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Abstract

In this paper, the regularization method of S.A. Lomov is generalized to singularly perturbed integro-
differential fractional order derivative equation with rapidly oscillating coefficients. The main purpose of
the study is to reveal the influence of the integral term and rapidly oscillating coefficients on the asymptotic
of the solution of the original problem. To study the influence of rapidly oscillating coefficients on the leading
term of the asymptotic of solutions, we consider a simple case, i.e. the case of no resonance (when an entire
linear combination of frequencies of a rapidly oscillating cosine does not coincide with the frequency of the
spectrum of the limit operator.
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1. Introduction

As is known, the study of various issues related to dynamic stability, the properties of media with a
periodic structure, and other applied problems is reduced to the study of differential and integro-differential
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equations with rapidly oscillating coefficients. Various methods have been developed for solving such equa-
tions, one of which is the splitting method [1l 2] B} 4] and the regularization method [5 6]. However, in
the splitting method, problems with an integral operator proportional to a small parameter are considered,
which significantly narrow the scope of this method. In the well-known works of the regularization method,
singularly perturbed differential equations were considered, containing only rapidly oscillating coefficients
for unknown functions [7]. A generalization of the idea of the regularization method for integro-differential
equations with rapidly oscillating coefficients was studied in [8 9, [10], for singularly perturbed integral and
integro-differential equations with rapidly oscillating inhomogeneities in [11], 12} [13), 14} 15, 16]. With the
advent of the concept of consonant fractional derivative [17], singularly perturbed differential equations with
fractional derivatives were studied [I8]. On the basis of the above results, singularly perturbed integro-
differential equations with fractional derivatives began to be systematically studied [19] 20].

In this paper, we generalize this problem to a singularly perturbed integro-differential equation with a
fractional derivative and rapidly oscillating coefficients. As in previous works, the main goal of the study
is to reveal the influence of the integral term and rapidly oscillating coefficients on the asymptotics of the
solution of the original problem. The effect of rapidly oscillating coefficients for equations with fractional
derivatives on the agymptotic behavior of solutions is an interesting and nontrivial problem. A simple case
is considered, i.e. the case of no resonance (when an entire linear combination of frequencies of a rapidly
oscillating cosine does not coincide with the frequency of the spectrum of the limit operator).

An initial problem is considered for a singularly perturbed integro-differential equation:

Loz(t,e) = 2™ — A(t)z — 5g(t)cos@z - /K(t, s)z(s,e)ds = h(t),
€ /
2(to,e) = 2°, t € [to,T], to >0 (1.1)

for a scalar unknown function z(t, €), in which A(t), h(t), p'(t) > 0, (Vt € [to,T]), g(t) are known functions,
0 < a < 1, 2° - constant number, ¢ > 0 is a small parameter. The problem is posed of constructing a
regularized [5,6] asymptotic solution to problem (1.1).

We give the definition of a conformable fractional derivative. Conformable derivative is an extended
classical derivative that was proposed in [I7]. This derivative has overcome the barriers with other derivatives.
It is described as.

Suppose f : (0,00) — R, then conformable derivative of f with order « is given by [17]

-«
7, [f()] = tim 22 0)

e—0 £

for t >0, a € (0,1). If T,[f(t)] exists forx in some interval (0,«) with o > 0, and %ir% T[f(t)] also exists,
%
then T,[f(0)] = lirr%) To[f(t)]. moreover, if T,[f(t)] exists on [0,00), then f is said to be a—differentiable at
z—

t. The following properties are associated with the conformable derivative [17]:
o Tu(af +bg) = alu(f) +bTa(g), a,b € R,
o To(th) = puth=®, peR,
hd Ta(fg) = [T +gTa(f)>

L () g,

o If f is differentiable, then T, (f)(t) = tlfa%.
According conformable derivative, we rewrite the original fractional order equation (1.1) in the following
form:

B(t)

Lez(t,e) = 6t(1_0‘)% —A(t)z — sg(t)cosT

o z— /K(t, s)z(s,e)ds = h(t),

to

Z(to,é‘) = ZO, tc [to,T], to > 0. (1.2)
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In problem (1.2), the frequency of the rapidly oscillating cosine is 4'(¢). In what follows, the function
A1(t) = A(t) is called the spectrum of problem (1.2), and functions Ao (t) = —if'(t), A3(t) = +if’(t) spectrum
of a rapidly oscillating coefficient.

Let us introduce the following notation:

A(t) = (M(t), -5 A3(1)) 5

m = (m1, ...,m3)— multi-index with non-negative components m;, j = 1, 3,

3
|m| = 3 m;— multi-index height m,
j=1

(m A1) = 3 midy(0).

Problem (1) will be considered under the following conditions:
1) A(t),5(t),g(t),h(t) € Cto,T], Re a(t) <0 Vt € [to,T], K(t,s) € CF(tg <s< <t<T),
2) relations

(m, A(t)) =0, (m,A(t)) = \(t),7 € {1,...,3}

for all multi-indices m with |m| > 2 either are not satisfied for any ¢ € [to, T], or are fulfilled identically on
the entire segment [tg,T]. In other words, the resonance multi-indices are exhausted by the following sets:

To={m: (m,\(t)) =0, |m| >2,Vt € [to,T]},

T, ={m: (m,A(t) = \(t), Im| > 2,¥ € [to, T]}, j =1,3.

Thus, we begin to develop an algorithm for constructing a regularized asymptotic solution to [5, [6]
problem (1.2).

2. Regularization of the problem (1.2)

Denote by o; = 0j(¢) independent of magnitude o1 = e~ iﬂ(to), oy = eh iﬂ(to), and rewrite equation
(1.2) as

ot ot
d t — < [B(0)do +1 [ B(0)do
Lez(t,o,e) = st(l_o‘)d—i —A(t)z — 69(2) e ' or+e oy | z—
¢
—/K(t, 8)z(s,0,¢)ds = h(t), z(ty,o,¢) =2, t € [to,T). (2.1)
to

Introduce the regularized variables:

t t .
= i/ 0= (0)do = wl(t), 7 _1/ \;(0)do = Wt), ji=23
0 0

9 9

and instead of problem (2.1), consider the problem

- - 3 -

~ 0z 0z 0z

5 f (1_0‘)7 - (1—&) . - 5__
L.z(t,,0,6) = et 5 T )\1(t)87_1 +t ;22 Aj(t) 5= — ()2

—ag(;) (e™o1 +€eog) Z — /K(t, s)Z(s,

to

wi‘” ,o,)ds = (2.2)

= h(t)7 Z<t7 7,0, 6)|t=1§0,7':0 = ZO, t e [t(), T}



M. Akylbayev et. al., Adv. Theory Nonlinear Anal. Appl. 7(2023), 441-454. 444

for the function Z = 2(t,7,0,¢), where is indicated: 7 = (71,72, 73), ¥ = (¥1,%2,%3). It is clear that if
Y(t)

£

Z = Z(t,7,0,e)— is a solution of the problem (2.2), then the function is Z = 2 (t, , 0, 5) an exact solution

to problem (2.1), therefore, problem (2.2) is extended with respect to problem (1.2). However, it cannot be
considered fully regularized, since it does not regularize the integral

t
752 (2070 rmviod) = [ K920 2 cyas.
to

For its regularization, we introduce the class M. asymptotically invariant with respect to the operator
JZ (see [5], p. 62]). Consider first the space U of vector functions z(t, 7, o), representable by the sums

3 *
z(t,7,0) :ZO(t,O’)—i—Zzi(t’O—)eTz‘ + Z Zm(t,O')e(m’T),
=1 2<|m|<N:

where asterisk * above the sum sign indicates that the summation for |m| = m; + mg + ms > 2 it occurs

3
only on the non-resonant multi-indexes, i.e. m ¢ |J I'j, 0 = (01,02) .
§=0

Note that here the degree IV, of the polynomial z (¢, 7, o) relative to the exponentials e™ depends on the
element z. In addition, the elements of space U depend on bounded in € > 0 terms of constants o1 = o1 (¢)
and o9 = 09 (&) and which do not affect the development of the algorithm described below, therefore, in the
record of element (2.3) of this space U, we omit the dependence on o = (01, 02) for brevity. We show that
the class M, = U\T:d,(t)/a is asymptotically invariant with respect to the operator J.

Before describing the space U, we introduce the sets of resonant multi-indices. We introduce the notations:

At) = (A1 (1), 22 (1), A3 (1)),

3 3
(m, A (1) = mdi (1), |m| =Y my,
i=1 j=1

To={m:(m,A(t)) =0,V |m| >2},
Li={m:(m,A(@)=X\(t),VIm| >2},5=1,2,3

(the set I'g corresponds to a point of the spectrum A (t) = 0, generated by the integral operator (see [9]).
For the space U we take the space of functions z (¢, 7,0) , represented by sums

/ / L [ gla=1)x, (6)do
JZ(t,T,¢e) = /K(t, s)zo(s)ds+/K(t, s)z1(s)e’ 0 ds+
to to
Ny L[ Aoy g L [ (m\(0))d6
+Z/K(t,s)zi(s)ego ds+ Z /K(t,s)zm(s)ego ds.
=2 2<|m|<N: {,

Integrating by parts, we write the image of the operator J on the element (2.3) of the space U as a series

JZ(t,T,€) :/K(t,s)zo(s)ds—i—

to
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oo

3
0D (D) eI (Kt 8)zi(5)) sge™ — (I (K (t 8)2(5(5))) o) +

i=1 v=0

+ Z Z I/ 1/+1 [ TV (K(t7s>zm(s)))s:te(m,7)_

2<{m}<N, v=0

= (L, (K (t,9)2"(5))) o=, |

where are indicated:

10:;_ quég v—1
Pl n(s) 77 sleDx(s)os b 7
1 1 0
0= LIV = —1t =23
TNE T ames T
S S ¥QI” v > 1,|m| > 2).

Ty A(s) T (myA(s)) 9s T
It is easy to show (see, for example, [21], pp. 291—294) that this series converges asymptotically for ¢ — +0
(uniformly in ¢ € [to, T]). This means that the class M, is asymptotically invariant (for ¢ — +0) with respect
to the operator J.
We introduce operators R, : U — U, acting on each element z(¢,7) € U of the form (5) according to the

law:
t

Roz(t, 1) = /K(t,s)zo(s)ds, (2.4p)

to

mw

Ryz(t,T) K(t,s zz(s)))szte” — (IZQ (K (t, s)zi(s)))szto]—l-
=1
N
30 D (K (5)2™(5))) e = (15, (K (8,5)2"(5)), .| (2.41)
|m|=2

3
Ryp1z (t,7) = Y (1) [(IF (K (¢, 8)zi(5)))s—pe™ — (I} (K (, 8)2i(5))) sy, +

=1

+ oy (=Y [(Iﬁ@(K(tS)Zm(S)))S:te(m’T)— (2.4041)

2<|m|<N,

= (I (K (t,8)2™())) gy ) v > 1.

Now let Z(¢,7,€) be an arbitrary continuous function on (¢,7) € G = [tp,T] x {7 : Rer; < 0, Ret; <
0, 7 = 2,3}, with asymptotic expansion

Z(t,7,¢€) ZszktT ), yk(t,7) € U (2.5)

converging as € — +0 (uniformly in (¢,7) € G). Then the image JZ (¢,7,¢) of this function is decomposed
into an asymptotic series

Z(t, T, ¢) Zsszk t,7) iarzr:Rr_szs(t, T)‘T:w(t)/g.
r=0 s=0



M. Akylbayev et. al., Adv. Theory Nonlinear Anal. Appl. 7(2023), 441-454. 446

This equality is the basis for introducing an extension of an operator J on series of the form (2.5):

Ji=J <Z Ekzk(t,7)> = ZET (Z R, _pzi(t, T)) )
k=0 r=0 k=0

Although the operator J is formally defined, its utility is obvious, since in practice it is usual to construct
the N-th approximation of the asymptotic solution of the problem (2.1), in which impose only N-th partial
sums of the series (2.5), which have not a formal, but a true meaning. Now you can write a problem that is
completely regularized with respect to the original problem (2.1):

0z 07 > 3
z — -« (1-«
L.A(t,7,0,¢) = et! )§+/\1( —+t ]Z:)\] 87@_/\1()
= 9t) o, Ny " _ 0
—-JzZ - 87(6 o1+ €Po9)Z = h(t),Z(t0,0,0,e) = 2°,t € [to, T (2.6)

3. Iterative problems and their solvability in the space U

Substituting the series (2.5) into (2.6) and equating the coefficients of the same powers of £, we obtain
the following iterative problems:

. 320 (1—a) 820

Lzo(t,7,0) = Al(lf,)a—T1 +t ;Aj(t) o — M\i(t)z0 — Rozo = h(t),

z0(to, 0) = 2% (3.10)
t
Lz(t,70)=—t1" )a;to + 9(2) (e™o1 + e 02) 20 + Ri20,
21(tp,0) = 0; (3.11)
Lzy(t,m,0) = *t(l_a)% + g(2t) (e™o1 + €o9) 21 + R121 + Razo,

z0(to, 0) = 0; (3.12)

Lz (t,7,0) = —t(l_a)% + g(;) (e™o1 4+ €02) 21 + Rgzo + ... +
+..+ Rizp—1, 2(to,0) =0, k>1. (3.1x)

Each iterative problem (3.1;) has the form

) ’ 9
Lz(t,7,0) = M (t )—Z + (=) Z)\](t)a—; —M(t)z — Roz = H(t,T,0),

j=2
z(t,0) = 2~ (3.2)
where H(t,7,0) = Hy(t,0) + Z Hi(t,o)e" + Z H™(t,0)e™7) is the known function of space U, z*—

=1 2<|m|<N,
is the known function of the complex space C, and the operator Ry has the form (see (2.4,))

3 * t
Roz =Ry | 20(t) + Z zi(t)eT+ Z 2m()e™) | = /K(t7 s)zo(s)ds
J=1 to

2<|m|<N.
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We introduce scalar (for each z € [tg, T]) product in space U:

3 * 3
<ww >=<ug(t) + Y _u(t)e” + > wmB)e™ wo(t) + > w;(t)eT +
j=1 j=1

2<|m|<Ny

* 3
Y w0 = 3 (g0 wy(0) +

2<Im| <Ny j=0

+ > (W™ (t), w™ (1)),
2<|m|<min(Nu,Nw)
where we denote by (k,*) the usual scalar product in the complex space C: (u,v) = u-v. Let us prove the
following statement.

3
Theorem 3.1. Let conditions 1), 2) be fulfilled and the right-hand side H(t,7,0) = Ho(t,0)+ > H;(t,0)e™+
j=1

ST H™(t,0)e™T) of equation (3.2) belongs to the space U. Then the equation (3.2) is solvable in U,
2<|Im|<Ng
if and only if
< H(t,7),e™ >=0,Vt € [to, T]. (3.3)

Proof. We will determine the solution of equation (3.2) as an element (2.5) of the space U :
z(t,1,0) = 20(t,0) —i—Zz] t,o)e’ + Z 2™ (t, 0)el™T), (3.4)
2<|m|<Ngy

Substituting (3.4) into equation (3.2), and equating here the free terms and coefficients separately for identical
exponents, we obtain the following equations of equations:

A (t)zo(t, o) — /K(t, s)zo(s,0)ds = Hy(t,0), (3.5)
0-2z(t,0) = Hi(t,0), (3.51)

(70N (0) = M (1)] 2(t0) = Hy(t,0), j =23, (3:5)
[t<1*a> (m, A1) — Al(t)} M(t,0) = H™(t,0),2 < |m| < Ng. (3.5m)

Since the A\i(t) # 0, the equation (3.5) can be written as

t

20(t,0) = / (A O K (L 8))20(s,0)ds — A\ (£ Ho(t, o). (3.50)

to

Due to the smoothness of the kernel (—)\l_l(t)K(t, s)) and heterogeneity —Ay Y(t)Hy(t,0), this Volterra
integral equation has a unique solution zo(t,0) € C* ([to, T], C) . The equations (3.5,) and (3.55) also have
unique solutions

5(t,0) = [(079%(0) ~ M) Hy(t.0) € € ([10,T],©) j = 2.3 (36)
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since Aa(t), A3(t) not equal to Ai(t). The equation (3.5;) is solvable in space C* ([to,T],C) if and only
(Hi(t,7),e™) =0Vt € [to,T] hold. It is not difficult to see that these identities coincide with identities (3.2).

3
Further, since t1=%) (m, A(t)) # M (t), Vm ¢ U Ty,j = 1,3, |m| > 2, (see (2.3)), the equations (3.5, )
=1

]:
has a unique solution

-1
(1) = [t (mA@0) = M(n)] HT() € € ((t0,T],C),

3
VIm| >2,m¢ T}
§=0
Thus, condition (3.3) is necessary and sufficient for the solvability of equations (3.2) in the space U. O

Remark 3.2. If identity (3.3) holds, then under conditions 1), 2), equation (3.2) has the following solution
i the space U :

-1

2(t,7,0) = 2o(t,0) + ay (t,0)e™ + [t“*“))\j(t) - Al(t)} Hj(t,o)e"+

o,
no

n Z [t@*a)(m,A(t))—Al(t)}_lﬂm(t,a) (3.7)

2<|m|<Ny

where a1 (t,0) € C ([to, T], C) are arbitrary function, zo(t, o) is the solution of an integral equation (3.5).

4. The unique solvability of the general iterative problem in the space U. Residual term
theorem

Let us proceed to the description of the conditions for the unique solvability of equation (3.2) in space
U. Along with problem (3.2), we consider the equation

0 t
Lz(t,7) = _t(l_a)é + 9(2) (e™o1+€o9)z+ Rz + Q(t, T) (4.1)
where z = z(¢t,7) is the solution (3.7) of the equation (3.2), Q(z,7) € U is the well-known function of the
space U. The right part of this equation:
0z g(t)

+ 2 (e01 +ePo2) 2+ Riz+ Q(t, 7) =

= (1—(1’)
G(t,7)=—t T 5

3 *
e+ Y 2™ | +

0
j=1 2<|Im|<Npg

J

3 *

g(t) T T: T5 m m,T

+ (e™o1 4+ €e™a9) | 20(t) + Elzj(t)ef+ Z Z2m()e™ ) | 4
j:

2<|m|<Ng

3

+Ry |20(t)+ >z + Y 2™ | +Q(t,7)

j=1 2<|m|<Ng



M. Akylbayev et. al., Adv. Theory Nonlinear Anal. Appl. 7(2023), 441-454. 449

may not belong to space U, if z = z(t,7) € U. Indeed, taking into account the form (4.1) of the function
z = z(t,7) € U, we consider in G(¢,7), for example, the terms

*

3
(e™o1 +€eo9) |20(t) + Z zj(t)e” + Z 2™ (H)e™) | =
j=1

2<|m|<Ng

g(t)

Z(t,T)ET

= g(zt)zo(t) (e™o1 + €T og) + ; @

. t) (eTj+7'20-1 +eTj+730-2) +

g(t) T T m m,T
+7 (e™o1 + € og) Z 2 (t)elm™T).
2<|m|<N

Here, for example, terms with exponents

et — e(m To+(m,T) (

’T)|m=(0,1,1); e if mi =0,ma+1=mg3),

67'3+(m,‘r) ( ) To+(m,T) (

if mi=0,mg+1=mo),e if mp =0,mg=mg3), (%)

87'3+(m,7—) ( .

if m1 =0, m = mg), T ;

if mpy =1, mg=ms3),

e7'3+(m,7') (

Zf mi = 1, mo ng)

do not belong to space U, since multi-indexes
(0,n,n) €Ty, (0,n+1,n) €Ty, (0,n,n+1) €Ty, Vn e N

are resonant. Then, according to the well-known theory (see, [3], p. 234), we embed these terms in the space
U according to the following rule (see (x)):
672"'\7—326021, erat(m.r) = =1(if my =0,my+1=m3),
erat(mi) =’ =1(if my =0, m3+1=mg),
eraHmT) = 72 (¢f m1 =0,mg =m3) ,673/+(m\v7) =€ (if m; =0, my =m3),

et (m) (i f my =1, mg = mg3) = ™, e tm7) =™ (if my =1, mg = mg3).

m77-)

In other words, terms with resonant exponentials el replaced by members with exponents €, e™, e™, €™

according to the following rule:

/\ /\ — /\

elm |meFo—€ =1, elmT|er, =™, e |per, = €7, et | e, = €™,
After embedding, the right-hand side of equation (4.1) will look like
Gt,7) = - 9 20(t) + i:z-(t)eﬁ‘ + Z 2 ()™ | 4+ Q(t, 7).
7 ot =1 ’ 2<|m|<Np ’

As indicated in [5], the embedding G(t,7) — G(t,7) will not affect the accuracy of the construction of
asymptotic solutions of problem (1.2), since G(¢,7) at 7 = w(t) coincides with G(t T).
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3
Theorem 4.1. Let conditions 1), 2) be fulfilled and the right-hand side H(t,7) = Ho(t) + > H;(t)e™ +
j=1
S H™)el™™) € U of equation (3.2) satisfy condition (3.3). Then problem (3.2) under additional
2<|m|<Ny
conditions R
< G(t,7),e™ >=0Vt € [to, T] (4.2)

3

where Q(t,7) = Qo(t) + > Qx(t)e™ + Z Q™ (t)el™™) is the known function of space U, is uniquely
k=1 2<|m|<N.

solvable in U.

Proof. Since the right-hand side of equation (3.2) satisfies condition (3.3), this equation has a solution in
space U in the form (3.7), where ay(t) € C* ([to,T], C) is arbitrary function. Submit (4.1) to the initial
condition y (t9,0) = y*. We get aq(to,t) = y«, where denoted

Ha(to) B Hs(to) _
to(l_o‘))\z(to) — A1(to) to(l_a))\:%(to) — Ai(to)

Zx = Z* + Al_l(to)Ho(to) —

*

- Hm(to)
Z [to(lfa) (rn7 /\(to)) - A1 (tO)] '

2<|m|<Ng

Now we subordinate the solution (3.7) to the orthogonality condition (4.2). We write G(¢,7) in more detail
the right side of equation (3.2):

G(t, 1) = _t<1—a>% [20(t) + a1 (t)e™ + hoy(t)e™+

*

tha(t)e™ Y P (t)el™T | +
2<|m|<Ng

g(t)

+57 (€01 +eog) = [20(t) + ai(t)e™ + ho1(t)e™ + hai(t)e™+

SS

+ > P we™) | + QL)+

2<|m|<Ny

+R1 | 20(t) + aa(t)e™ + har(t)e™ + hai(t)e™ + Z P™(t
|m|=2

Embedding this function into space U we will have

G(t,7) = —tU- a>§t [20(t) + a1 (£)e™ + hop (t)e™ + hay (t)e™ +

+ > P |+

2<|m|<Ng

3
g9(t) 9t g(
+ 720(15)67201 + T ZT j TJ—HQ o1+

3
g eTiTTs
Z_: 5 o2+
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A

- g(t) m (m,7)+ - g(t) m (m,T)+T
+ Z 7 (t)e 201 + Z 7 (t)e P +
2<|m|<Ng 2<|m|<Ng

+R1 | 20(t) + ar(t)e™ + har(t)e™ + hsi(t)e™ + Z P (t)el™™) | 4
2<|m|<Ny

+Q(t, 1) = =t = [20(t) + a1 (£)e™ + hoy (t)e™ + hay (t)e™+

SIS

= Y P | +Qt, )+

2<|m|<Ng

g9(t)

t
+55 Lo(B)em01 + z0(t)em oz + ar (e on + hai (e o+

2
+h31 (t)673+7—201 + o (t)€T1+T30'2 + h21(t)€7'2+730.2 =+ h31(t)€27302—|—
* * A
+ Y P e+ Y P()el™ T oy b
2<|m|<Np 2<|m|<Ngy

*
+Ry |20(t) + a1 (t)e™ + hor(B)e™ + hgr(H)e™ + Y PM(t)e™7)
2<|m|<Ng
The embedding operation acts only on resonant exponentials, leaving the coefficients unchanged at these
exponents. Given that the expression

Ry |20(t) + ax(t)e™ + har(t)e™ + har(B)e™ + > PT(t)el™T)

2<|m|<Ng

linearly depends on aq(t) (see formula (2.4,)), we also conclude that after the embedding operation the
function G (¢, 7) will linearly depend on the scalar function aq(t). Given that in condition (4.2) scalar mul-
tiplication by functions €™, containing only the exponent €™, in the expression for G (t,7) it is necessary to
keep only the term with the exponent e™. Then condition (4.2) takes the form

N
—o a T m T
< —t1 )a(al(t)el)+ ST w™ (a(d),t) | e+
|mt|=2:mlely

+Q1(t)e™, e™ >= 0Vt € [to,T]

where w™' (aq (t),t) are some functions linearly dependent on a(t). Performing scalar multiplication here,
we obtain a linear ordinary differential equation (relative ¢) for a function aq(t). Given the initial condition
a1(ty) = y«, found above, we find uniquely the function oy (t) € C* [tg, T] and therefore, we will uniquely
construct a solution to equation (3.2) in the space U. O

As mentioned above, the right-hand sides of iterative problems (3.1j) (if solved sequentially) may not
belong to space U. Then, according to [5] (p. 234), the right-hand sides of these problems must be embedded
into U, according to the above rule. As a result, we obtain the following problems:

0 0
Lot 7,0) = Xi(0) 5> + #1730 A (057 = Nilt)zo — Rozo = h(t),
J
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Zo(to,O) = ZO; (ﬁo)

) t A
Lz (t,7) = —t(l—a)g + [51(2)( "o+ €T30'2)20:| + R 20,

Zl(to,()) :O; ( .11)

0 t "
Lz(t, 1) = —t(lfa)ﬁ + [9(2)( o1+ 67302)2’1] + Ri21 + Razo,

(1—a) 8Zk_]_ g(t) ) 3 "
t TJF —2(e™o1+€e"o9)zk—1| +Rpzo+ ...+

+...+ Rizg—1, 2x(t0,0) =0, k > 1. (371]4)

(images of linear operators % and R, do not need to be embedding in space U, since these operators operate

from U to U). Such a change will not affect the construction of the asymptotic solution of the original
)

problem (1.1) (or the equivalent problem (1.2)), so on the restriction 7 =

coincide with a series of problems (3.1;) (see [3], pp. 234-235).

Applying Theorems 1 and 2 to iterative problems (3.1,) (in this case, the right-hand sides H®) (¢, ) of
these problems are embedded in the space U, i.e. H®) (¢, 7) we replace with H®) (¢, 7) € U), we find uniquely
their solutions in space U and construct series (2.5). Just as in [21], we prove the following statement

series of problems (3.1) will

Theorem 4.2. Suppose that conditions 1), 2) are satisfied for equation (1.2). Then, when € € (0,£0](g0 > 0
is sufficiently small), equation (1.2) has a unique solution z(t,e) € C* ([ty,T],C), in this case, the estimate

12(t,€) = 2en (Bl oy < ene™ T, N=0,1,2,...

holds true, where z.n(t) is the restriction (for T = @) of the N - partial sum of series (2.5) (with coefficients
z(t, 7) € U, satisfying the iteration problems (8,,)), and the constant cx > 0 does not depend on ¢ € (0, q].

5. Construction of the solution of the first iteration problem

Using Theorem 1, we will try to find a solution to the first iteration problem (3.1p). Since the right side
h(t) of the equation (3.1p) satisfies condition (3.3), this equation has (according to (3.7)) a solution in the
space U in the form

20t 7) = 2 () + ol” (e (5.1)
where ago) (t) € C*=([to,T],C) are arbitrary function, y(()o) (t) is the solution of the integral equation

t

0 = [ (AT OK(E ) A (5)ds AT Ol (5.2)

to

Subordinating (5.1) to the initial condition zy(tg,0) = z°

, we have
2V0) + %) =2 o V) =2°—2"t) =

& al¥(t) = 2+ AT (to)h(to).
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To fully compute the function ago) (t), we proceed to the next iteration problem (3.17). Substituting into it

the solution (5.1) of the equation (3.1p), we arrive at the following equation:

0 0
Lai(t,r) = —t07 22 (1) — 107 (aﬁ”) (t)) e+

" A
+ [92) (e™o1 + €T o) (zéo) (t) + ago) (t)e“)] +

K(t,1)ay” (1) ., K(t,to)a}” (to)

(- C‘)/\1(t) to1=) 1 (to)

3 (0) 0)
+Z zp (t )eTJ‘ B K(t,t0)z; " (to)

2 t (o)

(here we used the expression (2.4,) for R1z(¢,7) and took into account that when z(t,7) = zo(¢, 7) the sum
(2.4,) contains only terms with e™).
Let us calculate

M = [g(;) (€01 + e oy) ( (0)( )+a§ )( )eﬁ)}A =

= g(;) {o1" (e 022 (e + 10l (D)™™ + 000l (e

Let us analyze the exponents of the second dimension included here for their resonance:

L [(—ip!(6)+ A(9))d6 L [(—ip!(6)+ A(9))d6
e My )e = € 10 T e =€ :
0, 0,
A A
—if + A= _;B, & 0 —if + A= —%5' & 0.
+if, +if,

Thus, exponents €77 and €™ are not resonant. Then, for solvability, equation (5.1) it is necessary
and sufficient that the condition

~0-02 (40 p) K(t, 1)) _

ot \ 1 t=e) ) (1)
is satisfied. Attaching the initial initial condition
af” (t9) = 2+ Ay (to)h(to)
to this equation, we find

t
I { griaiiy )
ago) (t) = aﬁo) (to)eo ("2(1 )*1("))
and therefore, we uniquely calculate the solution (5.1) of the problem (3.1p) in the space U. Moreover, the
main term of the asymptotic of the solution to problem (1.2) has the form
t t
i (7( KOO — ) dg+L [ xi(0)do
zeo(t) = 2 () + [+ AT L (to)hto)] €0 ) (5.3)

where z(()o) (t) is the solution of the integrated equation (5.2).
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6. Conclusions

From expression (5.2) for zo(t) it’s clear that z.o(t) is independent of rapidly oscillating terms. However,
already in the next approximation, their influence on the asymptotic solution of problem (1.2) is revealed.

Acknowledgements. The authors are grateful to the referees for their valuable comments which have
led to improvement of the presentation.
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