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ABSTRACT

The soft set theory is an affective mathematical tool to solve problems that involves uncertainties. Despite the development in
the theoretical structure of soft sets, researchers did not make consensus formulation of soft element. In this study the soft
ring is redefined by the help of soft operations which are based on a natural definition of soft element. This new soft ring
definition is compared with the soft ring definitions in the literature. Some examples, results and theorems are given to enrich
the concept of soft ring. Also soft topological ring structure which is a harmonization of soft ring and soft topology is studied
with some results.
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1. INTRODUCTION

Frequently solutions of real life problems are not possible with a precise and direct informational point
of view. Several models have been developed to date to cope with this complexity. Often these models
are not enough to identify the exact solution. The soft set theory is one of these models which was
defined by Molodtsov [1]. Soft set theory has excited attention since the year it was defined, due to the
freedom it gives to studies on parameters that is increase the application area of soft sets unlike other
theories. Some of fundamental soft set operations such as Or, And, Union etc. were introduced by
Maji et al in [2]. Soft topological structures were given in [3, 4, 5, 6, 7]. Aktas and Cagman introduced
and investigated the concept of soft group by taking universal set as a group and they also made a
comparison with soft sets and other set theories in [8]. After that soft group definition extended soft
ring by Acar et al in [9] and some related results about soft ring were derived by them. Another
approach to soft group notion was given by Ghosh et al in [10]. Moreover soft modules and fuzzy soft
modules were presented by Sun et al in [11] and Gunduz et al in [12].

In the meantime soft element and soft point structures were studied and discussed by some researchers
from different perspectives. One of them is Wardowski [13] who defined soft element which provides
soft topological structures resembles to pointwise topological structures. After this definition there
have been studies on soft topological and soft algebraic structures from an elementary point of view
such as [14] and [15] etc.

More combination of algebraic constructions and soft topological structures were studied by many
researchers such as [16, 17, 18, 19, 18] and [20]. For example, as an expected extension of the familiar
concepts of topological groups were given by Nazmul and Samanta in 2010 [21] and Tanay and
Cakmak [16] initiated the idea of soft semi topological groups. Later some improvements were added
to the notion of soft topological groups in [20].
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Tahat et al.in [18] introduced the concept of soft topological soft rings by applying soft topological
structures on a soft ring and another approach for soft topological rings was given in [17] by applying
the topological structures on a soft ring. In [19], the notion soft topological ring which is linked on the
soft topological structures over the rings directly, rather than on the topological structures over the
subrings were introduced by Tahat et al.

In this paper unlike the studies mentioned above, firstly, definition of a soft ring will be given from the
pointwise perspective. Then, definition of a soft topological ring and some theorems will be examined
as a result of this study. With this approach soft topological ring structure will depend on a soft
topology and a soft ring structure on a single soft set.

We referee for some basic definitions such as soft set, soft subset, intersection and union of soft sets,
soft empty set and soft element from [1], [2] and [7]. An application of the these mentioned definitions
is given by the following example.

Example 1.1. Mr. X and Mrs. X are deciding to move to a new city, they list the features of the city in
which they want to live as follows: Economy, Health, Security, City life, Culture and Art Activities.
Features of the cities give the parameter set E = {e;, e3, €3, €4, €5} Where e, e, e3,e4, €5 stands for
economy, health, security, city life and culture and art activities respectively. The universe U of cities
that they plan to move to are also listed as London, Paris, New York, Tokyo. Let’s define soft sets
(F,E) and (G,E) that describe each city with properties determined by Mr. X and Mrs. X
respectively.

(F,E) = {(eq,{London}), (e,, {Paris}), (e3, {New York, Tokyo})(e,, @), (es, D)}.
(G,E) = {(eq, {London, Paris}), (e,, ®) (e, {London, New York, Tokyo}), (e4, @), (es, )}.

The intersection of (F,E) and (G,E) is (F,E) N (G,E) =
{(e,,{London}), (e, ®), (e3, {New York, Tokyo}), (e4, @) , (es, D)}.

The union of (F,E) and (G,E) is, (F,E) U (G,E) =
{(e;, {London, B}), (e,, {Paris}), (e3, {London, New York, Tokyo}), (e4, @) , (es, ®)}.

The nonempty soft elements of (F, E) are
{(ey,{London}), (e, {Paris}), (e5, {New York}), (e3, Tokyo)}.

Empty soft elements of (F, E) are {(e4, D), (es, )}

Soft elements of (G, E) are,

{(e1,{London}), (ey, {Paris}), (e, @), (e3, {London}), (e3, {New York}), (es, {Tokyo}), (e4, ), (es, ®)}
(e2,9), (e4,9D), (es, D) are the empty soft elements of (G, E),

(e1, {London}), (eq, {Paris}), (e5, {London}), (e5, {New York}), (es, {Tokyo}) are nonempty soft
elements of (G, E).

Complement of soft set (F,E) is (F,E) ¢ =
{(e,, {Paris, New York, Tokyo}), (e, {London, New York, Tokyo}), (e5, {London, Paris}), (e4, U), (es, U)}.
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2. SOFT RING AND SOFT TOPOLOGY

2.1.Soft Ring

Definitions such as full soft set, operations on soft sets, properties of operations on soft sets and soft
group which are used in this article are taken from the paper [10]. Following the definitions above soft
ring definition can be stated as in the below:

Definition 2.1. Let (E, +4,"1), (U, +2,72) be two rings, A € E and F, € S;(U), (F, is a full soft set on
the universe U). Consider the binary operations F,; given on the soft set F, below. For all
(e1, {ur}), (ez, {u}) EF,.

(er, {usDF(ez, {uz}) = (e 416 {ug +our})

(er, {us D7 (e, {uz}) = (€11 €2, {uy 2 uz})
A soft set (F,, +,7) over (E, U) is said to be a soft ring if the following conditions are satisfied.

i) (F4, ) is a commutative soft group,
ia~(B7y) =(a*p) yforalla, B,y EF, .
i) a* (BFy)=(a*B) F(a“y)and (aFp)*y = (a*y)F(B*y) forall a, B,y EF,".

Example 2.2. Consider the soft set Fr defined by the set valued function F: E = Z, —» P (Z(\/i))

F(0) = {2n+2nV2:n € 7},
FO) ={2n+ @2n+ 1)V2:n € 7},
F(2) ={@2n+1)+2nvV2:n € 7},

FB)={@2n+1)+@n+1V2:n€eZ} over the rings (E, +1,1) = Zsy+"), U +22)=
(Z(V2),+,"). If we consider the soft elements of Fz (1,{2n+ (2n + 1)v2:n € Z}) and (3,{(2n +
D+ @n+1)V2inez)) then (I,{2n+(Cn+1)V2ineZHFGE,{Cn+ 1)+ (2n+1)V2ine
z}) = (0,{(2n + 1) + 2nv2:n € Z}) which is not belong to soft set F. So Fy is not a soft ring over
(E,U).

Example 2.3. Consider the soft set F defined by the set valued function F: E = Z, - P(M3(R)),
F(ﬁ) = {0343},

F(1) = {A: A upper triangular matrix} = Us. If one apply the operation F to the soft element
(i, U3)

(1, U3)¥(1,U;3) = (0, Us3) that is not a soft element of the soft set Fy.
Fg is not a soft ring due to F is not closed under the binary operation.

The soft ring definition which was given by [9] in 2010, is not related the definition stated in
Definition 2.1. We can deduce this conclusion in view of the fact that a soft set Fz which is given in
the above Example 2.3. is a soft ring according to the definition of soft ring stated in [9].

Example 2.4. Consider the soft set F defined by the set valued function F: E = Z, - P(U = Z,),

F(0) = {0,2}, F(1) = {0, 2}.
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One can observe from the tables below that soft operations are closed and F is a soft ring over (E, U).

ERIADITEE IO
(.00 | 0.0 [ (0.Z) [ L.OY [ (1.2}
(0.2) [ 0.2 [ (0.0 | T.{2) [ 1.0}
(LOY | (L) | (L2H | 0,00 ] 0.2
@) [ 1L2) ][ @) [ 0.2 ][ 0.0)

@[ @eH[@OH][@E
@000 [ (0,00 | @.00) | (@.{0) | (0.0}
@,2) [ (0,00 | @.00) | @.{0) | 0.0
(L0 [ (0,00 | @.00) | (T.{o) [ @0}
(L2) [ (.00 [ @.00 [ 1.{o) [ 1.0}

Definition 2.5. Let (Fg, ¥,7) be a soft ring. If there exist an element 1 € F; such that 1 = 1~ a, for
all @ € Fg, then F is called soft ring with identity.

Theorem 2.6. If E, U are rings with identities e, and e, and Fy, is a soft ring that contains soft element
(e1,{e2}), then (eq, {e;}) is the soft identity element.

Proof. Straightforward.

Definition 2.7. Let (Fg, ) be a soft ring. If a*p =p~a, for all a,p € Fg,then Fg is called
commutative soft ring .

Example 2.8. The soft ring Fg given in Example 2.4. is a commutative soft ring.
Note 2.9. If E and U are commutative rings so is Fg, that is defined over (E, U).

Theorem 2.10. If (Fg, ¥,9) is a soft ring with additive identity 0, then for any y, 8 € Fg, we have

7 0=
(- ) B=-Ur*pB)
-B)=v* B

Proof: i) 0 is the soft identity for the operation F and it can be written as 0y = (0F0) 7 y. From the
right cancellation law 07 y = 0 is satisfied. The other side of the equality can be done similarly.

i) Let us prove that y * (=) is the inverse of y * B according to the F

v BT B=y ((=B)FB)=y70=0
The other side of the equality can be done similarly
The last condition of the theorem can be done similarly.

Definition 2.11. Let (Fg, ¥,°) be a soft ring and Gz € Fg. If Gy is closed under the operations of Fy
and satisfies the conditions given in the Definition 2.1. then (Gg, ¥+,) is called a soft subring of

(FE' :T_":)'

Example 2.12. Consider the soft subset B = {0} € Z,. Gy = {0,{0, 2}} of Fy given in Example 2.4.
Then (Gg, ¥/7) is a soft sub ring of (Fg, 7).
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Theorem 2.13. If (F,, /) is a soft ring over (E, U) then
i) A is asubring of E,
i) UgeaF(e)isasubring of U.

Proof. i) Ghosh et. al. proved that A is a subgroup of E, in [6]. So to show that A is a subring of E, we
prove that e; -1 e; € A, for each e;, e; € A. Assume that e;, e; € A since F, € S¢(U) there exist uy, u; €

U such that (e;, {uy}), (ej,{ul}) € F,. Also (ei,{uk})T(ej,{ul}) = (ei ‘1 €, {ug 2 ul}) € F, which
proves e; - e; € A.

ii) The proof can be done similar with condition i).

Theorem 2.14. Let (F4, ¥,°) and (Gg, F,°) be soft rings over (E, U).

i) If Fy N G € Sp(U) and AN B # @ then (F4 N Gp, +/7) is a soft ring over (E, U).

i) 1fF,UGp € S;(U) and F4 € G or Gy € F, then (F,UGg, F) is a soft ring over (E, U).
Proof. Straightforward.

Definition 2.16. Let (F,, ¥,7) be asoft ring and @ # G € F,. If G satisfies the following conditions

i) forally,p € Gg, y+p € Gg,
ii) forallE€F,andforally € Gg,y*B € Ggand B~y E Gp,

then Gy is called a soft ideal of F,. In particularly, if for all 3 € F, and for all y € Gg,, theny < B € Gg
is said to be a soft right ideal of F, and B “y € Gg then Gy is said to be a soft left ideal of F,.

Note 2.17. The soft ring (F,4, ¥,) and Gy = {0} where 0 is the identity of F, according to the binary
operation ¥F are soft ideals of F,.

It is clear that if (F,4, ¥7) is a soft ring with an identity T and Gy is the soft ideal of F, then Gg = F,.
Every soft ideal is a soft subring but the converse side is not true in general.

Example 2.17. Consider the Example 2.4. Take the soft subset G5 of F; where (0) = {0,2}, G(1) =
@, is an soft ideal of F.

2.2.Soft Topology

Soft topological structures are studied by many authors with their own approaches. In this subsection
definitions and some several properties about the soft topological spaces are reminded, which is going
to be used in the third section. The essentials of the theory of soft topological structures were
introduced by Roy et al. [10].

Example 2.18. [3] Let U = {uy,u,, u3}, A = {p1,pz} and Fy = {(py, {uy, uz}), (p2, {uz, us})}. In that
case all soft subsets of F, are listed below.

Fjl = {(p1, {u D},
FAZ2 = {(p1, {u1}
FA33 = {(p, {w1, w2}

F/t = {(p2, {u2)},
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Er. = {(ps, {us)}
Ep = {(p2, {uz, us})},
Ff, = {1, {ws}), (p2, (w21},
Fiy = {1, i), (02, {us)},
ER, = {1, (w1]), (02, {uz, us )3,

Fip = {(p1, {w2]), (02, {u2)},

Eil = {1, {u]), (2, {ush},

12 = {(p1, {u2}), (2, {uz, usp},
A13 = {(p1, {u, uz}), (P2, (w2}

A14 = {(p1, {w1, u2}), (P2, {ush)}

Then &5 = {@, F}, & = {Fi,FZ, ... FAS }, T3 = {@, Fs, FZ , Fi1, Fi$} are soft topologies on F.

Definition 2.19. [14] Let (F4, T) be a soft topological space and (ej, {uz}) € F,. Given soft subset G
of F, is said to be a soft neighborhood of (ej,{ul}), if there exist an open soft set H, such that
(e, fw}) € He € Gp. N, o) is symbolized the all soft neighborhoods of the soft element (e, {u;}).

Example 2.20. [14] Let F, be the soft set and 73 be the soft topology on F, given in Example 2.18.
The set of all nonempty soft elements of F, is

Fp" = {(p1, (1)), (p1, {u2}), (P2, {u2}), (2, {us 1)} For the soft element (py, {u1}) & Fy, the soft sets
containing (py, {uy}) are Fy, F4 ,F3,F{ ,F5, Fi, Fi> and Fit

Ny = {Fa, FA2 } is aset of all soft neighborhoods of (py, {u4}).
N, u,p = {Far FZ, Fil, F43 }is a set of soft all neighborhoods of (py, {u,}).
N, tupp) = {Fa, Fi2} is a set of all soft neighborhoods of (p,, {u,}).
N, tusp = {Fa FA2 } is a set of all soft neighborhoods of (p,, {u3}).

Proposition 2.21. [14] Let (F,, T) be a soft topological space. A soft set Gz € FA is soft open if and
only if for each soft element a € G there exists a soft set H. € % such that a € H, € Gp.

Definition 2.22. [14] Let (F,, ) be a soft topological space and Gz € F,. The soft topology on Gg
induced by the soft topology 7 is the family of 7, of the soft subsets of G of the form

T B ={HCﬁGB:HC Ef}
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One can prove that the family 7, is a soft topology on Gg. The soft topological space (Gg,T¢,) is
called a soft topological subspace of (F,, 7).

Definition 2.23. [14] Let (F,4,T;) and (Gg,T,) be soft topological spaces and S = {FAL-xGBj:FAi €
71,Gp,; € 7,}. The collection T of all arbitrary union of soft elements of 3 is called the soft product
topology over F,; X Gg.

3. SOFT TOPOLOGICAL RING

The structure of the topological ring is more improved in comparison with the concept of a topological
group. Also theory of topological rings has several characteristics in common with the theory of
topological groups. In the soft set theory, it would be similar. The soft topological group was defined
by Polat et. al. in [18] in 2018.

After searching literature on soft rings and soft topological rings reader can deduced that the soft ring
structure used the refer to a soft set F, over a ring U such that F(x) is a subring of universal set U, for
every x € A and the soft topological ring studies based on this soft ring definition defined in [9]. The
soft ring definition is redefined in this study. Purpose of this study is to combine soft ring and soft
topological space structures on a soft set.

Definition 3.1. Let (F4, ¥,°) be a soft ring and define a soft topology  over F,. If the following three
conditions are satisfied then (F,, ¥, %) is called a soft topological ring.

i) For each soft neighborhood Gz of the soft element (e;, {u,DF (ej,{ul}) there exist soft
neighborhoods H of (e;, {ux}) and K, of (e;, {u;}) satisfies that H.FK, € Gp.

ii)  For each soft neighborhood Gy of the soft element (e;, {ux})~! there exist a soft neighborhood
H, of (e;, {u}) such that H. ™! € Gp.

iii)  For each soft neighborhood Gy of the soft element (e;, {u,})* (ej,{ul}) there exist soft
neighborhoods H of (e;, {ux}) and K, of (e;, {u;}) respectively satisfies that Hc * K, € Gp.

Note 3.2. If (F,, +,5,7) is a soft topological ring then (F,, +, %) is a soft topological group. Therefore,
every property given for soft commutative topological groups is valid for soft topological rings.

Theorem 3.3. Let (F,, ,7) be a soft ring and define a soft topology £ over F,. If the conditions given
in below are satisfied,

i) For each soft neighborhood Gy of the soft element (e;, {u,})+ (ej,{ul})_l there exist soft
neighborhoods Hy of (e;, {u;}) and K, of (e;, {w;}) respectively satisfy that H-¥K, ™' € Gp.

ii)  For each soft neighborhood Gz of the soft element (e;, {u;})* (ej,{ul}) there exist soft
neighborhoods H of (e;, {ux}) and K, of (e;, {u;}) respectively satisfy that Hc * K, € Gp

then (F,, ¥,5, ) is a soft topological ring.

Proof. The proof is obvious from the continuity of composite function.

Example 3.4. [14] Let E = {eq,e,}, U = Z, be the classes of residues of integers module 4. E is a
ring defined with the operations +, -. Tables of the operation +, - on E are given as in the below.
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+ e, | e : €1 | €
1 €1 € €1 €1 €1
) €1 €z €1 e

Define a soft set F: E — P(U) by Fz = {(e1,{0,2}), (e;,{1,3})}. The table of the operations F and *
on the soft set F given as;

T [ (enl0) | (0 @D | (0D | (0, 13D
(e, 100 | (e, 10D | (e (2D | (0, @D | (2, 3D
(e0 @D | (0D | (0, (0] | (23D | (oo, (1))
(e 1) | (2, (0D | (23,3 | (3, 12D | (e, (0}
(e2 33 | (2,03D) | (e (1) | (21, 10D | (ew(2D)

" [ en (0D | (e, 2) | (2, (D) [ (e2, 3D
(e, 10D | (e2,10)) | (21, (0)) | (1, 10)) | (o1, (OD)
(e, 2) | (2, 10) | (1, 0) | (1, (2) | (1, D)
(22, (1) | (e, (0)) | (e, (2) | (0 (1)) | (21, (3D
(e2,B3)) | (e2,00)) | (o0, (2)) [ (2, 3)) | (o2 (1))

In this example one can easily prove that (F,, ¥,7) is a commutative soft ring with a soft identity
element (e,, {1}). Consider the soft topology ¥ = {@, F,, Fi, FZ,} Where soft subsets of F, are given
as; Ff, = {(e1,{0,21)} and F£, = {(e,, {1,3})}. Then (F,, ¥,7,7) is a soft topological ring over (E, U).

Theorem 3.5. If (F,,F,,%) is a soft topological ring and Gg is a soft subring of F,, so is
(Gp, ¥ %6, )-

Proof. Straightforward.

4. CONCLUSION

The soft set theory has wide field of study in different fields especially for the mathematicians in the
algebraic and the topological structures. In this paper soft ring and soft topological ring structures are

given from the soft element viewpoint which is very naturel approximation. For further studies the
other algebraic structures can be studied by the similar viewpoint.
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