?2+hLe(r) — HlLe (T) (:+r)(l+€+3h)+( :z-{l)(e+h)

+(”jf{2)h. 37)
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CONCLUSION

Hybrid number system which is considered a generalization of complex, hyperbolic and dual numbers
is a subject that has attracted the attention of the much researchers, recently. In this paper, we defined
hyper-Leonardo hybrinomials as a generalization of the Leonardo Pisano hybrinomials and investigated
some of their properties such as the generating function, recurrence relations and summation formulas.
Additionally, we obtained hyper-Leonardo hybrid numbers from the hyper-Leonardo hybrinomials for
x = 1, and we also presented some of their similar properties.
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