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ABSTRACT. Let G be an abelian group and S a given multiplicatively closed
subset of a commutative G-graded ring A consisting of homogeneous ele-
ments. In this paper, we introduce and study G-graded S-Noetherian mod-
ules which are a generalization of S-Noetherian modules. We characterize
G-graded S-Noetherian modules in terms of S-Noetherian modules. For in-
stance, a G-graded A-module M is G-graded S-Noetherian if and only if M
is S-Noetherian, provided G is finitely generated and S is countable. Also,
we generalize some results on G-graded Noetherian rings and modules to G-

graded S-Noetherian rings and modules.
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1. Introduction

In the context of ring theory, the introduction of Noetherian rings and modules
[20] gave a new motivation for studying the structure theory of commutative rings.
Recall that a module over a ring is called Noetherian if it satisfies ascending chain
condition on submodules, and a commutative ring is called Noetherian if it is a
Noetherian module over itself. Due to its significance, Noetherian rings and their
generalizations have been extensively studied by many authors (see [1], [4], [5], [6]
and [18], for example). As one of its crucial generalizations, Anderson and Du-
mitrescu [1] introduced S-Noetherian rings and modules. Let A be a commutative
ring with identity, S a multiplicatively closed subset (briefly, m.c.s.) of A, and M
an A-module. Then M is called S-finite if there exist an s € S and a finitely gener-
ated submodule F' of M such that sM C F. Also, M is called S-Noetherian if each
submodule of M is S-finite. A ring A is called S-Noetherian if it is S-Noetherian
as an A-module, [1]. They have extended many results on Noetherian rings and

modules to S-Noetherian rings and modules. Noncommutative S-Noetherian rings
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and S-Noetherian modules were first introduced by Baeck, Lee and Lim in [3].
Thereafter S-Noetherian rings and modules were continuously studied by many au-
thors (see [4], [6], [10], [11], [12], [13], [14], [15] and [16], for example). This notion
has motivated many researchers to study S-version of known structures in ring and
module theory (see [4], [6], [21] and [22], for example).

Theory of graded rings and modules extends the theory of rings and modules.
Let G be an abelian group with identity element e and A be a commutative ring
with identity. Then A is called G-graded if A = € ¢
Ay and AjA, C Ay, for every g,h € G. An A-module M is called G-graded if
M = @geG M, for additive subgroups M, and AyM;, C My, for every g,h € G. A
submodule N of M is called graded if N = P, (N NM,). Similarly, an ideal I of
Ais called graded if I = €D, (INAy). A G-graded A-module M is called G-graded
Noetherian if each graded submodule of M is finitely generated. A G-graded ring A

A, for additive subgroups

is called G-graded Noetherian if it is G-graded Noetherian module over itself. Goto
and Yamagishi [5] characterized G-graded Noetherian rings in terms of Noetherian
rings. More precisely, they proved that a G-graded ring A is G-graded Noetherian
if and only if A is Noethrian, provided G is finitely generated. Inspired by it, Kim
and Lim [10] introduced the notion of G-graded S-Noetherian ring and extended
4G Ay is called G-graded
S-Noetherian, where S is a given m.c.s. of A., if each graded ideal of A is S-finite.
They showed that a G-graded ring A is S-Noetherian if and only if A is G-graded
S-Noetherian, if and only if A, is S-Noetherian and A is an S-finite A.-algebra,

previous result to this class. A G-graded ring A = @

provided G is finitely generated and S is an anti-Archimedean subset of A, (see [10,
Theorem 1]). In [18], among other results, Nastdsescu and Van Oystaeyen obtained
a characterization of G-graded Noetherian modules in terms of Noetherian modules.
For instance, a G-graded A-module M is G-graded Noetherian if and only if M is
Noetherian, provided G is finitely generated (see [18, Theorem 2.1]).

In this paper, we introduce and study the notion of G-graded S-Noetherian
module as a generalization of both the S-Noetherian and the G-graded Noether-
ian modules. In view of the results in the previous paragraph, a natural question
arises, under what conditions both the notions of G-graded S-Noetherian modules
and S-Noetherian modules coincide. As an answer to this question, we prove two
characterizations for a G-graded S-Noetherian module to be an S-Noetherian mod-
ule. First, we prove that if G is a finitely generated abelian group and S a countable
m.c.s. of A, then M is a G-graded S-Noetherian module if and only if M is an
S-Noetherian module (Theorem 3.28). This result is the S-version of [18, Theorem
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2.1]. Second, we prove that if G is an abelian group, A a strongly G-graded ring and
S am.c.s. of A, then M is a G-graded S-Noetherian module if and only if M, is an
S-Noetherian A.-module (Theorem 3.32). Moreover, in Theorem 3.35 we obtain
S-variant of [9, Theorem 2.38]. Finally, we characterize G-graded S-Noetherian

rings as a generalization of [9, Theorem 2.41].

2. Preliminaries

Throughout this paper, GG is an abelian group with identity e and all the rings
are assumed to be commutative rings with identity unless otherwise stated.

Let G be a multiplicative abelian group, A = @ Ay a G-graded ring, and

e
M = @, cc My a G-graded A-module. Then A, is ; subring of A containing 14
and each M is an A.-module. The elements of h(M) = (J,cq M,y are said to
be homogeneous element of M, a nonzero x € M, is said to be homogeneous of
degree g, and we write deg(z)= g. Similarly, the elements of h(A) = |J,cq 4y are
said to be homogeneous element of A. For any subset X C M, we denote h(X)
by the set of all homogeneous elements of X. A nonzero element a of A has a
unique decomposition as a = ag, +ag4, +---+a,, with a,, € Ay,. For a € h(A) and
x € h(M), observe that deg(az) = deg(a)deg(x). M is said to be strongly G-graded
it AgMy, = Mgy, for all g,h € G. A graded ideal P of A is said to be G-prime if
P # A; and whenever ab € P, we have a € P or b € P, where a,b € h(A). A
proper graded ideal I of A is said to be G-maximal if there is no proper graded
ideal J of A such that I C J. A is called G-graded local if it has unique G-maximal
ideal. A is called a G-graded field if each nonzero homogeneous element has a
multiplicative inverse. The graded radical of a graded ideal I is a graded ideal
Gr(I) :=={a = Egcqay € A : for every g € G, there exists an integer ng > 1 such
that ag’ € T}.

Let H be a subgroup of G. Then Ay := @),y An is an H-graded ring. In
fact Ay is a G-graded ring. Also, let ¢ € G and gH be coset of H in G, then
Myg = @ ey Mgn is a G-graded Ag-submodule of M. In particular, My is a
G-graded Ap-module. Write M := @
This defines a G/H-grading on M, and under this grading M is also a G/H-graded
A-module.

Mgy, where T is a transversal of H in G.

For more details of the graded rings and modules, [17] and [19] are referred.
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Proposition 2.1. [19, Lemma 5.4.1] Let M be a G-graded A-module, H a subgroup
of G and g € G. Consider Ay as a G-graded ring, and let N be a graded Ap-
submodule of Mgg. If AN is the graded A-submodule of M generated by N, then
AN N M,y = N.

3. Characterizations of graded S-Noetherian rings and modules

In this section, we introduce the notions of G-graded S-Noetherian module and
G-graded strong S-Noetherian module as a generalization of S-Noetherian module
and obtain their characterizations. To do so, we begin this section by introducing

their definitions.

Definition 3.1. Let M be a G-graded A-module and S be a m.c.s. of h(A).
Then M is called S-finite if there exist an s € S and a finitely generated graded
submodule F' of M such that sM C F. Also, M is called G-graded S-Noetherian
if each graded submodule of M is S-finite.

Let M be an A-module and S a m.c.s. of A. Recall [6, Definition 2.1] that an
ascending chain { N, }nen of submodules of M is called S-stationary if there exist
a positive integer j > 1 and an s € S such that sIV; C IN; for every ¢ > j. We say
that M is a strong S-Noetherian module if every ascending chain of submodules of
M is S-stationary.

Let M be a G-graded A-module and S be a m.c.s. of h(A). We say that M
is a G-graded strong S-Noetherian A-module if for every ascending chain {N, },en
of graded submodules of M is S-stationary. Also, a G-graded ring A is called a
G-graded strong S-Noetherian ring if it is a G-graded strong S-Noetherian module

over itself.

Example 3.2. Let M be a G-graded A-module and S be a m.c.s. of h(A4). If M
is an S-Noetherian A-module, then M is a G-graded S-Noetherian module.

The converse of Example 3.2 is not true in general. For this, consider the fol-

lowing example.

Example 3.3. Let A = K[zfl, x2ﬂ, ...,z ] be a Laurent polynomial ring in
infinitely many indeterminates over a field K. Consider the group G = @, Z
and m.c.s. S = K\ {0} of A. Then A is a G-graded field with canonical G-grading
(see [8, Example 1.1.22]). Consequently, A is a G-graded S-Noetherian A-module
since it has only two graded submodules, namely 0 and A. However, A is not an

S-Noetherian A-module.
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Thus Example 3.3 shows that the notion of G-graded S-Noetherian module is a
proper generalization of the notion of S-Noetherian modules. Now, the following
example shows that the notion of G-graded S-Noetherian modules also generalizes

the notion of G-graded Noetherian modules.

Example 3.4. Every G-graded Noetherian A-module is a G-graded S-Noetherian
A-module for every m.c.s. S C h(A). The converse is also true if S C U(h(A)),
where U(h(A)) denotes the set of all units of h(A).

The converse of Example 3.4 is not true in general since any G-graded A-module
M with Gr(Ann(M))NS # @ is trivially a G-graded S-Noetherian A-module. Thus,
from now, we assume that Gr(Ann(M))NS = @ in this work. The following example
presents a G-graded S-Noetherian module which is not a G-graded Noetherian
module satisfying the condition Gr(Ann(M)) NS = 0.

Example 3.5. Let G = Zo, A = 7Z = Ag, and M = Z[z] ® L be a G-graded
A-module with Mg = Zy[z] & 0, M7 = 06 L, where k > 1 and L is a torsion-free
Noetherian A-module. Notice that the graded submodules of M are the submodules
of the form N & N’, where N is a submodule of Z[z] and N’ is a submodule of L.
Consider the m.c.s. S = {k™ : n > 0} of A. Here we note that SNGr(Ann(M)) =0
since k" M # 0 for every integer n > 0. Put s = k. Then s(N®N') C N' C N N'.
Since N’ is finitely generated submodule of L, so N & N’ is S-finite. Thus, M is
a G-graded S-Noetherian A-module. However, M is not a G-graded Noetherian

A-module since Zg[z] is not a Noetherian A-module.

Remark 3.6. (1) Let M be a G-graded A-module and S be a m.c.s. of h(A).
If M is a G-graded S-Noetherian module, then M is a G-graded strong
S-Noetherian module. Indeed, let M be a G-graded S-Noetherian mod-
ule and let {N,,}nen be an ascending chain of graded submodules of M.
Put N = |J,>; Ni. Then N is S-finite, and so there exist an s € S and
T1,T2,. .. ,xn_e h(M) such that sN C Axq+Azo+---+Ax,, C N. Suppose
x; € Nj, for i =1,2,...,n. Take j = max{ji,j2,...,jn}. Then z; € N;
for all i =1,2,...,n. This implies that sN C Azy + Axy+---+ Az, C Nj.
Consequently, sN; C N; for all ¢ > 1, and so {N,}nen is S-stationary.
Hence M is a G-graded strong S-Noetherian module.

(2) Let M be a G-graded A-module and S be a m.c.s. of h(A). Suppose each
submodule of M is countably generated. If M is a G-graded strong S-
Noetherian module, then M is a G-graded S-Noetherian module. Indeed,
let N be a graded submodule of M. Since N is countably generated, there



92 AJIM UDDIN ANSARI AND B. K. SHARMA

exist a countable set of homogeneous generators {z,, }nen for N. Consider
an ascending chain Axqy C Ax1+Axs C --- C Axy+Azo+---+Ax, C--- of
graded submodules of M. Since M is G-graded strong S-Noetherian, there
exist an s € S and k > 1 such that s(Ax; +Aze+-- -+ Ax;) C Az + Axo+
<+ Axy, for all i > k. Consequently, sN C Axy + Axg + -+ Az, C N
which implies that N is S-finite. Hence M is a G-graded S-Noetherian
module.

(3) Let M be a G-graded A-module and S be a countable m.c.s. of h(A).
If M is a G-graded strong S-Noetherian module, then M is a G-graded
S-Noetherian module. The proof is on the same line by replacing ring to
module and ideals to submodules in [7, Remark 2.2] and needs only minor

modifications to work in the graded case.

Let A be a G-graded ring and a € h(A). Then S, := {a™ : n > 0} is a m.c.s.
of h(A). Also, U(A) denotes the set of all units of A. In the following result, we
obtain a characterization of G-graded Noetherian modules in terms of G-graded

S-Noetherian modules.

Proposition 3.7. Let A be a G-graded ring which is not a G-graded local ring and
M be a G-graded A-module. Then M is a G-graded Noetherian A-module if and
only if M is a G-graded S,-Noetherian A-module for every a € h(A) \ U(A).

Proof. The proof is on the same line by replacing descending chains to ascending

chains of graded submodules in [2, Theorem 3.21]. O

The following proposition is a graded analogous to result of S-Noetherian mod-
ules discussed in [1], and the proof needs only minor modifications to work in the

graded case.

Proposition 3.8. Let 0 — M’ — M — M"” — 0 be a short exact sequence
of G-graded A-modules and S be a m.c.s. of h(A). Then M is a G-graded S-
Noetherian A-module if and only if M’ and M" are G-graded S-Noetherian A-
modules. In particular, if A is G-graded S-Noetherian, then so is every finitely

generated A-module

Corollary 3.9. Let My and Ms be G-graded S-Noetherian A-modules, where S is
a m.c.s. of h(A). Then My & Ms is a G-graded S-Noetherian A-module.

Proposition 3.10. Let M be a G-graded A-module, N a graded submodule of M
and S a m.c.s. of h(A). Then M is a G-graded strong S-Noetherian A-module
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if and only if N and M/N are G-graded strong S-Noetherian A-modules. In par-
ticular, direct sum of two G-graded strong S-Noetherian A-modules is a G-graded

strong S-Noetherian A-modules.

Proof. The proof is on the same line by replacing descending chains to ascending

chains of graded submodules in [2, Theorem 3.13]. O

The following theorem provides a characterization of G-graded S-Noetherian

modules.

Theorem 3.11. Let A be a G-graded ring, H be a subgroup of G and S be a m.c.s.
of h(Am). If M is a G-graded S-Noetherian A-module, then Mgy is a G-graded
S-Noetherian Ag-module for every g € G. Conversely, if [G : H] < oo and Myp
is a G-graded S-Noetherian Ag-module for every g € G, then M is a G-graded
S-Noetherian A-module.

Proof. Suppose M is a G-graded S-Noetherian A-module. Let N be a graded Ag-
submodule of M,y for some g € G. Then AN is an S-finite graded A-submodule
of M. This implies that there exist an s € S and a finitely generated graded
A-submodule F' of M such that sAN C FF C AN. By Proposition 2.1, sN =
SAN N Mgy C FN Mgy C ANNMgg = N, ie, sN C FN Mgy C N. Write
F = Az + Azg + - - - + Ax,, for some 1, 29,...,2, € h(M). Since FF C AN, we
may assume that each x; is a homogeneous element of N. Suppose deg(x;) = gh;
for some h; € H. Let y € F'N Myg be a G-homogeneous element of degree gh
for some h € H. Write y = Y. | a;x; for some a; € A. Since deg(y) = gh, we
can assume that each a; is homogeneous of degree hh;1 for i =1,2,...,n. Thus
each a; € Ay, and soy € Agx1 + Ao+ -+ -+ Agxy,. Consequently, F'N Mgy C
Az +Agxo+---+Agx,. Thus we have sN C Agx; +Agxzo+---+Agx, C N.
Hence NN is S-finite, and so M,y is a G-graded S-Noetherian Ag-module. For the

converse, write M = @ ., Mgm. This direct sum is finite as [G : H] < co. Now

geG
since each My is a G-graded S-Noetherian Ag-module, so by Corollary 3.9, M
is a G-graded S-Noetherian Ag-module. Hence M is a G-graded S-Noetherian

A-module. O

Corollary 3.12. Let G be a finite abelian group, A be a G-graded ring, S C A,
be a m.c.s. and M = &P Mg be a G-graded A-module. Then the following are
equivalent:

(1) M is a G-graded S-Noetherian A-module.

(2) My is an S-Noetherian A.-module for every g € G.

geG
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(3) M is an S-Noetherian A.-module.
(4) M is an S-Noetherian A-module.

Proof. (1) = (2): Follows from Theorem 3.11 for H = {e}.

(2) = (3): Follows from Corollary 3.9 since G is finite.
(3) = (4): Obvious.
(4) = (1): Follows from Example 3.2. O

Corollary 3.13. Let A be a G-graded ring, H be a subgroup of G and S be a
m.c.s. of h(Ag). If A is a G-graded S-Noetherian ring, then Ay is an H-graded

S-Noetherian ring.
Proof. Follows from Theorem 3.11 for M = A. O

Theorem 3.14. Let A be a G-graded ring, H be a subgroup of G and S be a
m.c.s. of h(Ag). If M is a G-graded strong S-Noetherian A-module, then Mgy
is a G-graded strong S-Noetherian Ap-module for every g € G. Conversely, if
(G : H] < o0 and Myg is a G-graded strong S-Noetherian Ag-module for every
g € G, then M is a G-graded strong S-Noetherian A-module.

Proof. The proof is on the same line by replacing descending chains to ascending

chains of graded submodules in [2, Theorem 3.17]. O

Corollary 3.15. Let G be a finite abelian group, A be a G-graded ring, S C A,
be a m.c.s. and M = P Mg be a G-graded A-module. Then the following are

equivalent:

(1) M is a G-graded strong S-Noetherian A-module.

geG

(2) My is a strong S-Noetherian A.-module for every g € G.
(3) M is a strong S-Noetherian A.-module.
(4)

4) M 1is a strong S-Noetherian A-module.

Proof. (1) = (2): Follows from Theorem 3.14 for H = {e}.

(2) = (3): Follows from Proposition 3.10 since G is finite.

(3) = (4): Obvious.

(4) = (1): Follows from the fact that a strong S-Noetherian module is a G-
graded strong S-Noetherian module. ([

Let M be a Z-graded A-module. Following [19], M>¢ = €D,,~, M, and M<o =
D,,<o M. Clearly, A~y and A< are graded subrings of A. Then7M20 (resp., M<o)
is aiZ—graded Asop-module (resp., A<p-module). Let N C M be an A-submodule
of M and x € N. Write x = xp, + Zp, + -+ 2pn, with n; < ng < ... <n, and
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Zn, € h(M). Denote N~ (resp., N.) by the submodule of M generated by z,,
(vesp., xn,) for all x € N, i.e. N~ (resp., N.) is generated by the homogeneous
components of largest (resp., smallest) degree present in the elements of N. Clearly,
both N~ and N. are graded submodules of M.

Now our aim is to characterize G-graded S-Noetherian modules in terms of S-
Noetherian modules. For this, we need the following lemmas which are S-version

of the similar results given in [17].

Lemma 3.16. Let M be a Z-graded A-module and S be a m.c.s. of Ay. Consider
A-submodules N C K C M. Then the following are equivalent:

(1) K C N for some s’ € S.

(2) sK~ C N~ and s(KNM<o) C NN Mcg for somes e S.

(3) sK. C N. and s(K N Mso) C NN Msq for some s € S.

Proof. (1) < (2): If K C N for some s’ € S, then K~ C N~ and
s'(K N M<g) € NN M<o hold trivially. For the converse, let y € K. Write
Y =Yng +Yny + -+ Yn. With ny < ma < ... <n, and y,, € W(M). If n, > 0,
then sK~ C N7~ yields that there exists 1 € N such that z1 = wm, + Um, +--- +
Um,_, + 8Yn, With my <mg < ... < mp_1 < n, and u,,, € h(M). This implies
that sy — x1 € K has a homogeneous decomposition containing highest degree less
than n,. Write sy — a1 = 2, + 2k, + - + 2, With k1 < k2 < ... < kt < n,
and zx, € h(M). But sK~ C N~ implies that there exists zo € N such that
Tg = wy, +wy, + o+ wy,_, + sz, With Ip <y < ..o < g1 < kg and wy; €

h(M). This implies that s>y — sz; — 22 € K has a homogeneous decomposition

containing highest degree less than k;. Similarly, we can find x3,x4,...,2, € N
such that sy — s*1o; — s* 209 — - —sxp_1 — 2 € KN Mc<p. Consequently,
shtly — skpy — sk lpg — oo — S22 — sxp, € s(K N M<o) € NN Mco; hence

sk*tly € N. Also, if n, < 0, then obviously y € K N M<y which implies that
sktly € s(KNM<g) € NNM<g C N. Thus 'K C N, where s’ = s*T1, as desired.
Similarly (1) <= (3) can be proved. O

As a consequence of the Lemma 3.16, we have the following result.

Corollary 3.17. Let M be a Z-graded A-module and S be a m.c.s. of Ag. Then

(1) M>¢ is a Z-graded strong S-Noetherian Asq-module if and only if M>q is
a strong S-Noetherian Asq-module.
(2) M<o is a Z-graded strong S-Noetherian A<g-module if and only if M<q is

a strong S-Noetherian A<o-module.
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(1) Suppose Mg is a Z-graded strong S-Noetherian A>-module. Let
Ny C Ny C---C N, C - be an ascending chain of A>¢-submodule of
Ms>o. Then N C N3» C --- C N C --- is an ascending chain of graded
A>o-submodule of M>g. Then there exist an s; € S and k; > 0 such that
51N C N,:1 for all 4 > k;. Also consider the chain NyNM<o C NoNM<g C
-+ C NpyNMco C -+ of Ap-submodule of My as N; N M<g C My for each
i. Since M>¢ is a Z-graded S-Noetherian A>p-module, so by Theorem
3.14, My is a strong S-Noetherian Ag-module. This implies that there
exist an so € S and ko > 1 such that so(N; N M<g) € Ny, N M<q for
all i > ko. Put s = s1s2 and k = max{ki,k2}. Then sN7 C N’ and
s(N; N M<p) € NN Mg for all ¢ > k. So by Lemma 3.16, there exists
an s’ € S such that s’N; C N, for all ¢ > k. Hence M is a strong
S-Noetherian Asg-module.
Similar to (1). O

Lemma 3.18. Let M be a Z-graded S-Noetherian A-module, where S is a m.c.s.
of Ag. Then

(1)
(2)
Proof.

Mg is a strong S-Noetherian Asq-module.

M<q is a strong S-Noetherian A<o-module.

(1) Let N = @, Ni be a graded Ax¢-submodule of M>q. Since M is
a Z-graded S—Noethe;ian A-module, so AN is an S-finite graded submodule
of M. This implies that there exist x1,xs,..., 2, € h(N) and s; € S such
that s;AN C Axy + Axg + -+ + Ax, C AN. Suppose deg(z;) = n; > 0.
Put n = maz(ny,ng,...,n,). Let y € h(N) with deg(y) = m > n. Then
there exist aj, as,...,a, € h(A) such that s1y = a121 + agxa + - - + @y 2p.
Consequently, deg(a;) = m —mn; > 0 as m > n, and so a; € Ax¢ for
all i = 1,2,...,7. Then we have s,(6p,-,, Ni) C F1 € ,~,, Ni, where
Fy is a finitely generated Azo—submodul_e of M>g generate(_i by the set
{z1,22,...,2,}. On the other hand by Theorem 3.11, each M; is an S-
Noetherian Ap-module which implies that each N; is an S-Noetherian Ag-
module. Consequently, by Corollary 3.9, L = @, N; is an S-finite Ao-
module. This implies that there exist an so € S and a finitely generated
Ap-submodule F; of N generated by the set {y1, y2, - .., yx } such that soL C
Fy, C L. Put s = s153. Consider the A>g-submodule F' of N generated
by the set {x1,x2,..., %, y1,Y2,...,yx}. Then sN C F; + F, CF CN
since N = L @ (®;>,N;) and F, C F. Thus N is S-finite, and so M>
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is a Z-graded S-Noetherian Asg-module. By Remark 3.6(1), M>¢ is a Z-
graded strong S-Noetherian A>¢-module. Hence by Corollary 3.17, M> is
a strong S-Noetherian A>(-module.

(2) Similar to (1). O

Corollary 3.19. Let M be a Z-graded S-Noetherian A-module, where S is a count-
able m.c.s. of Ag. Then

(1) M> is an S-Noetherian Axo-module.
(2) M<o is an S-Noetherian A<g-module.

Proof. Follows from Lemma 3.18 and Remark 3.6(3). O

Lemma 3.20. Let M be an S-finite Z-graded A-module, where S is a m.c.s. of
Ag. If M is a Z-graded strong S-Noetherian A-module. Then

(1) M>g is a strong S-Noetherian Asqg-module.
(2) M<o is a strong S-Noetherian A<g-module.

Proof. (1) Since M is S-finite, there exist an s € S and x1, 22, ...,z € h(M)
such that sM C Axy + Azs + -+ + Ax,. Suppose deg(x;) = k; for i =
1,2,...,r. Let Ny C Ny C--- C N, C--- be an ascending chain of graded
Aso-submodules of M>o. Then AN; € ANy C --- C AN, C --- is an
ascending chain of graded A-submodules of M. Since M is a Z-graded
strong S-Noetherian A-module, there exist an s’ € S and m > 0 such that
s’AN; C AN, for all i > m. Let « € h(N;) with deg(x) = j > 0. Then
s’z € AN,, is a homogeneous element. Write ss'x = a1x1+asxo+- - +a,z,
for some a; € h(A). Since ss’z is homogeneous, we may assume that each
a;z; is a homogeneous element of AN,,. Then we have j = deg(a;) + ki,
ie., deg(a;) = j — k;. Put k = max{ky, ka,...,k.}. Soif j > k, then
a; € Asg for i = 1,2,...,r. This implies that ss’z € N,,. Suppose j < k,
then j € {0,1,2,...,k — 1}. Since M is Z-graded strong S-Noetherian, so
by Theorem 3.14, each M; is a Z-graded strong S-Noetherian Ag-module
for ¢ = 0,1,2,...,k — 1. Also, since N; is a Z-graded As¢p-submodule
of M>¢ and Ay C A>g, so each N; is a Z-graded Ay-submodule of Z-
graded Ag-module M>. Consider finitely many ascending chains NyNM; C
NonM; C--- C N, NM; C --- of Z-graded Ap-submodules of M; for
t=20,1,2,...,k — 1. This implies that there exist s; € S and j; > 1 such
that s,(N; N M) C N;j, N My, for all 4 > j;, for t =0,1,2,...,k — 1. Put
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" =s08182...8k—1 and j' = max{jo, j1,J2,- -, Jk—1}. Then s”(N;NM;) C
Ny M, foralli>j, fort=0,1,2,...,k—1. Thusif z € M, for t <k,
then s”xz € s”(N; N M;) € Njs N M. This implies that s"z € N;,. Put
s = ss's"” and p = max{m,j'}, then s’z € N, for all x € h(N;), and
so s”"N; C Ny, for all i > p. Thus M is a Z-graded strong S-Noetherian
Asop-module. Hence by Corollary 3.17, M>¢ is a strong S-Noetherian A>o-
module.

(2) Similar to (1). O

Lemma 3.21. Let M be a Z-graded A-module and S be a m.c.s. of Ag. If M is a
Z-graded S-Noetherian A-module, then M is a strong S-Noetherian A-module.

Proof. Let Ny C N, C --- C N,, C --- be an ascending chain of A-submodules
of M. Then Ny N M<y € NoNM<y C --- € N, N Mcoy C -+ is an ascending
chain of A<p-submodules of M<y. By Lemma 3.18, M« is a strong S-Noetherian
A<p-module, so there exist an s; € S and j > 1 such that s1(N;NM<¢) C N;NM<g
for all 4 > j. Also, N C N3” C--- C N,” C --. is an ascending chain of graded
A-submodules of M. Since M is Z-graded S-Noetherian, by Remark 3.6(1), M
is a Z-graded strong S-Noetherian module. So there exist an so € S and k > 1
such that soN7” C N7 for all ¢ > k. Put s = s182 and r = max(j, k). Then
s(N; N M<g) € M<oN N, and sN” C N;Y for all ¢ > r. So by Lemma 3.16,
s'N; C N, for some s’ € S and for all i > r. Hence M is a strong S-Noetherian
A-module. O

Corollary 3.22. Let M be a Z-graded A-module and S be a countable m.c.s. of

Ag. Then the following are equivalent:

(1) M is a Z-graded S-Noetherian A-module.
(2) M is an S-Noetherian A-module.

Proof. Follows from Lemma 3.21 and Remark 3.6(3). ]

Lemma 3.23. Let M be a Z-graded A-module and S be a m.c.s. of Ayg. If M
is a Z-graded strong S-Noetherian A-module, then M is a strong S-Noetherian
A-module.

Proof. Similar to the proof of Lemma 3.21 by using Lemma 3.20. (]

Let G be a finitely generated abelian group. Then G = Z" & T, where T is
torsion part of G. Consider the subgroup H = Z"' @ T of G. Then G/H = Z,



GRADED S-NOETHERIAN MODULES 99

and so there exists £ € G such that G/H =< £¢H >= {{"H : n € Z}. Suppose M
is a G-graded A-module. Following [17], define

Mt = @mEZ+ (@heH Mermp) = @mzo Memp

M~ = @pez_ (Bren Memn) = Do Memnr-
Then M™% (resp., M~) is a G-graded A*-module (resp., A~-module). Let h € H.
Write M) = @,,cz, Menn. Then Ay = @,,cp
Mpy is a Z-graded A(.y-module. Also, A = @, . A is an H-graded ring and
M = @),cy M@ is an H-graded A-module. Hence M is G-graded as well as H-
graded A-module. It is clear that each G-graded submodule of M is also H-graded
but the converse may not true. Let N = &, ., N(;) be an H-graded A-submodule
of M, where N,y = M,y N N. Define

N~ = @ N,y (resp., No = @ Nny~),s
heH heH

Agn is a Z-graded ring and each

where N(Z) (resp., N(p)~) is a Z-graded A(.y-submodule of M) generated by the
homogeneous components of largest (resp., smallest) degree present in the elements
of Ny as defined before. If M = M7 (resp., M~), then N~ (resp., N.) is a
G-graded A-submodule of M, [18, Lemma 1.4].

With these notations, we have the following lemmas which are S-version of sim-

ilar results given in [18].

Lemma 3.24. If M is a G-graded S-Noetherian A-module, where S is a m.c.s. of
A.. Then M7 is a G-graded S-Noetherian AT -module.

Proof. Let N be a graded AT-submodule of M*. Then the graded A-submodule
AN of M is S-finite, i.e. there exist an s € S and homogeneous elements x1, za, ..., z,
in AN such that sAN C Az + Axs + -+ Ax,. C AN. We may assume that each
z; is a homogeneous element of N, say x; € Ner;p,, = N N Mg, ,, for some h; € H
and some k; > 0. Put k& = maz(ky,ke,..., k) and L = @le(@heH Neip) =
@le Neig. Since M is a G-graded S-Noetherian A-module, so by Theorem 3.11,
each My is a G-graded S-Noetherian Ap-module. But then each Ny is a
G-graded S-Noetherian Ap-module, and so by Corollary 3.9, L is a G-graded
S-Noetherian Ag-module which implies that there exists an s’ € S such that
s'L C F C L for some finitely generated graded Ap-submodule F of L generated by
a set of homogeneous elements {y1,%2,...,yp}. Let © € h(N). Then x € Ny, for
some j > 0 and some h € H. Write sz = a121 +asxa+- - -+ a,2,, where a; € h(A).
Then we have &'h = deg(a;)€*h; which implies that deg(a;) = &~ Fhh; ! for
all i =1,2,...,r. Soif j >k, then a; € AT for i = 1,2,...,7. This implies that
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st € ATz +Atag+- -+ ATz, Alsoif j <k, then s’z € F. Therefore we conclude
that ss'z € ATay +Atwo+- -+ ATa, + ATy + Atys+- -+ Aty, since Ay C AT,
Consequently, ss'N C ATay+Atao+-- -+ ATz, + ATy + Aty +-- -+ ATy, C N,
and so N is S-finite. Hence M ™ is a G-graded S-Noetherian AT-module. O

Lemma 3.25. Let M be an S-finite G-graded A-module, where S is a m.c.s. of
Ae. If M is a G-graded strong S-Noetherian A-module, then M™ is a G-graded

strong S-Noetherian A" -module.

Proof. Since M is S-finite, there exist s € S and z1,9,...,2, € h(M) such that
sM C Axy + Axg + - -+ + Ax,.. Suppose deg(z;) = Ehihg e, x; € Mgk, p,, for some
h; € H and some k; > 0. Let Ny C Ny C --- C N,, C --- be an ascending chain
of G-graded A*-submodules of M. Then AN; C ANy C --- C AN, C --- is an
ascending chain of G-graded A-submodules of M. Since M is a G-graded strong
S-Noetherian A-module, there exist an s’ € S and m > 1 such that s’AN; C AN,,
for all # > m. Now let z € N; be a homogeneous element. Then s’z € s’AN; C
AN,,. Write ss’x = a1x1 + aszs + -+ + a,x,, for some a; € h(A). Since ss'z is
homogeneous, we can assume that each a;x; is a homogeneous element of AN,,.
Also since 2 € N; is a homogeneous element of M ™, then € N; N My, for some
j > 0 and some h € H. Consequently, &h = deg(a;)¢* h; which implies that
deg(a;) = &~ Fhh;* for i = 1,2,...,r. Put k = mazx{ky, ka,..., k. }. Soif j >k,
then a; € AT for i = 1,2,...,r. This implies that ss’z € N,,. Suppose j < k, then
j€{0,1,2,...,k —1}. Since M is G-graded strong S-Noetherian, so by Theorem
3.14, M¢ip is a G-graded strong S-Noetherian Ag-module for i =0,1,2,...,k—1.
Also, since N; is a G-graded AT-submodule of M+ and Ay C AT, so each N; is
a G-graded Apg-submodule of G-graded Agy-module M. Consider finitely many
ascending chains Ny N Mgy € No N Mgeyg € -+ C Ny N Mgeyr € -+ of G-graded
Apg-submodules of Mgy for i = 0,1,2,...,k — 1. This implies that there exist
s, € S and jy > 1 such that s,(N; N Mgry) € Nj, N Mgy, for all i > j,, for
t =0,1,2,...,k — 1. Put s” = sps182...8x—1 and j' = maz{jo,j1,--»Jk—1}
Then s”(N; N Mgtg) € Njy N Mgig, for all t =0,1,2,...,k—1, for all i > j'. Thus
if € Mgy, for j < k, then s"x € s”"(N; N Mgjy) € Njv N Mgjg. This implies
that sz € Nj. Put " = ss's” and p = max{m, '}, then s’z € N, for all
z € h(N;) and so s"'N; C N, for all i > p. This implies that M " is a G-graded
strong S-Noetherian A*-module. O



GRADED S-NOETHERIAN MODULES 101

Lemma 3.26. Let M = M7 be a G-graded A-module and S be a m.c.s. of A..
If N C K C M are H-graded A-submodules of M such that sK~ C N~ for some
s€ S, then 'K C N for some s’ € S.

Proof. Since N and K are H-graded submodules of M = &, ., M), so we
can write N = @hEH N(h) and K = @hGH K(h)7 where N(h) = M(h) N N and
K(h) = M(h) N K with N(h) - K(h) for all h € H. Now sK~ C N~ yields that
sK(Nh) C N(Z) for all h € H. Also, since M = M™ and N1y, K1)y are submodules
of Z-graded A(.)-module M) = @ZZO Megip, so by Lemma 3.16, s'K () € Ny for

some s’ € S and for all h € H. Consequently, s’ K C N, as desired. O

Lemma 3.27. Let M be a G-graded A-module and S be a m.c.s. of Ae. If N C
K C M are H-graded A-submodules of M such that s(K N M*T) C NNM* and
s'K. C N. for some s,s" € S, then s"K C N for some s"” € S.

Proof. Since M = @, ;; M(1,) is an H-graded A-module, so we can write M+ =
Dren M(—;)v where M(J;L) is a Z-graded A?;)—module. Consequently, NN M+ =
e (NimyNM,)) and KNMT = @, ¢ (K nyNM(,)). Now s(KNMT) € NOM*
yields that s(Ky N M(Jz)) C Ny n M(T;) for every h € H. Also, K. C N.
yields that s'K) € N for every h € H. Now since Ny and Ky are A)-
submodule of the Z-graded A(-module M) such that ss'Ky € Ny, and
58" (K N M(J}FL)) C Ny N M(Z) for all h € H, so by Lemma 3.16, s" K,y C N,
for some s” € S and for all h € H. Consequently, s" K C N, as desired. O

Now we are in a position to characterize G-graded S-Noetherian modules in

terms of S-Noetherian modules. This result is a generalization of [18, Theorem?2.1].

Theorem 3.28. Let G be a finitely generated abelian group, M a G-graded A-
module and S a countable m.c.s. of A.. Then M is a G-graded S-Noetherian
A-module if and only if M is an S-Noetherian A-module.

Proof. If M is an S-Noetherian A-module, then by Example 3.2, M is a G-
graded S-Noetherian A-module. For the converse, assume that M is a G-graded
S-Noetherian A-module. Write G = Z" @T, where T denotes the torsion part of G.
We use induction on 7 to prove this theorem. If r = 0 or 1, then theorem follows
from Corollary 3.12 and Corollary 3.22. Assume theorem is true for groups of the
type Z" @ T, where © > 1. Consider the group G = Z"™' @ T’ and its subgroup
H =7"®T', where T" denotes the torsion part of G. Then M = @, .y M(3) is an
H-graded A-module. We claim that M is an H-graded S-Noetherian A-module.
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For this, let Ny € Ny C --- C N,, C --- be an ascending chain of H-graded A-
submodules of M. Then we obtain an ascending chain Ny N M+ C Ny n M+ C
-+ CN,NMT C-.- of H-graded AT-submodules of M*. Here we note that M ™
is both G-graded and H-graded At-module. Consequently, we have an ascend-
ing chain (Ny " M*T)Y C (NN MH)™ C -+« C (N, NMT)~ C - of G-graded
ATt-submodules of M*. Now since M is a G-graded S-Noetherian A-module, by
Lemma 3.24, M is a G-graded S-Noetherian A*-module. So by Remark 3.6(1),
M is a G-graded strong S-Noetherian AT-module. This implies that there exist
an s; € S and an index j > 1 such that s1(N; " M)~ C (N;NM+)~ for all i > j.
But then by Lemma 3.26, there exists an so € S such that so(N;NM+) C N;NM™*
for all 4 > j. Also, we have another ascending chain Ny C N, C---C N, C---
of G-graded A-submodules of M. Since M is G-graded S-Noetherian, there exist an
s3 € S and an index k > 1 such that s3N;  C Ni_ for all i > k. Put t = max(j, k).
Then we have so(N; " M+) C NyNM™ and s3N;_ C N;_ for all i > t. Therefore
by Lemma 3.27, there exists an s € S such that sN; C N; for all i« > ¢t. Thus
M is an H-graded strong S-Noetherian A-module, and so by Remark 3.6(3), M
is an H-graded S-Noetherian A-module. Hence by induction hypothesis, M is an
S-Noetherian A-module, as desired. a

For the case S = {1} of the result above, we obtain the following result.

Corollary 3.29. (cf. [18, Theorem 2.1]) Let G be a finitely generated abelian group.
Then M is a G-graded Noetherian A-module if and only if M is a Noetherian A-

module.

The next theorem provides a characterization of G-graded strong S-Noetherian

modules in terms of strong S-Noetherian modules.

Theorem 3.30. Let G be a finitely generated abelian group, M an S-finite G-graded
A-module, where S is a m.c.s. of A.. Then M is a G-graded strong S-Noetherian
A-module if and only if M is a strong S-Noetherian A-module.

Proof. The proof is on the same line by changing the use of Corollary 3.12, Lemma
3.24 and Corollary 3.22 by Corollary 3.15, Lemma 3.25 and Lemma 3.23, respec-
tively in Theorem 3.28. (I

As an immediate consequence, we have the following corollary.

Corollary 3.31. Let G be a finitely generated abelian group, M a G-graded A-
module, where S is a m.c.s. of A.. If M is a G-graded S-Noetherian A-module,
then M is a strong S-Noetherian A-module.
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For arbitrary abelian group G, the next theorem provides another characteriza-

tion of G-graded S-Noetherian modules in terms of S-Noetherian modules.

Theorem 3.32. Let A be a strongly G-graded ring, S a m.c.s. of Ae and M a
G-graded A-module. Then M = ®g€G My is a G-graded S-Noetherian A-module
if and only if M, is an S-Noetherian A.-module.

Proof. Suppose M, is an S-Noetherian A.-module. Consider the tensor product
A ® M, which is a G-graded A-module with grading A ® M, = @qeG(A ® M),
Where (A ® M)y =4, ® M, for all g € G. Then we have a short exact sequence

00— A, ®M —>A®M — A, ®M — 0 of G-graded A.-modules. Now
since A, ® M =~ M, as an A, module which is S-Noetherian, so by Proposition
3.8, A ® M is a G-graded S-Noetherian A.-module, and so G-graded S-Noetherian
A- module Also since A is strongly G-graded, so A ® M, =2 M as a G-graded A-
module by [17, Theorem 1.3.4]. Hence M is a G- graded S-Noetherian A-module.

The converse part follows from Theorem 3.11. (]

Corollary 3.33. If G is finitely generated, A is a strongly G-graded ring, S is
a countable m.c.s. of Ae and M is a G-graded A-module, then the following are

equivalent:

(1) M is a G-graded S-Noetherian A-module.
(2) M is an S-Noetherian A-module.
(3) M. is an S-Noetherian A.-module.

We next present an example which shows that the condition strongly graded in

Theorem 3.32 is not superfluous.

Example 3.34. Let G =7Z, A=7Z = Ag and M = ZEIN) (Direct sum of countable
copies of Z4) be a naturally G-graded A-module. Take the m.c.s. S = {3" :n > 0}.
Then My = Z4 is a G-graded S-Noetherian Ag-module but M is not a G-graded
S-Noetherian A-module.

Let A be a ring, S a m.c.s. of A, and B an A-algebra. Following [10], B is said
to be an S-finite A-algebra if there exist s € S and by,bs,...,b, € B such that
sB C Alby,ba,...,b,]. Also, recall from [1] that a m.c.s. S of a ring A is called
anti-Archimedean if N°,s*A NS # () for all s € S. The following theorem is a

generalization of [9, Theorem 2.38].
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Theorem 3.35. Let A be a G-graded ring, H a subgroup of G such that G/H is
finitely generated, and S an anti-Archimedean m.c.s. of h(Ag). If A is G-graded
S-Noetherian, then A is an S-finite Ag-algebra.

Proof. Assume G/H is generated by n elements. We prove this theorem by in-
duction on n. If n = 1, then G/H =< gH >= {¢*H : k € Z} for some g € G;
hence we can write A = @, Agrg, where Agvy = @) ey Agrp- By Theorem
3.11, each Agrpy is a G-graded S-Noetherian Ap-module, so if order of gH is
finite then by Corollary 3.9, A is a G-graded S-Noetherian Apg-module. Conse-
quently, A is an S-finite Ay-module, and therefore A is an S-finite Ap-algebra.
Now suppose order of gH is infinite. Consider the ideal I =< {{J,-oAgrn} >
of A. Then I is a G-graded ideal of A, and therefore I is S-finite. This implies
that there exist s € S and homogeneous elements x1,x2,...,2; € I such that
sI C Axy 4+ Azg +--- + Az C I. Suppose deg(z;) = gFih; for some h; € H and
some k; > 0 for all i = 1,2,...,j. Put K := mazx{ki,ke,...,k;}. By Theorem
3.11, each Agrpy is a G-graded S-Noetherian Ag-module, and so by Corollary 3.9,
L = @szl Agig is an S-finite Ag-module; hence there exist s’ € S and homoge-
neous elements y1,¥2,...,Ym € L such that 'L C Agy1 +Agys+-+-+Agym C L.
Consider the G-graded subring B = Ag[z1,%2,...,%,Y1,Y2,---,Ym] of A. Now
we induct on k to show (ss’)kAng C B for every k > 0. Obviously this holds
for every k < K. Suppose k > K and (ss')'A,;g C B for all i < k. Let
x € h(Agy), then x € I, in fact € Ay, for some h € H. This implies that
st € Ax1+Azo+- -+ Ax;, and so we can write sz = ayz1+axx2+- - -+a;x; for some
a1,as,...,a; € A. Suppose deg(s) = h' for some b’ € H. Since sz is a homogeneous
element of degree g¥hh’, we may assume that each a; is a homogeneous element
of A. Then we have deg(a;) = deg(x;)~'deg(sx) = g Fh; 'g*hh' = g* R hh'h;
hence a; € Ai-r, ;. By induction hypothesis, (ss)* *a; € (ss')* %A v,y C B
for i = 1,2,...,5. Consequently, (ss')*zx = s'(ss')* Laizy + s5'%(ss')*2aqze +
oo skiTLgi(ss')kkig ;€ B since s,s’ € S C h(Ay) C B. Hence by induc-
tion, (ss’)kAng C B for all k > 0. Also since S is an anti-Archimedean subset of
Ap, there exists an element t € (2 (ss’)*Ag N S such that tA g C B for all
k > 0. Similarly if we take I =< {{J,.o Agrnr} >, then using similar argument,
there exits ¢’ € S such that t’Ajry C B for all k < 0. Thus we conclude that
t'A C B = Aglx1,29,...,21,Y1,Y2, - - -, Ym); hence A is an S-finite Ap-algebra
which implies that statement of the theorem is true for n = 1. Now assume theo-
rem is true for n — 1, where n > 1. Since G is abelian, we can obtain a subgroup H'

of G containing H such that G/H’ is cyclic and H'/H is generated by n—1 elements.
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Then by Corollary 3.13, Ay is H'-graded S-Noetherian as S C h(Ag) C h(Ag/).
By induction hypothesis, Ag- is an S-finite Ag-algebra. So by the case n =1, A is
an S-finite Ap/-algebra. Hence by [10, Lemma 5], A is an S-finite Ay-algebra. O

In the next result, we prove Hilbert’s basis theorem for G-graded S-Noetherian

rings. This result is a generalization of [1, Proposition 9].

Proposition 3.36. Let A be a G-graded ring and S C h(A) an anti-Archimedean
multiplicatively closed subset. If A is G-graded S-Noetherian, then so is the poly-

nomial ring Alzx].

Proof. Since A = $,cqAy is G-graded, Alz] is also a G-graded ring with grading
(Alz])g = Agnlz] for every g € G, where h = deg(x). Let I be a graded ideal
of A[z]. Let J be the ideal of A consisting of zero and leading coefficients of
polynomials in I. First we show J is a graded ideal of A. For this, let « € J. Then
there exists an element f(z) € I such that f(z) = az™+ (lower terms). Write
=3 cq Qg Where ay € h(A). Then aya"™+ (lower terms) € I since [ is a graded
ideal of A[z]. Consequently, oy € J for each g € G and so J is a graded ideal of
A. Since A is G-graded S-Noetherian, sJ C (a1,as,...,a,) for some s € S and
homogeneous elements a1, as,...,a, € J. For each a;, let f; be an element of the
form a;z% + (lower terms) € I. Since a; is homogeneous, we can assume each f; is
homogeneous. Then the ideal I’ generated by the set {f1, fa,..., fn} is a graded
ideal of Alx]. Let d = maxz(d;). Let T be the A-submodule of Alx] generated by
the set {1,z,2%,...,2971}. Clearly, T is a finitely generated graded A-module and
so by Proposition 3.8, T is a G-graded S-Noetherian A-module. In particular T'
is S-finite; whence there exist ¢t € S and homogeneous elements g1, 92,...,9m € T
such that ¢tT C Agy + Aga + - -+ + Agm.

Let h(x) = ax*+ (lower terms) be any homogeneous elements of I. Then a € J,
and so we can write sa = Y ., u;a;, where u; € A. If k > d, then sh(z) —
S uif;xF=% € I and has degree less than k. Proceeding in this way, we can go
on subtracting elements of I’ from s'h(x) until we get a polynomial g(z) of degree
less than d, that is, we get » > 1 such that s"h(x) = g(z) + p(x) where p(z) € I'.
Consequently, s"h(z) € I’ +T. Now since S is anti-Archimedean, there exists
w € N;s'A. This implies that twh(z) € I’ + L, where L is the graded ideal of A[x]
generated by the set {g1,92,...,9m}. Thus twl C F C I, where F = I' + L is
a finitely generated graded ideal of Alx]. Hence A[z] is a G-graded S-Noetherian
ring. (Il
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Now we end this section by giving a characterization of G-graded S-Noetherian

rings which is a generalization of [9, Theorem 2.41].

Theorem 3.37. Let A be a G-graded ring, S an anti-Archimedean m.c.s. of Agp
and H a finitely generated subgroup of G. Then A is a G-graded S-Noetherian ring
if and only if A is a G/H-graded S-Noetherian ring.

Proof. Suppose A is G-graded S-Noetherian. Notice that A = EBgGT
a G/H-graded ring, where T is a transversal of H in G. Let I be a G/H-graded
ideal of A. Suppose H is generated by n elements. We use the induction on n.
If n =1, then H =< h >={h' : i € Z} for some h € H. Let b € I be a G/H-
homogeneous element of degree gH for some g € G. Write b = by, + by, +---+ b,

Ay is also

where 0 # by, € Agpr; and ki < kg < ... < ky,. Suppose order of h is infinite, then
gh¥i # gh*i for i # j. Consider the G-grading on the polynomial ring A[x] with
deg(z) = h. Consider the polynomial fj(x) = by, zkm=F1 4 by gbm=Fkz 4. 4 py
Since deg(by, x*m %) = ghkipFm=ki = ghkm 5o each by, z*=~Fi is a G-homogeneous
element of same degree which implies that fj(z) is a G-homogeneous element of
Alz] of degree gh*=. Consider the G-graded ideal I of A[x] generated by the
set {fo(x) : bis G/H-homogeneous element of I }. Now since A is G-graded S-
Noetherian, so by Proposition 3.36, A[z] is a G-graded S-Noetherian ring which
yields that I is S-finite. Then there exist s € S and G-homogeneous elements
far (%), fay(2), ..., fo, (x) € I such that sI C Alx|fs, () + Alx]fa,(x) + - +
Alz]fa,(z) C I; hence there exists f3;(x) € Afz] such that sfy(z) = B1(z)fa, (z) +
B2(@) far(@) + -+ + Br(@)fa (@), Put @ = 1, then fo(1) = b, Ai(1) € A, and
a; := fq,;(1) € h(A). Then we have sb = 31(1)a; + B2(1)as + - -- + B-(1)a,. Conse-
quently, sI C Aay + Aas + --- + Aa, C I, and therefore I is S-finite in this case.
Now suppose order of h is finite, say p. Then there exist unique g;,7; € Z such
that k; = ¢;p + r; where 0 < r; < p; hence we get i1,19,...,7 € {1,2,...,m} such
+b
proceed as above to show I is S-finite in this case also. Thus A is a G/H-graded

that r;, <, <...<r; <p. We can write b =1 + -+ by, and we can

7’7;1 T,;2

S-Noetherian ring. O
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