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Abstract
In this study, we considered with the time fractional WKI equation, Lie group analysis method are

applied to frational WKI equation with the Riemann-Liouville derivative. The invariance properties of

this equation were found. Besides we present corresponding infinitesimal generators for the WKI

equation. And then the symmetry reductions are constructed with the Erdelyi-Kober fractional operator.

Furthermore, we calculate Lie point symmetries associated the nonlocal conserved vectors utilizing the

new conservation theorem method for two different cases of time fractional.
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1 Introduction

Motion of inextebsible plane curves in Euclidean
space are given by the modified Korteweg de Vries
(mKdV) equation

3 2
ke + koss + (5) Kk
=0

where k is the curvature and s is the arclength of
the curve. The plane curve motion flow is governed

by [1].
1
” =—ksn—§k2t

here y denotes the curve, n and t are the normal
and tangent vector fields, respectively. Assume that
this flow can be shown as the graph (x, u (x,t)) of
some function u on the x-axis. Using the fact that
the normal speed of the curve y, u,/(l+u?)"? is
given by —k,, one finds that u satisfies the famous
Wadati-Konno-Ichikawa (WKI) equation [2].
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Wadati et al. found that WKI equation is solvable in
the WKI scheme of the inverse scattering method
[3,4]. This WKI-scheme for u is connected to the
AKNS-scheme for k by a gauge transformation
explicitly displayed in [5]. Furthermore Qu et al.
have studied the group-invariant solutions of the
two-component WKI equation and its similarity
reductions to systems of ordinary differential equa-
tions were also given [6]. Besides they have con-
structed conservation laws in another work [7].

In recent years, fractional differential equations
(FDEs) has attracted due to an exact description in
complex phonemena in various applications such
as control theory, signal processing, fluid flow,
population dynamics, fractional dynamics. Many
powerful and efficient methods have been devel-
oped to obtain exact solutions of FDEs [8-13]. One
of them is Lie gorup analysis method and it is well
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known that this method plays an important role to
analyze, finding exact solutions and constructing
conservation laws. Lie symmetries of integer order
differential equations have been studied by many
scientists [14-18]. But studies about the invariance
properties of FDEs are quite new.

For example J. Hu et al. [19] considered the frac-
tional KdV type equation and obtained a group of
dilation. Utilizing the dilation symmetry they have
reduced to an fractional ordinary differential equa-
tion with Erdelyi Kober operator. In Ref. [20], the
authors have made an attempt to extend the Lie
group analysis and constructing conservation laws
to FDEs.

In this paper, we perform the Lie gorup analysis
method and construct the conservation laws for
nonlinear time fractional WKI equation,

a _

Where u,” =D u denotes the modified Riemann-

u

XX

m] y 0<O{<2,

Liouville fractional derivative of order « with re-
spect to the variable t and defined by,

t

1 EIU(T)_U(O), O<a<l
Diu=4 I'l-a)dty (t-7)°
[u® @®]“™, n<a<n+l, 1<n

and Euler Gamma function T'(c)is given by the

integral,
I'(o) = Ie’tt"’ldt
0

The outline of this paper is organized as follows: In
Section 2, a brief description of invariant group
analysis method is given for FPDEs. In Section 3 we
employ symmetry analysis and similarity reduction
for fractional WKI equation. In Section 4, conserva-
tion laws of Eq.(1) were constructed by Ibragimov
method. Consequently, main results are summa-
rized.

2 Lie Symmetry Theory

In this section, we give the general procedure to
find Lie point symmetries for time FPDEs which

CBU J. of Sci., Volume 13, Issue 1, 2017, p 55-61

include two independent variables and one

dependent variable [21].

Let us consider that a nonlinear FPDE including
two independent variables x and t is given by,

80(

FX,t,uu,u,,Uy,...) 2

a

We suppose that equation (2) is invariant under
the continuous transformations,

t" =t+er(x,t,u)+0(g?)

X = x+&E(x,t,u) +0(s?)

u =u+en(xt,u)+0(?)
o“u”/et™ = 6"u/ot” +en™(x,t,u) + O(&?)
Al /ax™ = 8™u/ax™ + en™ (X, t,u) + O(&?)

®)

where ¢ is the group parameter and &,z,7

(1)(1re infinitesimals and the extended infinitesimals of
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order three are given by the prolongation formula
(see [22])

’7)( = Dx(’])_uxDx(é:)_uth(T)v

n" =D, (") ~uD,(r) —u, D, (£), (4)

ﬂxxx — Dx (ﬂxx) — Uy, Dx (T) — Uy Dx (ég)l

Here D, denotes the total derivative operator and

is defined by
D, =£+uxi+uxxﬂ+...
X ou ou

with the associated vector field of the form

X =5(x,t,u)%+r(x,t,u)§+77(x,t,u)a%, (5)

Now for the invariance of Eq.(2) under Eq.(3), we
must have

PriedX (A)],,,=0,
where

Az%—F(x,t,uu u,,u

TEX T TIXXT XXX

)

The « th extended infinitesimal related to Riemann-
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Liouville fractional time derivative, which reads
(see [22] ):

=D () +&D7 (u,) =D (S u,) + D7 (D (7))
—Df**(zu) + 7D (u).
where the symbol D shows the total fractional
derivative operator.

By utulizing the generalized Leibnitz rule in the
fractional sense

D [u(t) v(t)] = i [f}‘j D " u(t)v(t), a>0, (6)

in which

-

Thus from Eq.(6), we expressed 7> as follows:

a n a-n
th (&) D" w,)

a
n

(D" ol (n-a)
I'l-a)(n+1)

0

-2

n=1

[ . )Dt””(r)ot”(u)
n+1

- D" o“u

>

n=1

)

Generalization of the chain rule for a composite
function of the form

LSO S5 e etaor Y @
Further, employing the chain rule(8) and the

generalized Leibnitz rule (6) with f(t)=1, a-th
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the Eq.(7),
o ou oy,
g = ati”(m —UtDt(T))at at’Z, +u

a

2

Definition: In Ref.[13], u=6(x,t) is an invariant

(n J "*l(r)}D“(u) z[ JDF(;) D" (1)

solution of Eq.(2) related to the infinitesimal
operator (5) if and only if

1) u=6(x,t) satisfies Eq.(2).
2) u=0(x,t) is an invariant surface of (2), in other
words,

0= Lé(x, t,u) % +7(X, t,u) % +n(x,t,u) %j o(x,t) =0.

3 Lie Symmetry Analysis and Reduction of
The Time Fractional WKI Equation

In the previous section, we have given some
preliminaries about the Lie symmetry method on
the FPDEs. In this subsection, using the above
discussion and the Lie theory, we employee the
time fractional WKI equation

3u u 3
(1+u )

1 u XXX

u —_—
Co2@+u?)’

a

©)

According to the Lie point theory, applying the
prolongation Pr*?X to Eq.(9), we can arrive at the
following invariance criterion,

prolongation formula becomes . 3uu,  24uu? 3u, 2 )
on  ou ot =[(a)e T e arudy  arud) )"
a 77 nu 77u a-n X X X
D = +n,——-U—+ D" (u) |+
c =2 len S e Z{[nj L p ()} u
6uXuXX XX XXX — 0 (10)
Where (1+u ) 2(1+ux2)3 77 '
n m k-1 1 tn—a
ﬂ —
nZ;rnZ;kZ;‘rZ(; k'r(n +1-a) Substituting (4) and (7) into (10) and we get a
m 8n—m+k polynomial in terms of some derivatives
r —
[—u] F r]atnTank U,,U,U,...and dependent variable u. Then let the
u

Therefore we obtain the explicit form of 772 from
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coe¢ cients of u,,u,,u equal to zero. So we get

Xx 1t

some of determining equations:

77UU :TU :szgu :é :gXXZO’
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2§u — 1y 207
1 3

—Zan +2& =0,
zaz-t Zé:x

2n, -5 +ar, =0,

[a]a 77u _( [24 \JD[n+lz_:0’
nj ot n+1

The special solution of determining system helps
us to obtain the coefficient functions. Solving these
equations consistently with the help of package
program, we obtain the following forms of the
coefficient functions,

for n=1,2,...

&=citcaax, Tt=3cst, TM=cf(f)tcsau.

where c; and c; are arbitrary constants. Hence the
infinitesimal operator becomes
0
+3tc, —
ot

0 0
X :(axc3+cl)& +(czf(t)+auc3)a.

Thus, infinitesimal
parameter Lie group of point symmetries of the
Eq.(1) are,

15}
X, =2,
Loox

generators of every one

o
X, = f(t)—,
2 ()8t ou

For the X3

corresponding characteristic equation is given by

symmetry  generator

o _dt_du
ax 3t au’

which solving them yields the corresponding
invariants

Q=xt?, u= t%qﬁ(Q).

Using the above invariants we yield a special a
nonlinear ODE of fractional order. We will prove
the following theorem corresponding this case.

Theorem: The transformation

u=t'¢(Q)along with the

similarity
similarity variable

Q =xt* reduces the time fractional WKI equation
to the nonlinear ODE of fractional order,:

O S - (3 L
(P s)@-, 2L @Yy Wy
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—3tﬁ+axi+aui.
ot OoX

(11) at*

(12) ;—nn[t”*%” (Kig) @ |-
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with the Erdelyi-Kober fractional differential
operator [22].
(7o) =11 o)1)
P“p) = (r+]——Q j K, " 9)(Q),
/ Bde)t
B [¢]+1, ae¢N,
- a, aeN,
where

#(Q), a=0,

is the Erdelyi-Kober fractional integral operator.

a>0,

Proof: In ordet to obtain more general applicability,
we get n-l<a<n; n=1,2,3,.. Then the Riemann-
Liouville fractional derivative for the similarity

transformation Q=xt*, u= t%¢(Q) one can get

o“u o -
Pe at“[l"(n— )I(t S) SiP(xs™ )ds}

(14)

Let v=t/s one can have ds=—(t/v’)dv . Then the
Eq.(14) can be expressed as

aaU _ 0” tn-%’
ot ot"

If one uses the
fractional integral operator (13),

0 _q\n-a-1 —(n+1—%’) «
Ty Y e )dV}-(ls)

definition of Erdelyi-Kober
then Eq.(15)
becomes,

o“u o" n—22 1+7 n-a

(<) @]
In order to simplify the above equation we consider
the relation,

(16)

Q=xt*,$peC0,0) =

0 5
taqlf(ﬂ) =tX(— 3j $(Q)= ——Q ¢(Q) A7)

So, we obtain

Al (o)



CBU Fen Bil. Dergi., Cilt 13, Say1 1, 2017, 55-61 s CBU J. of Sci., Volume 13, Issue 1, 2017, p 55-61

O" | nezea 20 a . 0 K g so it means that Eq.(1) can not be constructed
=S| U - Sas (KE )@ | s ot - constr
ot variational principle of least action with a

Lagrangian depending on the variables x,tu. To
Repeating the similar procedure for n-1 times, we  gxceed this restriction Ibragimov introduced formal

have Lagrangian structure and gave the new
O [z e "0 [ oz conservation theorem. In accordance to this method
ﬁ[t ’ ( ¢)( )} ot [a(t i ( ¢)(Q))} , the formal Lagrangian of the fractional WKI
equatlon is given by
, 1 u 3u,’u
an 1 n—%“—l 20! a a 1+7n a L W(X t)|:U _ - XXX + XX X :|l
e {‘ (”‘?‘Egaj( ‘/’)(Q)} 2@+uly @rudy
,, -1 20 d . Here, w(x,t) is a adjoint variable. Considering this
==t (1__+ j——Q—j(K;? a¢) (). formal Lagrangian, an action integral is
i<0 3 3 dQ)\ = granglan, 8

.
Now using the definition of the Erdélyi-Kober IIL(t,X,u,W, D, u,,...)dxdt.
fractional differential operator given in (12), the 0¥

above equation can be written as Agrawal developed the fractional variational
" [nte [, vana i (i approach and one can find the Euler--Lagrange
o [t ’ (Ka ¢) (Q)} =t ( 2 ¢) (€. operator with respect to u has the form [24],
6 0 0 ays O , 0 3 0
Substituting the expression (18) into (16), we obtain 5, = au X ajL (BF) oD u +D, a_ D, au, '

an expression for the time fractional derivative
where (D,%)"is the adjoint operator of (D). For

:t,z;( :ﬁ a¢) (). the Riemann-Liouville fractional differential
operators,

(D) = (D" (D) = br

o“u
ata

Thus we find that time fractional WKI equation
reduces into an fractional order ODE

"2 g where
()@ Gy e R
|thlu(x't) = J‘ U( :1)_?+a de, n= [0{] +1,
The proof is completed. F(n-a); (0-1)

4 Conservation Laws is the right sided time-fractional integral of order

n—a and Dy is the right sided Caputo operator

Now we construct a conservation law for Eq.(1) of fractional differentiation of order a.

in the same way as it defines for the integer order

differential equations. Namely a vector T =(T"*,T") As in stated [24], the adjoint equation is similarly

satisfying to the case of integer order nonlinear differential
equations, so we have the adjoint equation to the
D,(T*)+D,(T")=0 time fractional WKI equation as Euler--Lagrange

fOI all S()[lll O f E I 1s kn equat]() 1

vector of Eq.(1). Note that Eq.(<ref>1.1</ref>) with 5L ool U U,
. . . . . =F =(D)'w

the Riemann-Liouville fractional derivative can be 5u 2 (1+ u, )

rewritten in the conserved form with,

Fractional WKI equation involves only fractional
T =D/ 1(0|n v, Tr= U - derivative with respect to t, thus x-component
@+uy) conserved vector can be detemined by the formula

Eq.(1) does not have a Lagrangian in classical sense for the integer order PDEs. The operator T"is given

59
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by

24 2 2 2
T, =(u—xu, —3tu,)| w 3”*“*;*4 _ uz”s + BUXXZ Z
@+u”)" @Q+u’) @+u)

oL oL SsL
X _ y= = 2
T =W, Su +D, W) Su +D, (W) Su (20) 3wuu,,  24wulu,’ 3wu,’ W,
X XX XXX - - -
@+u®* @+u’)®  @+ud*t 2(+u?)’
Swuxuxx W, 1 W(_uxx — XUy _3tu><xt)
and W, Lie characteristic function is (XU, -3ty ) Lrul) 204’y | 2 L+u 2y

W=p-us-ur

t 1-a
Riemann--Liouville time-fractional derivative is 1s =l “(au—axu, —3tu)w-J(au—axu, —3tu,w,).

. t
used in Eq.(1) so the operator T takes the form When «a€(L2) effecting these values into the

oL
o(Du)

TiIZHZA(_l)thzz—lkaVi)Dtk —y J[Wi,D" oL j(m) vector components (20,21) we can get the
k=0

' 9(Dfu) components of conserved vectors of Eq.(1).

T =-Df Hu )w— 17 (u)w, + I (u,,w,),
where ] is the integral

10,0 = s | [ g

T, =D M (fEO)w+ 177 (f©)w, — I (f(t),w,),

(n—a) (=0 : T, = Df*(au —axu, —3tu, )W+ 17 (au —axu, —3tu,)w,
-J(au—axu, —3tu,, W, ).
As in determined previous section fractional
WKI equation admits three infinitesimal generators

0

X =
toax

0 0 0 0

X, = f(t)a, X3:3ta+axg+aua. 5 Conclusion

In the present study, we illustrate the applica-
and the corresponding Lie characteristic functions tion of Lie group approach to investigate the time
are found as follows: fractional WKI equation. It is obtained that Eq.(1) is
spanned by three vector fields and we obtained
symmetry properties, similarity reduction forms.
When « € (0,1) effecting these values into the Based on the symmetry generators, we have shown

W =-u, W,=f({), W,=au-axu, —3tu,.

vector components (20,21) we can get the that this equation can be reduce to a nonlinear or-
Components Of Conserved vectors Of Eq(l) dinary differential equation Of fractional Order Wlth
the Erdelyi-Kober fractional operator.

1
X _ 3 2y 2
- 2(+u ) [U Wi U WL+ UT) = Wl (1 U7) Besides we considered nonlocal conservation
X
2 theorem method for constructing conserved vec-
—6wu,u,” +uw,_], . '
tors. This method ensures that conservation laws
T =-1""(u)w-J(u,w), are obtained if the generators of the equation are
known. In this way we obtained six conserved vec-
T.X _ T Ow, tors for values of a; using each symmetry genera-
2 273 !
21+u) tors .
T, =17 (fFO)w-JI(f 1), w), 6 References

[1] Nakayama, K.; Segur, H.; Wadati, M. Integrability
and the motion of curves, Physical Review Letters. 1992;
69(18), 2603.

[2] Chou, K. S;; Qu, C. Integrable equations arising from
motions of plane curves. Physica D: Nonlinear Phenom-
ena. 2002; 162(1), 9-33.

60



CBU Fen Bil. Dergi., Cilt 13, Say1 1, 2017, 55-61 s

[3] Wadati, M.; Konno, K.; Ichikawa, Y. H., A generaliza-
tion of inverse scattering method. Research Report. 1979;
381, 1-6.

[4] Wadati, M.; Konno, K.; H. Ichikawa, Y., New integra-
ble nonlinear evolution equations. Journal of the Physical
Society of Japan. 1979; 47(5), 1698-1700.

[5] Ishimori, Y. A relationship between the Ablowitz-
Kaup-Newell-Segur and  Wadati-Konno-Ichikawa
schemes of the inverse scattering method. Journal of the
Physical Society of Japan. 1989; 51(9), 3036-3041.

[6] Chang-Zheng, Q. Ruo-Xia, Y.; Zhi-Bin, L. Two-
Component Wadati Konno Ichikawa Equation and Its
Symmetry Reductions. Chinese Physics Letters. 2004;
21(11), 2077.

[7] Qu, C.; Yao, R.; Liu, R. Multi-component WKI equa-
tions and their conservation laws. Physics Letters A.
2004; 331(5), 325-331.

[8] El-Sayed A. M. A.; Gaber, M. The Adomian decompo-
sition method for solving partial differential equations of
fractional order in Onite domains. Physics Letters A.
2006; 359(3), 175-182.

[9] Sweilam N. H.; Khader M. M.; Al-Bar R. F., Numerical
studies for a multi-order fractional differential equation.
Physics Letters A. 2007; 371(1-2), 26-33.

[10] Gupta P. K, Singh M.; Homotopy perturbation
method for fractional FornbergWhitham equation. Com-
puters and Mathematics with Applications. 2011; 61(2),
250-254.

[11] Arafa, A.; Rida S. Z.; Mohamed H., Homotopy anal-
ysis method for solving biological population model.
Communications in Theoretical Physics. 2011; 56(5), 797-
800.

[12] Zheng, B. (G/G)-expansion method for solving frac-
tional partial di§erential equations in the theory of math-
ematical physics. Communications in Theoretical Phys-
ics. 2012; 58(5), 623-630.

[13] Sahadevan R.; Bakkyaraj T. Invariant analysis of time
fractional generalized Burgers and Korteweg-deVries
equations. J. Math. Anal. Appl. 2012; 393, 3417.

[14] Ozemir, C.; Giingor, F. Group-invariant solutions of
the (2+ 1)-dimensional cubic Schrodinger equation. Jour-
nal of Physics A: Mathematical and General. 2006; 39(12),
2973-2979

[15] Rezvan, F.; Yasar, E.; Ozer, T. Group properties and
conservation laws for nonlocal shallow water wave equa-
tion. Applied Mathematics and Computation. 2011;
218(3), 974-979.

[16] Mahomed, F. M.; Rehana, Naz. A note on the Lie
symmetries of complex partial differential equations and
their split real systems. Pramana. 2011; 77(3) , 483-491.

61

CBU J. of Sci., Volume 13, Issue 1, 2017, p 55-61

[17] Gandarias, M. L.; Bruzon, M. S. Classical and non-
classical symmetries of a generalized Boussinesq equa-
tion. Journal of Nonlinear Mathematical Physics. 1998;
5(1), 8-12.

[18] Khalique, C. M.; Adem, K. R. Exact solutions of the
(2+ 1)-dimensional Zakharov Kuznetsov modied equal
width equation using Lie group analysis. Mathematical
and Computer Modelling. 2011; 54(1), 184-189.

[19] Hu, J; Ye, Y.; Shen, S.; Zhang, ]J. Lie symmetry anal-
ysis of the time fractional KdV-type equation. Applied
Mathematics and Computation. 2014; 233, 439-444.

[20] Wang, G.; Kara, A. H.; Fakhar, K. Symmetry analy-
sis and conservation laws for the class of time-fractional
nonlinear dispersive equation. Nonlinear Dynamics.
2015; 82(1-2), 281-287.

[21] Gazizov, R. K.; Kasatkin A. A.; Yu Lukashchuk, S.
Symmetry properties of fractional diffusion equations.
Physica Scripta. 2009; 136, 14-16.

[22] Wang, G. W.; Xu, T.Z. Invariant analysis and exact
solutions of nonlinear time fractional Sharmafi Tassofi
Olver equation by Lie group analysis. Nonlinear Dynam-
ics. 2014; 76(1), 571-580.

[23] Ibragimov, N.H. A new conservation theorem, Jour-
nal of Mathematical Analysis and Applications. 2007;
333(1), 311-328.

[24] Wenjuan, R.; Zhang Z. Invariant analysis and con-
servation laws for the time fractional foam drainage
equation. The European Physical Journal Plus. 2015;
130(10), 1-7.



