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Abstract

In this paper, we introduce new algorithms for finding a solution of a variational inequality
problem involving pseudo-monotone operator which is also a fixed point of a Bregman rel-
atively nonexpansive mapping in p-uniformly convex and uniformly smooth Banach spaces
that are more general than Hilbert spaces. We prove weak and strong convergence theo-
rems for proposed algorithms. Finally, we give some numerical experiments for supporting
our main results.
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1. Introduction

Let H be a real Hilbert space with inner product (.,.) and its norm ||.||, C' be a nonempty,
closed and convex subset of H. Let F': H — H be an operator. The classical variational
inequality problem (VI) for F on C is to find z* € C such that

(F(z*),y —2*) >0, VyeC. (1.1)

We denote by Sol(C, F') the solution set of problem (1.1). This problem was first intro-
duced in [17,45] for modeling problems arising from mechanics. Variational inequality
problem plays an important role in many fields such as in transportation, engineering
mechanics, economics and others [2,15,28,30]. There are several papers available in the
literature which are devoted to this subject, most of which deal with conditions for the ex-
istence of a solution (cf. [8,16,26,46,47,53]). Many numerical iterative methods have been
constructed for solving variational inequalities and their related optimization problems (see
[9,10,20] and the references therein). The simplest one is the following projection method,
which can be considered an extension of the projected gradient method for optimization
problems:

Tp+1 = Po(zn — AF(zy)), n>1, (1.2)
where Po denotes the metric projection from H onto C' [46]. Convergence results for this
method require some monotonicity properties of F. This method converges under quite
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strong hypotheses. If F'is Lipschitz continuous with Lipschitz constant L and a-strongly
monotone, then the sequence generated by (1.2) converges to an element of Sol(C, F') for

2
A e (0, L—O;) In order to find an element of Sol(C, F') under weaker hypotheses, Korpelevich

[31] introduced the following double projection method in Euclidean space:

xo € C,
yn = Po(xn, — AF(xy,)), (1.3)
Tpt+l = PC(xn - )\F(yn))a

1
where A € (O’Z) and F : R™ — R™ is monotone and L-Lipschitz continuous. The

sequence {x,} generated by (1.3) converges to an element of Sol(C, F') provided that
Sol(C, F) is nonempty. In recent years, the extragradient method has been extended to
infinite dimensional spaces in various ways; see, for example, [8-10, 14, 35,49] and the
references cited therein.

We may observe that, when F' is not Lipschitz continuous or the constant L is very
difficult to compute, Korpelevich’s method is not so practical because we cannot determine
the step size A. To overcome this difficulty, Tusem [23] proposed in the Euclidean space
R™ the following iterative algorithm for solving Sol(C, F):

Yn = Po(xn — mFTn), Tnty1 = Po(rn — AFyn) (1.4)

where ~y, > 0 is computed through an Armijo-type search and )\, = % This
modification has allowed the authors to establish convergence without assuming Lipschitz
continuity of the operator F'.

In (1.4), we require an Armijo-like line search procedure to compute the step size 7,
with a new projection needed for each trial, which leads to expensive computation. To
overcomes this difficulty Tusem and Svaiter [26] proposed a modified extragradient method
for solving monotone variational inequalities which only requires one projection onto C' at
each iteration. A few years later, this method was improved by Solodov and Svaiter [47].
They introduced an algorithm for solving (1.1) in finite dimensional spaces. As a matter
of fact, their method applies to a more general case, where F' is merely continuous and
satisfies the following condition:

(Fr,x —2*) >0, Yz € C and z* € Sol(C, F). (1.5)

Property (1.5) holds if F' is monotone or, more generally, pseudo-monotone on C' in the
sense of Karamardian [27]. Vuong and Shehu [51] have recently modified the result of
Solodov and Svaiter [47] in the spirit of Halpern [18], and obtained strong convergence
in infinite-dimensional real Hilbert spaces. Recently, Reich et al. [43] introduced new
algorithms for solving variational inequalities with uniformly continuous pseudo-monotone
operators. In particular, they used a different Armijo-type line search in order to obtain a
hyperplane which strictly separates the current iterate from the solutions of the variational
inequality under consideration. Their algorithm is of the following form:

1
Algorithm 1.1. Initialization: Choose ©>0,\e(0, —),1€(0,1). Let z;€C be arbitrary.
1

Iterative Steps: Given the current iterate x,, calculate x, 1 as follows:
Step 1. Compute

zn = Po(xn — AFxy),

and 7y (zy) : =z — 2zp. If 7x(2,)=0, then stop; x,, belongs to Sol(C, F'). Otherwise,
Step 2. Compute

Yn = Tp — an)\(xn);
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where 7, := ’» and j, is the smallest non-negative integer j satisfying:
(Fary = F = Ura(@a)),ra(@a)) < Sl

Step 3. Compute
Tnt1 = Po, (Tn),
where
Cy, ={x € C: hy(z) <0},
and

h(2) = (Fyn, @ — n) + Sllra(za) |

Tn
2\
Set n:=n + 1 and go to Step 1.

Reich et al. proved that if the operator F' : C' — H is pseudo-monotone and uniformly

continuous on C' and satisfies:

whenever {z,} C C,z, — z, one has ||F(2)| < lim inf | Fxy]|,
n—oo

then any sequence {x,} generated by Algorithm 1.1 converges weakly to an element of
Sol(C, F). In addition, they introduced another algorithm and proved strong convergence
theorem for the sequences generated by this new method.

Many iterative methods have been proposed for finding a common element of fixed point
set F'iz(T') and the solution set Sol(C, F) of variational inequality problem (1.1) in Hilbert
space H, see, e.g.,[6,7,36,37,49] and the references therein. The motivation for studying
this problem is that many mathematical models such as signal processing, image recovery
and network resource allocation can be expressed as fixed point problems and variational
inequality problems, see [21,22,33] and the references therein. Takahashi and Toyoda [48]
introduced the following iterative algorithm for finding a common element of solution set
Sol(C, F) and Fiz(T) :

Tnt1 = (1 — apn)zn + anTPo(zy — A Fay).

Precisely, they proved that the sequence {x, } generated by the above algorithm converges
weakly to some element of Sol(C, F) N Fix(T).

Throughout this paper, let E be a p-uniformly convex and uniformly smooth Banach space
and C' be a nonempty, closed and convex subset of . We shall denote the dual space of
FE by E*. The norm and the duality pairing between E and E* are respectively denoted
by || and (.,.).

Motivated and inspired by [43] and by the ongoing research in these directions, we in-

troduce new algorithms for finding a solution of a variational inequality problem involving
pseudo-monotone operator which is also a fixed point of a Bregman relatively nonexpan-
sive mapping in p-uniformly convex and uniformly smooth Banach spaces that are more
general than Hilbert spaces. We prove weak and strong convergence theorems for the pro-
posed algorithms. Finally, we give some numerical experiments which support our main
results.
The paper is organized as follows: In section 2, we recall some definitions and preliminary
results for further use. Section 3 deals with our algorithms and the relevant convergence
analysis. Finally, in section 4, we present some numerical experiments which illustrate the
performance of the algorithms.

2. Preliminaries

In this section, we recall some definitions and preliminaries. Let C' be a nonempty,
closed and convex subset of Banach space E. Let rB = {z € E : ||z|| < r} for all » > 0.
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A function f : E — R is said to be uniformly convex on bounded sets if p,(¢t) > 0 for all
r,t > 0, where p, : [0,00) — [0, 00] is defined by:
af(e)+ (1 —a)f(y) = flaz+ (1 - a)y)

t = mf )
pr(t) zyerB,||lz—y|=tac(0,1) a(l —a)

for all ¢ > 0 [54]. The function p, is called the gauge of uniform convexity of f. It is known
that p, is a nondecreasing function. Let 1 < ¢ < 2 < p with % + % = 1. The modulus of
convexity 0g : [0,2] — [0, 1] is defined by:

M=+l
5
E is called uniformly convex if dg(€) > 0 for any € € (0, 2], p-uniformly convex if there is

a ¢p > 0 so that dg(€) > ¢peP for any € € (0,2]. The modulus of smoothness pg : [0, 00) —
[0, 00) is defined by:

dp(€) = inf{1 [zl = llyll = 1, lz — yl| = €}

[z + 7yl + [l — Tyl
2

FE is called uniformly smooth if lim m
T—0 T

that pp(7) < Cy7? for any 7 > 0. It is known that F is p-uniformly convex if and only if
its dual E* is ¢g-uniformly smooth [32].

For any convex mapping f : E — R, we denote by f°(x,y) the right-hand derivative of f
at z € F in the direction y, that is

pr(T) = sup{ Lo o] = [lyl = 1}

= 0, g-uniformly smooth if there is a C; > 0 so

o 1 f($+ty)—f($)
(@, y) -—lgg)l . :

(2.1)

If the limit as ¢ — 0 in (2.1) exists for each y, then the function f is said to be Gateaux
differentiable at z. In this case, the gradient of f at x is the linear function V f(z), which
is defined by (V f(z),y) := f°(z,y) for all y € E. The function f is said to be Gateaux
differentiable if it is Gateaux differentiable at each x € E. When the limit as t — 0 in (2.1)
is attained uniformly for any y € E with ||y|| = 1, we say that f is Fréchet differentiable
at x. Finally, f is said to be uniformly Fréchet differentiable on a subset K of E if the
limit is attained uniformly for z € K and |y|| = 1.

A Banach space F is called smooth if its norm is Gateaux differentiable. Let p,q € (1, 00)
and % + % = 1. The duality mapping Jp : E — 2E" is defined by:

Jp(x) = {f € E* (2, f) = l|l=||?, | £ = l|l=[P~"},

for every x € E. We know that E is smooth if and only if J%, is single-valued mapping of
E into E*. We also know that E is reflexive if and only if J%, is surjective, and FE is strictly
convex if and only if Jg is one-to-one. Therefore, if E is smooth, strictly convex and
reflexive Banach space, then J% is a single-valued bijection and in this case, J5, = (Jg;*)_l
where J%. is the duality mapping of E*. Furthermore, we known that E is uniformly
smooth if and only if the mapping f,(z) = %Hx”p is uniformly Fréchet differentiable on
bounded sets if and only if J%, is single-valued and uniformly continuous on bounded sets.
We also known that F is uniformly convex if and only if the mapping f, is uniformly
convex. (see [1,12,41]).

Given a Gateaux differentiable convex function f : F — R, the Bregman distance with

respect to f is defined as:
Dy(z,y) == f(x) = f(y) = (Vf(w),z—y), xyeck.

It should be noted that the Bregman distance is not a distance in the usual sense of the
term. Clearly Dy(xz,x) = 0 but Dy(z,y) = 0 may not imply = y. In general, Dy is not
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symmetric and does not satisfy the triangle inequality. However, Dy satisfies the three
point identity

Dy(x,y) + Dy(y, 2) = Dy(w,2) = (Vf(2) =V [(y),z - y).

More information regarding Bregman functions and distances can be found in [40].
It is worth noting that the duality mapping Jfé on the smooth Banach space E is the
derivative of the function f,. Then the Bregman distance with respect to f, is given by:

Dy, (2,y) Z;(va\lp = lwlI") + {Jew),y — =)

1 1
=—|lz||” + =ly||” — (Jh(y), =
el + 2l = (Te(y). z)

_1
q

For the p-uniformly convex space, the metric and Bregman distance have the following
relation :

(Iyll? = ll2l”) = (JE(y) — g (), z).

Tl =yl < Dy, (2,y) < (Ji(2) — J5(y), 2 —v), (2.2)

where 7 > 0 is some fixed number [44].

Let C' be a nonempty closed and convex subset of reflexive, smooth and strictly convex
Banach space E. Bregman projections are defined as minimizers of Bregman distances.
The Bregman projection of x € E onto C' with respect to the function f, is the unique
element I[Icx € C such that

Dfp(Hcl',l') = 2%151 Dy, (y,x).
In Hilbert spaces the Bregman projection with respect to the function fs coincides with
the metric projection, but in general they differ from each other. Using ( [4, Corollary

4.4]) and [5, Theorem 2.1]), in uniformly convex Banach spaces Bregman projections can
be characterized by the variational inequality:

(Jh(z) — Jh(llez), ez —y) >0, VyeC. (2.3)
Moreover this variational inequality is equivalent to the descent property
Dy, (y,llcx) + Dy, (Ilcz, x) < Dy, (y,x), Vye C. (2.4)

For p = 2, the duality mapping J%, is called the normalized duality and is denoted by .J.
The function ¢ : E? — R is defined by:

¢(y.x) =l y |I° —2(Jz,y)+ ||z ||, Vo,y € E,
and
Ic(x) = argmingecd(y,z), Vo € E.
Following [1,11], we make use of the function V}, : E' x E* — [0, +00) associated with f,
which is defined by:
V, (2,27) = ;qup _(z*,2) + ;Hx*Hq, Vz € B, o € B, (2.5)

So Vy,(x,x*) = Dy, (z, Jh.(2*)) for all 2 € E and 2* € E*. Moreover, by the subdifferential
inequality, we have

Vi (z,2%) + (v, JE (%) —2) < Vi (z,2" +y%), (2.6)
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for all z € X and x*,y* € E* [29]. Furthermore V}, is convex in the second variable. Thus
for all z € X, we have

N N
Dfp (Z,J}%* (ZtJfé(xﬁ)) S Ztinp(z,xi), (2.7)

i=1 i=1
where {z;}¥, ¢ X and {t;}¥, C [0,1] with SN, ¢, = 1.

Lemma 2.1. [5] Let E be a uniformly conver Banach space and {x,}, {yn} be two se-
quences in E such that the first one is bounded. If nlgréo Dy, (Yn,zn) = 0, then nhﬁrgo lyn —

x| = 0.

Let T : C' — C be a mapping. We denote the set of fixed points of 7" by F(T'), that is
F(T)={ze€C:x=Tz}. A point z € C is called an asymptotic fixed point of T if there
exists a sequence {x,} in C that converges weakly to x such that lim,_, ||z, — Tz, || = 0.
We denote by ﬁ(T ) for the set of asymptotic fixed points of T. The concept of an asymp-
totic fixed point was introduced by Reich in [42].

A mapping T : C — C' is called Bregman relatively nonexpansive with respect to f,, if

F(T) = F(T) # 0 and Dy, (u,Tx) < Dy (u,z), for all z € C and u € F(T).

Definition 2.2. Let C be a nonempty subset of E, the mapping F:C'—E* is said to be
(1) monotone on C' if for any x,y € C,
(F(z) = F(y),z—y) 20,
(7i) pseudo-monotone on C' if for any x,y € C the following implication holds:
<F($)7x _y> 2 0= <F(y)7y - JJ> Z 07
(791) L-Lipschitz continuous on C' if there exists a scalar L > 0 satisfying
[F(x) = F(y)ll < Lllz —yll, Vz,y€C,

(17i7) weakly sequentially continuous if for each sequence {z,}we have, {x,} converges
weakly to x implies {F'(x,)} converges weakly to F'(z).

We can establish the following lemmas.

Lemma 2.3. [38] Let E be a Banach space, v > 0 be a constant and f : E — R be a
uniformly convex function on bounded subsets of E. Then

n n

FO - o) < o f (wr) — ciepe(l|lzi — ),
k=0 k=0

for alli,j € {0,1,2,....,n}, 2x € rB, oy, € (0,1) and k = 0,1,2,...,n with > j_sar = 1,

where p, is the gauge of uniform convexity of f.

Lemma 2.4. [2/, 25] Let E1 and Ey be two Banach spaces. Suppose F : Ey — Eo is
uniformly continuous on bounded subsets of Fy and M is a bounded subset of E1. Then
F(M) is bounded.

Lemma 2.5. [13] Let C be a nonempty, closed and convex subset of a real Banach space
E, and let F' : C — E* be pseudo-monotone and continuous. Then z* belongs to Sol(C, F')
if and only if

(F(z),z —2") >0, VzeCd.

Lemma 2.6. Let E be a smooth and reflexive Banach space such that the duality mapping
J%. is weakly sequentially continuous. Let {z,} be a sequence in E and C' be a nonempty
subset of E. Suppose that for every x € C, {Dy, (v, 2,)} converges and every weak cluster
point of {xzyn} belongs to C. Then {x,} converges weakly to a point in C.
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Proof. 1t follows from (2.2) that {z,} is bounded. So there is at least one weak cluster
point of {z,}. Hence it is suffices to show that there is exactly one weak cluster point
of {z}. Assume that = and y are two weak cluster point of {z,} in C, say zy, — =
and z;, — y. Since J% is weakly sequentially continuous, we have Jh(xy,) — Jhx and
Jh(x1,) — Jpy. It follows from x,y € C, that the sequences { Dy, (x,x,)} and {Dy, (y, z,)}
converge. Since

Dfp(x>y) + Dfp(y7xn) - Dfp(xaxn) = <J§.%'n - nga r— y>a
passing to the limit along x, and along z;,, respectively, yields
(Jgz — Jpy,x —y) = (Jgy — Jgy,x —y) = 0.
Thus Dy, (z,y) + Dy, (y, ) = 0 and hence = = y. O

It is known that, for 1 < p < oo, the sequence space [, has a sequentially weakly
continuous duality map J? [39].
The following lemma was given in R™ in [19]. The proof of the lemma is the same if given
in Banach spaces. Hence, we state the lemma and omit the proof in Banach spaces.

Lemma 2.7. Let C' be a nonempty closed and convex subset of a Banach space X. Let
h be a real-valued function on X and define K := {x € C : h(x) < 0}. If K is nonempty
and h is Lipschitz continuous on C with modulus 8 > 0, then

dist(z, K) > 6~ max{h(z),0}, Vz e C.
where dist(x, K) denotes the distance function from x to K.

Lemma 2.8. [52] Let {s,} be a sequence of nonnegative real numbers satisfying the in-
equality:
Spt1 < (1 - an)sn + anﬁna Vn >0,
where {an} and {5} satisfy the conditions:
(i) {an} C [0,1] and Y725 = 00,
(i) limsup 5, <0, or >72 o |anfn| < 0o.

n—oo
Then lim s, = 0.
n—o0

Lemma 2.9. [3/] Let {an} be a sequence of real numbers such that there exists a subse-
quence {n;} of {n} such that an, < an,+1 for all i € N. Then there exists a subsequence
{my} C N such that mj — oo and the following properties are satisfied by all (sufficiently
large) numbers k € N :

Umy < Amyr1 and  ap < Ay

In fact, mp = max{j < k:a; < aj41}.

3. Main results

Now, we introduce our algorithms for finding a solution of a variational inequality
problem involving pseudo-monotone and non Lipschitz continuous operator which is also
a fixed point of a Bregman relatively nonexpansive mapping in p-uniformly convex and
uniformly smooth Banach spaces. In this section, we assume that the following conditions
hold.

(B1) The feasible set C' is a nonempty, closed and convex subset of the Banach space FE.
(B2) The operator F' : C'— E* associated with the problem (1.1) is pseudo-monotone and
uniformly continuous on C.

(B3) The operator F' : C — E* satisfies the following property:

whenever {z,} C C,z, — z,one has |[F(2)| < l%rr_l}i()réf | Fxp ]|
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(B4) T : C — C is a Bregman relatively nonexpansive mapping.
(Bs) Q:=Sol(C,F)NF(T) # 0.

3.1. Weak convergence
Algorithm 3.1 "
Initialization: Let x;€C be arbitrary. Choose p>0, Ae(0, —), 1€(0,1), a,€(0,1)
,u

and lirginf an(l — ay)>0.

n oo
Iterative steps: Given the current iterate z,, calculate x,41 as follows:
Step 1. Compute

zn = Mo (Jh (Jhxn — AFxy)),
and ry(zy,):=rn—2zn. If r)(2,)=0 and T'z,=x,, then stop, =, belongs to Sol(C, F)NF(T).
Otherwise,
Step2. Compute
Yn = Tp — an)\(xn);
where 7, := ’» and j, is the smallest non-negative integer j satisfying
(Fin — F(zn — Ura(zn)), ma(an)) < gpfp(xn, ). (3.1)
Step3. Compute
ty = S (ndB(wn) + (1= an) J5(Tn)),

Tnp1 = le,ng, (Tn),
where
Qn:={x € C: Dy (x,tn) < Dy (v,2)},
Cp :={z € C: hy(x) <0},

and Tn
hn(x) = (Fyn,z — xn) + ﬁDfp(:vm Zn)- (3.2)

Set n:=n + 1 and go to Step 1.

The following lemmas are used in the sequel in the proofs of our main results.

Lemma 3.1. Assume that the sequence {x,} is generated by Algorithm 3.1. Then, we
have

1
<Fynvr>\($n)> > XDfp(xn’Zn)~

Proof. By the definition of z, and properties of I, we have
(Jo(zp) — AFxp — Jh(2p),2 — 2n) <0, VzeC.

Substituting z = x,, into the last inequality and using the definition of Bregman distance,
we have

Dfp(wnazn) < <Jg(wn) - Jg(zn)amn - Zn) < )\<Fxmxn - Zn>:

hence, we get the desired result. O

Lemma 3.2. The Armijo-type search rule (3.1) and the sequence {x,} generated by Al-
gorithm 3.1 are well defined.

Proof. For the proof of first part see [43]. It is easy to see that for every n € N, C), and
Qn are closed and convex. We show that Q C C,, N Q,,. Let z* € Q. Using (2.7), we have

Dy, (z%,tn) <anDy, (2%, 2) + (1 — an) Dy, (2%, Txy)
<Dy (&, 2) + (1 ) Dy, (", 20) = Dy (a2,
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hence z* € @,. On the other hand, applying Lemma 2.5, we have (Fy,,y, — z*) > 0.
Hence
Tn

hn(2%) = (Fyn, 2™ — ) + ﬁDfp(xTL?Zn)
N T,
= (Fyn, 2" — yn) + (FYn, Yn — Tn) + ﬁDfp(:rn, Zn,)
r
< =1 (Fyn, a(n)) + ﬁDfp(xn, Zn)- (3.3)

Due to (3.1), we have

-
(Fxy — Fyp,ra(zy)) < inp(xn,zn).

Using this and Lemma 3.1, we have

(Fyn,rx(xn)) > (Fan,ra(z,)) — ngp(xn, Zn)
1
> XDfp(xn’ Zn) — ngp(ZL'n, Zn,)-
This together with (3.3) implies that
N Tn 1
hn(l‘ ) < _ER(X — ,U)Dfp(xn>zn) <0,
and hence Q C C), N Q. Hence the sequence {z,} is well define. O

Lemma 3.3. Let {x,} be the sequence generated by Algorithm 3.1. If there exists a subse-
quence {xyn, } of {xn} such that {z,, } converges weakly to z € C' and klim |, —2n, || =0,
—00

then z € Sol(C, F).
Proof. Applying (2.3), we have

(Jon, — AFxy, — Jozn,, @ — 2p,) <0, VzeCl,
therefore

Jpn, — Jp
<W’$_an>§<Fxnk’x_znk>’ Vo € C,

which implies
Jp _ Jp
<Exn'“)\Eznk,x — an> + (Fan,, 2n, — Tny) < (FXp,, v —2y,) YreC. (3.4)

Using the boundedness of { Fx,, } and uniform continuity of J%, on bounded subsets of E,
we get
liminf (Fz,, ,x — xy,) > 0. (3.5)
k—o0
Now, we choose a decreasing sequence {ej} of positive numbers which ¢, — 0 as k — oo.
For each k, we denote by Nj the smallest positive integer such that

<Fxnjax_$n]->+€k207 VJZNka (36)

where the existence of Ny, follows from (3.5). Since the sequence {¢} is decreasing, it is
easy to see that the sequence {Ny} is increasing. Let A := {k € N: F(xy,)=0}. If A
is infinite, then the assertion is obvious. Otherwise there exists a subsequence {Ny,  } of
{ Ny} such that F(xy, ) # 0. Without loss of generality, we can assume that F'(zy, ) # 0.
Setting

Fxn,

UNp *= - 2>
[ [
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we have (Fay,, JE.vn,) = 1 for each k. Indeed, using Proposition 4.7 of [12], we get
HFxNqu_l 1
O x )
(|Fzy, faT)et  [Fzw
for each k. It follows from (3.6) that

(Frng,© —xn,) + e (Fan,, J%*I/Nk> >0,

<Fka,J%*VNk>: <Fka7Jg;*(F$Nk)>:1y

therefore
<F:L'Nk,$ + 5kJ]%*VNk — $Nk> > 0.
By the pseudo-monotonicity of F', we obtain

(F(z + e JEvN, ), @ + e VN, — N,) > 0. (3.7)
Now, we show that klg)(r)lo ekJ%* vy, =0. Since, x,, —z, using the condition B3, we obtain
0 < ||Fz|| <liminf ||Fzy,].
k—00

Since {zn, } C {zn,} and € tends to zero, we get

€k limsupy_, o, €x
[Fan]| = minf||Fay, |
k—o0

0 < limsup ||exJE.vn, || = limsup ,
this implies that klim erJp-vn, = 0. Hence, taking the limit as k — oo in (3.7) and using
— 00
condition Bs, we get (Fx,z — z) > 0. Using Lemma 2.5, we get z € Sol(C, F).
]
Lemma 3.4. Let {x,} be the sequence generated by Algorithm 3.1. If ILm TnDy, (T, 2n) =
n—,oo
0, then nh_}ngo Dy, (xn, 2n) = 0.
Proof. For the proof we consider two possible cases:
Case 1. In this case, we suppose that 11m 1nf Tn > 0. Therefore, there is a constant 7 > 0
such that 7, > 7 > 0 for all n € N. We obtaln that
1 1
Dy, (wp, 2n) = T—Tanp(xn,zn) < ;Tanp(xn,zn). (3.8)

n

Considering the limit in the last inequality as n — oo and using the assumptions, we have
Jim Dy, (T, zn) = 0.
Case 2. We suppose that lim inf 7, = 0. Taking a subsequence if necessary, we may
assume without loss of generahty that hm Tn=0. Define y,,= lTnZn-l-(l Tn)xn Applying
(2.2) and noting that nlggO Tn Dy, (2n, zn) O we have nlgrgo Tnl|Zn — 2n||P=0 and hence
p—1

i
: T
i {lyn — 2 |[” = lim (=7

)Tnllzn — zn||P = 0. (3.9)

Since F' is uniformly continuous on bounded subsets of C, we obtain

nh_)rgoHFxn—FynH =0. (3.10)
Using (3.1) and the definition of y,, we have
(Fay — Fyp, xn — 2n) > ngp(xn, Zn)- (3.11)
Now, letting n—o0 and from (3.10) we have nh_)ngo Dy, (7p, 2,)=0 and hence nh_)ngo ||xr,—2n||=0.

O

Now, we are ready to prove the weak convergence theorem.
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Theorem 3.5. Let E be a p-uniformly convex and uniformly smooth Banach space such
that the duality mapping J5, is weakly sequentially continuous. Then the sequence {w,}
generated by Algorithm 3.1 converges weakly to an element of (2.

Proof. Let w € . From (2.2) and (2.4) we have

Dfp(w7 xn-‘rl) SDfp w, xn) - Dfp (Tno1, wn)
=Dy, (w, zn

<Dy

(

( Dfp HCnﬂanmﬂUn)
A

(

(

(

W, Tn Df HC xmxn)

<Dy

) —
) —

(w, ) — Tl|2n — o, 20 P
) —

<Dy, (w,zn) — T||xn — Po,xn|P
=Dy, (w, z,) — 7dist? (Cp, zy). (3.12)
This implies that li_>n1 Dy, (w,z,) exists. Hence the sequence {z,} is bounded. conse-
n—oo

quently, we conclude that {Fz,}, {zn}, {yn} and {t,} are also bounded. Since {z,}
is bounded and X is reflexive, then there exists a subsequence {x,,} of {z,} such that
Ty, — z. We show that z € Q. Since z,,+1 € @, from the definition of @, and (3.12), we
have
Dfp (mn—i-h tn) < Dfp (Tny1, xn)
< Dy, (w,ry) — Dy, (w, ny1).

This implies that nh_{lgo Dy (rpy1,7n) = nh_)llc}o Dy, (py1,t,) = 0, and hence

Jim ey =] =0 = i [l — to].
Hence,
Jim |y, — tn] = 0. (3.13)

On the other hand using Lemma 2.3, we get
Dy, (w,tn) =Vy,(w, anJpan + (1 — an) JpTxy,)

1 «
SgHpr — o (Jpwn, w) — (1 = ap) (JpTa,, w) + ?”HJ%%HQ

1—« %
L dzow) q 0 | T2 T |9 — an(1 — )il P — JET |
1 p p p Qn p
P — anl T, ) = (1= an )T T, ) + 2|

1l-«a .
T m!!Tan” (1 = an)pi | T — JET w0

=Dy, (w,2n) + (1 — o) Dy, (w, Txn) — an(1 — an)pye | Jpwn — JpT ||
<Dy, (w,zn) — on(1 — an)pj || Tpan — JpTa|l.
Therefore
an(l = an)pp | Jp@n — JpTzn|l < Dy, (w,zn) = Dy, (w, tn)
< Dy, (w,z,) — Dy, (w,tn) + Dy, (2, tn)
= (Joty — Jhp, w — ).
Taking the limit in the above inequality as n — oo and using uniform continuity of J%, on
bounded subsets of E, (3.13) and linrr_l)ioréf an (1=, ) >0, we get Jim_ pill T s —Jo Tz, || =0
and so lim | Joxn—J5 T, ||=0. This together with uniform continuity of J%. on bounded

subset of E* implies that Jim |y — Tp|| = 0. Therefore z € F(T) = F(T). Now we show
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that z € Sol(C, F). Since {Fy,,} is bounded there exists L > 0 such that ||Fy,| < L. Let
x,y € C, then

i = hoy| = [(Fyn, 2 — y)| < [|[Fyallllz =yl < Lllz = yl|,

which show that h,,(x) is L-Lipschitz continuous on C. Using Lemma 2.7, we get

) 1 T
dist(Cp,xy) > Eh"(x") = %—nLDfp(a:n,zn). (3.14)
Using (3.12) and (3.14), we obtain
TT, P
(557 Dso(@nsz0)) < Dy, (w,20) = Dy (w, 2nsa). (3.15)
Hence lim 7,Dy, (2, 2,) = 0. By Lemma 3.4, lim |z, — 2,/ = 0. This together with
n—00 n—o0

Lemma 3.3 imply that z € Sol(C, F'). Now, applying Lemma 2.6, we conclude that z,, —
z. O

3.2. Strong convergence

In this subsection, we prove a strong convergence theorem for approximating a solution
of a variational inequality which is also a fixed point of a Bregman relatively nonexpansive

mapping.
Algorithm 3.2

Initialization. Choose z1 € C, > 0,1 € (0,1) and X € (0, i) Bn€(0,1) and
lim inf (1 — B,)>0. Also, a, € (0,1) such that lim o, =0 and 3 a, = oo.

n=1
Iterative steps: Assume that z,, € C, calculate x,41 as follows:

Step 1. Compute

zn = U (Jh (Joxn — AFxy)),
and ry(zy,) = zy — 2. U ry\(2,) = 0 and T'z,, = z,, then stop. Otherwise,
Step 2. Compute

Yn = T, — TnTA(Tn),
where 7,, :== [’» and j, is the smallest non-negative integer j satisfying
(Fxy — F(zy — ljm(xn)),m(a:n» < LDy, (zn, 2n)-

Step 3. Compute

tn = Jhe (Bad pn + (1 = Bn) Jp(T1c, @),

Tp+l = Hc(J%* (Oszgu + (1 — Oén)Jgtn)),
where
Cp:={z € C: hy(x) <0},
and
ho(x) = (Fyn, & — 2n) + 55 Dy, (Tn, 2n).
Set n:=n+1 and go to Step 1.

Theorem 3.6. Suppose that Conditions B1 — Bs hold. Then, the sequence {x,} generated
by Algorithm 3.2 converges strongly to Tqu.

Proof. We divide our proof into four steps.
step 1. The sequence {z,} is bounded.
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Set wy, = Il¢, z,, and @ = Hqu. Using (2.4) and (2.7), we have
Dy (G, xpq1) <Dy, (U, T (o Jpu+ (1 — o) Jptn))
§aanp(ﬁ,u) +(1- ozn)Dfp(ﬁ,tn)

<anDy, (i, u)

(1- O‘n)[ﬁanp (@, 2n) + (1 — 5n)Dfp (1, 2]

SOéanp(ﬁv U) + (1 - an)[ﬁanp (ﬁ” $n) + (1 - Bn)Dfp (ﬁ” wn)]
u

<max{Dy, (i,u), Dy, (t,x,)}

< maX{Dfp(ﬁ, U), Dfp (’a7 ‘Tl)}

993

This together with (2.2), implies that {x,} is bounded. Consequently, we conclude that

{Fzn}, {zn}, {yn}, {wn}, {Tw,} and {t,} are also bounded.

Step 2. In this step, we show that

(1= Bn)Dy, (wn, zn) < Dy, (4, 2n) — Dy, (G, Tpy1) + an(Jou — Jhi, s, — 0).

Set b = sup{ ||z, [P, | Tw,|[P~!}. Using Lemma 2.3, we have

Dy (i, tn) =Vy, (4, Budpan + (1 — Ba) I Twy)

1, . R o
<2]? = o (Bns0) = (1 = BTETwn ) + 22
(1 - ﬂn) D q . * P 4
+ P HJETwnH B (1 /Bn)prJEﬁn JETwnH
1. . . .
ZZ;HUHP — Bn{Jpan, @) — (1 = Bp)(JpTwn, @) + — |z "
1 - /Bn k
+ LBy — 5, (1~ o) T — TE T

:/Banp (0, ) + (1 — Bn)Dfp (G, Twp) — Bn(1 = Bn)pp-
SDfp(fL:wn) — Bn(1— 571)/)”‘]%%” - JgTwnH-
Set s, = Jh (anJou + (1 — ay) Jity,). Using (2.6), we have
Dy (G, xpq1) <Dy, (G, g (o Jpu + (1 — an) Jty))
=V, (1, andiu+ (1 — ay)Jhty)

ngn — JgTwnH

<V, (@, an Jpu 4 (1 — o) Jpty — oo (Jpu — J3))

+ an(Jhu — Jha, s, — 4)

an Dy, (4, 0) + (1 — o) Dy, (@1, ty) + o (Jpu — Jpi, 5, — )

<
<(1 — an)Dy, (1, t,) + an(Jou — Jha, s, — Q)
<

(3.16)

(1 — an)Dy, (@, 20) = Bl = B)ps | Tpzn — JpTwnl|

+ an(Jhu — JE4, s, — 0)

<(1 — an)Dy, (@, zp) + an(Jpu — J5t, s, — 1

On the other hand

Dfp (ﬁ,tn) Sﬁanp (ﬁ,ZL’n) + (1 — ﬁn)Dfp(fL,wn)
S/Banp (ﬁ, xn) + (1 - ﬁn)[(f% $n) - Dfp (wm xn)]
=Dy, (0, zn) — (1 = Bn) Dy, (wn, Tn).

Substituting the above inequality into (3.16), we get
Dy, (4, vp41) < Dy, (G, 2) — (1 = Bn) Dy, (Wn, Tn) + an(Jou — Joa, sy,

—a).
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This implies that
(1-— ﬁn)Dfp(wn,a:n) < Dy, (G, ) — Dy, (U, Tpy1) + ozn<J§u — Jgﬂ, Sp, — U). (3.19)
Step 3. In this step, we prove that

Employing a similar argument to the one used in the proof of (3.15), we get

(Zn, zn))p. (3.20)

p
Dfp (.Z'n, Zn)) < aanp (’LAL, u) + Dfp (fb, Qj‘n) - Dfp (@, anrl)'

Dy, (i, wy) < Dy, (1, 25) — (2)\L

Applying (3.20), we have
Dy, (@, ¥nt1) <Dy, (@, T (on Jgu + (1 — o) Jtn))

<an Dy, (G,u) + (1 — an)Dy, (1, t,)

<Dy, (@) + (1 = ap)[BaDy, (i, 20) + (1= B) Dy, (8w,
<an Dy, (G, u) + (1 — an)Ba Dy, (1, 21)

(1= an)(1 = B)[Dy, (@,00) = (52 Dsy(ns20)' |
<anDy (i, u) + Dy, (i1, ) — (1 — a,)(1 ,Bn)<2>\LDfp(xn, ) (3.21)

Step 4. In this step, we prove that z,, — @ as n — oo.

Since {xy} is bounded, there exists a subsequence {zy, } of {z,} such that z, — z, as
n — oo. In order to prove that x, — @ as n — oo, we consider two possible cases.

Case 1. Suppose that there exists ng € N such that {Dy (@, 7,)}52,,, is nonincreasing.
In this situation, {Dy, (i, 2,)} is convergent. Since lim oy, = 0, lim inf Bn(1—Bp) >0

and the sequence {s,} is bounded, from (3.19), we have hm Dy, (wn, mn) = 0 and hence,

nangO |wn, — zy|| = 0. (3.22)

By similar argument from inequality (3.17), we obtain that

Jim ppllTpzn — JETwnl| =0,

and hence
Jim || JE@n — JRTwnl| = 0. (3.23)
From the uniform continity of JZ. on bounded subset of X* and (3.23), we have
Jim |xn — Twyl|| = 0. (3.24)
This together with (3.22) implies that
Jim ||wp, — Twyl|| = 0. (3.25)

Since x,, — z, from (3.22), we get wy,, — z. Hence, using (3.25) we get z € F(T) = F(T).
Next we show that z € Sol(C, F'). Applying (3.21), we have, nhi& oDy (T, 2n) = 0, and
therefore

lim 7, Dy, (75, 2n) = 0. (3.26)

n—oo

Using Lemma 3.4, we infer that

lim ||z, — z,|| = 0. (3.27)

n—oo
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Applying Lemma 3.3 and (3.27), we conclude that z € Sol(C, F). Next, we show that

lim sup(Jpu — Jpi, s, — @) < 0. We can choose a subsequence {x,,} of {z,,} such that
n—oo

limsup(Jpu — Jp, 2, — ) = lim (Jpu — J5t, ,, — ).
n—00 J—o0

Since {zy, } is bounded, there exists a subsequence {zn, } of {zy;} such that z,, —v €,
as k — oo. Without loss of generality, we can assume that z,,, — v as j — oco. Using (2.3),
we deduce

liTan_)solép(Jgu — Jha, x, — 1) :jli>r£10<Jgu — Jp, xn; — )
—(JPu — JBi, v — 1) < 0. (3.28)
On the other hand
Dy, (wp, 8n) <anDy, (2n,u) + (1 — an) Dy, (25, tn)
<anDy, (zn,u) + (1 — an)[BnDy, (Tn, zn) + (1 = Bn) Dy, (20, Twy)].  (3.29)

Hence, taking the limit as n—o0 in (3.29) and using (2.2) and (3.24), we get that li_)rn Dy, (xp, 8n) =
n—oo
0, and hence

Jim |xn — sn|| = 0. (3.30)
This together with (3.28) implies that
lim sup(Jhu — Jod, s, —4) < 0. (3.31)

n—oo
Using (3.18), (3.31) and Lemma 2.8, we get that x,, — 4, as n — oo.
Case 2. There exists a subsequence {n;} of {n} such that Dy (@, z,,) < Dy, (@, Tn,+1)
for all j € N. Then by Lemma 2.9, there exists a nondecreasing sequence {my} C N such
that myp — oo,

Dy, (4, xp,,) < Dy, (4, xy41)  and Dy, (4, xx) < Dy (T Ty 11), (3.32)

for all £ € N. Using (3.32) and employing a similar argument to the one used in case 1,
we deduce

kh—{go mek - TwmkH = kh_g)lo Hzmk - xmk” = klingo mek - Smk” =0, (3'33)
and
lim sup(Jhu — Jod, spm, — @) < 0. (3.34)
k—o00

It follows from (3.18) that
Dy (G, Ty 1) < (1 = oy ) Dy, (0 Ty, ) + oy (T — TR, Sy, — 00). (3.35)
This together with (3.32) implies that
my D, (U Tiny,) < Ay, (T — J0, S, — 14).

Since ayy,, > 0 and limsup(Jhu — JLd, $m, — @) < 0, we deduce

k—ro0
kl;rglo Dy, (i, 2, ) = 0. (3.36)
From (3.34), (3.35) and (3.36), we get that
1im Dy, (i, @y 41) = 0. (3.37)
Now from (3.32), we have lim Dy, (@, z;) = 0. Hence lim ||z} — @f| = 0. This completes
k—o0 k—o0

the proof. O



996 G.Z. Eskandani, M. Raeisi, R. Lotfikar

Setting F' = 0 in Algorithm 3.1, we immediately obtain the following result for the fixed
pint problem.

Corollary 3.7. Let E be a p-uniformly convex and uniformly smooth Banach space such
that the duality mapping Jg is weakly sequantially continuous. Let T : C — C be a
Bregman relatively nonexpansive mapping such that F(T) # 0. For x1 € C, let {x,} be a
sequence defined by:

ty = Jh. (ndG(mn) + (1= an) J5(Tz)),
Qn={x€C: Dy (x,t,) < Dy, (z,70)},
Tn+l1l = HQn (.’L‘n),
where o, €(0,1) and linrgioréf an(1—ay)>0. Then the sequence {x,} converges weakly to an

element of F(T').

Putting T = I, the identity mapping, in Algorithm 3.2, we obtain the following corollary
for the variational inequality problem.

1
Corollary 3.8. Let x1€C andu € E be arbitrary. Choose u>0,\e(0, —),1€(0,1), 8,€(0,1)
U

(o)
and linrgiolgf Bn(1 = B,)>0. Also, ay, € (0,1) such that nh_}rgo on =0 and nZ=:1 oy = 00. Com-

pute
2 = Tg (T (T (@) — AFz)),

and ry(xy) : =xy — 2. If rA(2,)=0, then stop. Otherwise,
Compute
Yn = Tp — an/\(xn)a

where T, := " and j, is the smallest non-negative integer j satisfying

(Fap, — F(n — Bra(zn)), ra(zn)) < gpfp(xn, ),

Compute
t = T (BudBn) + (1= B) T (To,za)),
where
Cy, ={x € C: hy(z) <0},
and
hn(z) = (Fyp,x — zp) + %\Dfp(xn, Zn)-
Compute

Tni1 = g (J%* (oszgu +(1- an)Jgtn)) .

Assume that Conditions By — Bs hold. Then, the sequence {x,} converges strongly to
Usoc,ryu-

4. Numerical experiments

In this section, we perform two numerical experiments to illustrate the behavior of
Algorithm 3.1 and Algorithm 3.2. In the next remark, we provide closed form expressions
for the projectors onto a half space.
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Remark 4.1. [3] Let H be a Hilbert space, u € H,n € Rand C ={x € H : (z,u) < n}.
Then exactly one of the following holds:

(1) u= 0 and n > 0, in which case C = H and Pc = Id.

(i7) w = 0 and 1 < 0, in which case C' = {).

(49) u # 0, in which case C' # () and for all  in H we have

x, (2, u) <,
Pox = —
¢ x+ Wu, (T, u) > .
u

Example 4.2. Let E=R and C=[0,4]. Define F(z)=\/z+sinz and Tz=arctanxz. We
1 1
consider Mzi’ A=1,l=09and a,, = 3 + oY Note that F' is not Lipschitz continuous
n

and F(T) N Sol(C, F) = {0}. Using Algorithm 3.1 with the initial point x; = 4, we have
the numerical results in Fig 1.

Example 4.3. Take E = L?[0,1] with inner product (x,y) := fol z(t)y(t)dt and norm
1

llz]|2 = (fol ]a:(t)|2dt)§. Suppose C' = {z € E : ||z|]2 < 2}. Define T := C — C by
1
Te =gz and F : L?[0,1] — L?[0, 1] by:

F(z)(t) := exp Izl /Ot x(s)ds,

where = € L?[0,1] and t€[0, 1]. It can also be shown that F is pseudo-monotone but not

1 1
monotone on F [50]. Take = 0.3, A =3 and [ = 0.9. Also, we take 3, = 3 + 2
n

oy = Toon 1’ Using Remark 4.1 and Algorithm 3.2 with the initial point z1(¢) = t? we
n
have the numerical results in Fig 2.

and

AOM T

0 50 100 150 200 250 300

Figure 1. Plotting of |x,| and
|z, — p—1] in Example 4.2
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Figure 2. Plotting of ||z,||2
and ||z, —2zp—1]|2 in Example 4.3
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