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decay of solutions by Komornik’s inequality.

1. Introduction

In this work, we study the following parabolic-type Kirchhoff equation with variable exponents

(1 + \MWH) w+A2u—M <\|Vu\|2) Au= a2y, in (x,1) € Q% (0,T),
u(x,t) = 94 (x,1) =0, onx€dQ x (0,T), (L.1)

v

u(x,0) = ugp (x), in xeQ,
where Q is a bounded domain in R" (n > 1) with smooth boundary d€ and
M(s)=1+s", y>1.
The variable exponents p(.) and g (.) are given as measurable functions on Q satisfying

2<p  <p)<pt<pt,
2<q <q)<q' <q",
where
{ p~ =essinfcqp(x), pt =esssup,cqp(x),
g~ =essinfycqq(x), q+ = essSup,cn g (x),
and
v % oo, ifn <4,

pa :{ 2 ifn > 4. (12

We also suppose that p(.) and ¢(.) satisfy the log-Holder continuity condition:
A
<——
log|x—y]|
forae. x,yeQ, |x—y|<dwithA>0,0<d<1.

Email addresses and ORCID numbers: episkin@dicle.edu.tr, 0000-0001-6587-4479 (E. Piskin), gulistanbutakin@gmail.com, 0000-0003-1140-
9672 (G. Butakin)

Cite as ”E. Pigkin, G. Butakin, Existence and Decay of Solutions for a Parabolic-Type Kirchhoff Equation with Variable Exponents, J. Math. Sci.
Model., 6(1) (2023), 32-41”



https://orcid.org/0000-0001-6587-4479
https://orcid.org/0000-0003-1140-9672
https://orcid.org/0000-0003-1140-9672

Journal of Mathematical Sciences and Modelling 33

* Parabolic type equation: Many phenomena in physics lead up to problems that deal with parabolic type equations, such as; mathematical
description of the reaction-diffusion or diffusion, population dynamic processes and heat transfer [1].

 Kirchhoff equation: The Kirchhoff equation is among the famous wave equation’s model which describe small vibration amplitude of
elastic strings. This equation has been introduced in 1876 by Kirchhoff [2].

¢ Variable exponent: The problems with variable exponents arises in many branches in sciences such as electrorheological fluids,
nonlinear elasticity theory and image processing [3]-[5].

In [6], Wu et al. established the blow up of solutions with positive initial energy for the following equation
u —Au = uP®,

Later, some authors get new results for the same equation to blow up result (see [7]-[10]).
In [11], Qu et al. studied the fourth order parabolic equation as follows

w4 Au = 1P

The authors studied the asymptotic behavior of solutions.
When there is no fourth-order term A2u, (1.1) is reduced to the following equation

w—M (||Vu||2> At D72 4y = | ®=2y,

Khaldi et al. [12] studied the global existence and stability of solutions.

Recently, problems with variable exponents have been handled carefully in several papers, some results relating the local existence, global
existence, blow up and stability have been found ([13]-[17]).

In this work, we considered the existence and decay of solutions of the parabolic type Kirchhoff equation with variable exponents, motivated
by above works. To our best knowledge, there is no research, related to the parabolic type Kirchhoff equation (1.1) with fourth-order term
(A%u) and variable exponent source term (\u\q(x)_z u), hence, our work is the generalization of the above studies.

This work consists of four parts: Firstly, in part 2, we give some needed theories about Lebesgue and Sobolev space with variable-exponents.
Then, in Section 3, we get the existence result by the Faedo-Galerkin method. Moreover, in Section 4, we obtain the decay of solutions by
the Komornik’s inequality.

2. Preliminaries

Throughout this work, we denote by ||.|| p the LP () norm. Also, we give some needed theories about Lebesgue space and Sobolev space
with variable-exponents (for detailed, see [4, 18, 19]).
Let p : Q — [1, 0] be a measurable function. We introduce the Lebesgue space with variable exponent p (.)

'Y (Q) = {u : Q — R measurable in Q, p,)(Au) < oo, forsomeA > 0} ,

where

po) 0 = [ lu()™ ax.
Q
The norm, called Luxemburg’s norm, is defined by

u(x)
A

]y = inf 7L>o:/
Q

L71) (Q) is a Banach space.
Next we define the variable-exponent Sobolev space W"-P(") (Q) as

wrrl) (Q) = {u € LP) (Q) such that D%u exists and D%u € L) (Q), |a| < m} .
Lemma 2.1. [4]. If

1 <pj:=essinf p(x) < p(x) < py:=esssupp(x) < o,
xeQ xeQ

then we have
min { )22 w22} < oy ) < max {2 22}

for any u € LPL).

Lemma 2.2. (Holder’s inequality)[4]. Assume that p,q,s > 1 are measurable functions defined on Q such that
: : + : f €Q
——=——+——foraey .
s rO)  q()

Ifue L’V (Q) and v e L1V (Q), then uv € L50) (Q) with

vl < ellull ) IVl -
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Lemma 2.3. [4]. If p: Q — [1,00) is a measurable function satisfying (1.2) then the embedding Hg (Q) — H(} (Q) = LPV) is continuous
and compact.

Lemma 2.4. [20]. Let ¢ : R™ — R is a nonincreasing function and suppose that there are two constants 0. > 0 and ¢ > 0 such that

o

/fpa“ (s)ds < c@®*(0) ¢ (s) Vt €RT.
0

Then we have

. -1/a
c+ ot
¢<f>§¢<°>(c+ac) Vi,

3. Existence

In this part, we state and prove the global existence result. Now, let us introduce some functionals as follows:

Lo bige ! 2(r+1) / LEe)
== S IVuE 4 —— ||V Y WG
E() =3 lAully+ 5 IVullz + 57055 1Vul 4@ || dix,

2 2 2(y+1
1(0) = 18l |Vl Va7~ [ Juf a
Q

Lemma 3.1. Suppose that (1.2) holds. Then

’

E (1) =—|lul3 - /\u\"“‘)’z\uzlzdeO, G.1)
Q

and
E (1) <E(0).

Proof. We multiply the eq. (1.1) by u; and integrate over Q, we get

a1, o 1, 1 2p+1) 1
12 A 2V vull2(r ,/7 ax) 4
i | 18343 1Vl s Il - [ s

=~ lul3 = [
Q

thus

E'(1) =~ ]~ [ 1" 2 dx < 0.
Q

A simple integration of (3.1) over (0,7), yields

E(t)<E(0).

Lemma 3.2. Let assumption (1.2) holds. Further assume that g1 >2(y+1),1(0) > 0 and
Bi+p <1,

where

q1—m

(1-2)/2 (q2-2)/2
B1 = max {acﬂ‘ (%E (O)) ,ack (ﬂE (O)) } ,

(@1 =2(y+1))/(2(y+1))
(- @)t (F55E0)

(1-a)c (2505E ()

B> = max

)(4272(7“))/(2(7“)) ’

with 0 < & < 1 and c, is the best embedding constant of H3 (Q) — L1 (Q). Then 1(t) > 0 forall t € [0,T].
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Proof. Since I(0) > 0, then by continuity there exists T such that
I(t)>0,Vt€[0,T,]. (3.2)
Now, we have for all t € [0, T] that
1 2 1 2
E@) = EHAqu+*IIWIIz
1 2(y+1) / 1 )
+— —— |u]?"™ dx
Q
1 2(7+1)
> HAMH +3 ||V I3+ [Vull;
: 22(r+ )
(r+1)
—q—(||Au|\2+||w||2+uwu2Y 1))
S (
> Aul|5 + [|Vu )
b (1l + a3
a1 —2(y+1) (r+1) , 1
4 et +—I(t).
2(y+ 1) a Ivul qi ©
Using (3.2), we have
91—2( 2 2\, 1 —2(v+1) (7+1)
Aull5 +||Vu )—1—7 <E(t).
o (1wl 1va3) + 252 vl ()
By the definition of E, we obtain
2
2 2 91
lAulz+[[Vully < ———E()
q1
2
< ), (33)
q1—2
and
2r+1 2(r+1Da
Va3 < SRS E @)
q1—2(y+1)
2(r+ D
——F—E(0 34
e E© G4
On the other hand, by Lemma 2.1, we get
Jur@ax < max{Jal) el }
Q
= amax {ul %l )+ (1= cymax {ul )l b
By the embedding of Hj (Q) < H{} (Q) — L10) (Q), we have
/\u\q@ dx < amax{c? | Aul P ||Au|?}
Q
+(1—a)ymax {c" | Vul[2, 2 ||Vu| 2}
< amax el Aul$ 2 e lAul e} a3
+(1 - oymax {c 'HVMH AR\ N\ e
< amax]c? ||Au q‘ || Au q2 2 Aull? + || Vul2
2 2
(1= @) max { ' [ Val§ 720D o a2 v 3.
By (3.3) and (3.4), we obtain
2(y+1
1l ax < gy (114l + 1Val3) + B2 [Vl 7. (3.5)
Since B + B2 < 1, then
' 2(y+1
[ 17 e < a3+ 9+ a5 (36
This implies that
I(t) >0, Vt€0,T,].
Repeating the above procedure, we can extend 7 to 7. O
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Theorem 3.3. (Existence of weak solution). Suppose that (1.2) holds. Let ug € L? (Q) be given. Then the problem (1.1) admits a weak local
solution

welrL” ((o,r) JH? (Q)) el ((o,r) 12 (Q)) .

Proof. We shall use the Faedo-Galerkin method of approximation. Let {v;};~ | be a basis of Hg (Q) which forms a complete orthonormal
system in L? (Q) . Denote by

Vi = span{vi,va,..., v},

the subspace generated by the first k vectors of the basis {v;},—, . After normalization, we get ||v;|| = 1 and for any given integer k, we
consider the approximate solution

k
we (1) =Y ug (£) v,
i=1

where u; are the solutions to the problem

= (Iuk (1)) "2y (t),w), I=1,2,...k, (3.7)

k
Uy (0) = Upp = Z (uk (0) 7V[) V] — Up in L2 (Q) . 3.8)

Note that we can solve the system (3.7) and (3.8) by Picard’s iterative method for ordinary differential equations. Therefore, there exists a
solution in [0, ;) for some 7, > 0 and we can extend this solution to the whole interval [0, 7] for any given T > 0 by making use of the a
priori estimates below. We multiply the equation (3.7) by u;, (¢) and summing over / from 1 to k, we have

i A8 O+ 3 1V (01 + gy (Vi (027D

di = Lt e O dx
= a0 7/|uk (OO a4 ()P d. 3.9)
Q
Then
E (e (0) = = [l ] [ e 01792 i 0 dx < 0.
Q

Integrating (3.9) over (0,7), we get

1 2 1 2 1 q(x)
3 180 (1B + 5 Ve )15 + 55 g (1)1 dx

u Ar+) _ [ =
9t 1) KZ e

1 1
+ / | (S)Hgds—k//wk (s)|p(x)72|u,,k (s)}zdxds
0 0Q

< E(0). (3.10)

Then, from (3.6), the inequality (3.10) becomes

g1 — q1—2

5o sup [Au (1)]3+ sup ||V (1) 15
qd1 1€(0,T) 1€(0,T)
q1—2(y+1)

t
2(y+1) / 2
su Vuy, (¢ + u; i (s)||, ds
2(y+ g ze(&?T)H KOl J s 2

t
+//|’4k (s)|P(x>72 |Mt,k (S){zdxds
0Q
< E(0). 3.11)

From (3.11), we conclude that

{ {uy} is uniformly bounded in L= ([0,T],HZ (Q)) a1

{ulk} is uniformly bounded in L? ([0,7],L? (Q)) .
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Furthermore, we have from Lemma 2.3 and (3.12) that

|7~ 2 ;. b is uniformly bounded in L™ ([0,7],L2(Q)),

5 (3.13)
lug [P =24, L is uniformly bounded in L= ([0, T],L2(Q)) .
By (3.12) and (3.13) we infer that there exist a subsequence of ; and a function « such that
u — u weakly star in L~ ([0,T],H3 (Q)),
u;( - Weakly star in L* ([0,7],L% (Q)), 3.14
| |99972 1y — [u?™)~2 4 weakly star in L ([0,7],L%(Q)), (3.14)
e [P uy, — [u]? ()24 weakly star in L~ ([0,7],L%(Q)).
By the Aubin-Lions compactness lemma (see [21]), we conclude from (3.14) that
u, — u strongly in C ([0, T] ,Hg (Q)) ,
yields
uy — u everywhere in Q x [0,77]. (3.15)

It follows from (3.14) and (3.15) that

|| 99972 1y — |u) %) ~2 4 weakly in L° ([0,7],L*(Q)),
e |P =2 u, — uP¥ 721 weakly in L~ ([0,7],L%(Q)).

Letting k — oo and passing to the limit in (3.7) we have

(' 0)) + (82u() ) — [ M /|Vu(t)|2dx Au(t) v
Q

+ (Jn O 2w 1))
- <|u(l)|"(x)_2u(t),v1>, [=1,2,..k

Since {v;};~, is a basis of H? (), we deduce that u satisfies equation (1.1). From (3.14) and Lemma 3.1.7 of [22] with B = L* (Q) we infer
that

g (0) — u(0) weakly in L2 (Q). (3.16)

We get from (3.8) and (3.16) that u (0) = ug. The proof of the Theorem is now finished. O
Theorem 3.4. Let the assumptions of Lemma 3.2 hold. Then the local solution of (1.1) is global.

Proof. We have

1 (r+1) )
E(u(t)) = *Au+|V|+ v /7uqxdx,
( ( ) H HZ ‘ ‘2 (,Y+ 1) H HZ 2 q(x) | |
91— —2(y+1) (y+1)
> %) ul3 i o L1 AR
2q1 (V+1)q1
which implies that
1)
18u(3+ [ Vul3 + [ Vul 37 < CE (). (3.17)

By Lemma 3.1, we get

(y+1)
Al + | Vul3 + IVl 577V < CE (0).
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4. Decay
In this part, we state and prove the decay of solutions. Firstly, we give the following lemma.

Lemma 4.1. Let the assumptions of Lemma 3.2 hold. Then

/|u|p<x) dx < cE(t),

Q

where ¢ > 0.

Proof.

max {7 [l

/‘u‘p(X) dx

IN

max {2 | Aull2 2 lAull 2}
max{c*l \|Au\|§‘727c*'|

A

- 2
}l14ul3.

Using (3.3), we have

/|u|p<x> dx < cE(1).
Q

Theorem 4.2. Let the assumptions of Lemma 3.2 hold. Then

c+rc

—1/r
E(1) <E(0) (C“’) Vi,

where ¢ > 0.
Proof. Multiplying the equation (1.1) by u(z) E?(¢) (¢ > 0) and then integrating over Q x (S,7T), we get

//Eq(t) ulb u+ g —u | M /|Vu\2dx A+ ug |uPD 72 | | dxdt

Q

T

/ E4 (1) / |9 dxdr,

N Q

Then

T
//Eq ) (180 s+ [Vl Vil V2 - ) i
S Q
/ E4(1) / |9 dxd.
S Q

We adding and substracting the term

/ ) [ (B (14 + V) + Bo |V} V) it
Q
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and use (3.5), we obtain
T
(1-P1) /Eq / \Au| dxdl
K
T
(1—[51)/E /|Vu|2dxdt
S Q
+(1-B) / ) [ (Ivul VP ) v
Q
T .
n / E4(1) / () dxdt
S Q
+/E" (t)/(uut|u|p )dxdt
s Q
T
=~ [E1@) [ (B1Aul+ By 1V + By | Val 7 [~ ) i
S Q
< 0 “4.1)
It is clear that
\Au\ +3 \Vu|
/ !( 7+1 IVu |‘27"Vu| 7% )dth
T
< (1-B) /E" /|Au\2dxdt
S
T
+(17B1)/E‘1(t)/|Vu\2dxdt
S Q
T :
+(1—/32)/E4 (z)/ 1Vl 2 |Vuf? i, 4.2)
K Q
where
E=min{(1-p1),(1-B2)}.
By (4.1), (4.2) and the definition of E (¢), we otain
T T
g/Eq+1 (dt < —/Eq (t)/uu,dxdt (4.3)
S S Q
/Eq /uu P2 dxdt.
We estimate the terms on the right-hand side of (4.3). For the first term, we use the Young’s inequality
A< Eamy L pmo A g0 es0and L+ L1,
m no€™/M m m
and get
T T
—/Eq (t)/uu,dxdt < /E" (1) / (SC\M\Z—FCS |u,|2) dxdt. 4.4)
s Q s Q
We use again the Young’s inequality to get
T
f/Eq (t)/uu |u|P™) =2 dxdr
K
= / /|u| | PO=2)/2 yaxdr
T
< /Eq (1) / (€c|u|p(x) + ce |ug [P 2 utz) dxdt. 4.5)
S Q
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By (4.4) and (4.5) the inequality (4.3) becomes

T T
g/Eq“(t)dt < /E"(t)/(8c\u\2+c8|u,\2)dxdt
S S Q
T
+/Eq / £c|u|p +c£|u,|p(x)72u,2> dxdt
S
<

80/ / \u\2+|u|p >dxdt
Q
+cg/E" / g + |ua| P ,2> dxdt.

Q

We use (3.17) , Lemma 4.1 and definition of E' (1) to obtain

gn/TEq+1 (r)dr < ec(/TE‘H‘ (1) d1 +ce ./Eq (1) (—E’ (z)) dr.

This implies
T T
£ / ES (di < ec / T (1) dr +ce (B9 (5) - E7 (7))
S
T
< e / E9 (1) di + ceE4 (0)E (s).
S
Choosing € so small such that & > ec, we arrive at
T

/Eq+l (t)dt < cE% (0)E ().

By taking T — oo, we obtain

/Eq+1 1)dt < cE(0)E (s).
N

Thus, Komornik’s Lemma implies the desired result. O
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