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1. Introduction and Background

Let E13 be the three dimensional Minkowski space with the metric < dx,dx >= dx% + dx% — dx% where x1,x,x3 denotes the canonical
coordinates in E3. An arbitrary vector x is said to be spacelike if < x,x >> 0 or x = 0, timelike if < x,x >< 0 and lightlike or null if
< x,x >=0. The norm is defined by ||x|| = \/|< x,x >| for x € E;. A regular curve in E is called locally spacelike, timelike or null, if all
its velocity vectors are spacelike, timelike or null, respectively [1]. For any two vectors x = (x1,x3,x3) and y = (y1,y2,y3) in E 13, the inner
product is the real number < x,y >= x1y| +x2y2 —x3y3 and the vector product is defined by x A;.y = (x3y2 — X2¥3,X1¥3 — X3)1,X1Y2 — X2)1)-
See for more information on Minkowski space in [1,2].

Bézier curves are represented by Pierre Bézier in 1968. Bézier curves are essential among the curves since they are applicable to computer
graphics and related areas. See for more detailed information in [3,4]. Recently, the geometry of Bézier curves have been investigated by
many researechers due to the fact that they have several important properties. Incesu and GAYrsoy studied the curvatures and principal form
of the Bézier curve in [5]. Georgiev worked on the shapes of planar and cubic Bézier curve in [6,7].

In the theory of curves in the Minkowski space, one of the interesting problem is the characterization of a regular curve. In [8], Georgiev
studied on the geometry of the spacelike Bézier curve. He also examined the spacelike Bézier surfaces in Minkowski 3—space in [9].
Chalmoviansky, Pokorna studied quadratic and planar cubic spacelike Bézier curves in Minkowski 3—space in [10, 11]. In [12], Ugail,
Marquaez and Yilmaz handled the conditions of timelike and spacelike Bézier surfaces. The Serret-Frenet frames, curvatures and torsion of
the timelike and spacelike Bézier curves were calculated at the end points in [13-16]. Our aim in this paper is to investigate the timelike and
spacelike Bézier curve of degree m at all points.

A classical Bézier curve of degree m with control points p; is defined as

b(r)="Y p;B7(1),t €[0,1] (1.1
Jj=0

where

m! m—jj : :
e (1 — )"t/ f0<;j<
Bjm(t) = Gy (=0, AE0 < j<m
0, otherwise

are called the Bernstein basis functions of degree m. The polygon formed by joining the control points pg, p1, ..., pm in the specified order is
called the Bézier control polygon.

If a curve is differentiable at its each point in an open interval, in this case a set of orthogonal unit vectors can be obtained. And these unit
vectors are called Frenet frame. The rates of these frame vectors along the curve define curvatures of the curves. The set of these vectors and
curvatures of a curve, is called Frenet apparatus of the curve.
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Theorem 1.1 ([14]). Let i,V and w vectors in E13 Then

(i) <uhjpv,w>= —det(u,v,w),
(i) (uALv)ANiLw=—<u,w>v+ <v,w>u,
(iii) <uNjpv,u>=0and <uNpv,v>=0,
(iv) <UNLVUNLY >=— <uu>< v,y > +(<u,v>)2.
Let B be acurve in E 13 Then B is called timelike (resp. spacelike, null) at 7, if the tangent vector f8’(¢) is a timelike (resp.cspacelike, null)
vector.
Theorem 1.2 ( [17]). For a regular curve 3 with speed v = %, and curvature K > 0,

(i) B is spacelike non-unit speed curve, then the derivative formula of Frenet frame is as follows:

T’ =vkN,
N' =v(—8xT +1B),
B =viN.

(ii) B is timelike non-unit speed curve, then the derivative formula of Frenet frame is as follows:

T’ =vkN,
N’ =v(kT + 1B),
B =vIN.

Theorem 1.3. Let ii and V be vectors in Minkowski 3—space.

(i) If i and V are future pointing (or past pointing) timelike vectors, then i \j1, V is a spacelike vector, < ii,V >= —||if||;z||V||; cosh 8 and
|1 Azz V|| = ||é]| L ||V]] 1 sinh @ where O is the hyperbolic angle between i and V.
(ii) If U and V are spacelike vectors satisfying the inequality |< u,Vv >| < |[i||iL||V|iL, then @ ALV is timelike vector,
<,V >= ||| ||V|li cos 6 and ||i Ap V|| = ||i||1L||V]| 1L sin @ where O is the angle between i and V.
(iii) If @ and V are spacelike vectors satisfying the inequality |< i,V >| > ||li||j||V|l;L, then @ NV is timelike vector,
<,V >= —||i||1L||V|| 1 cosh 8 and ||ii Arp V|| = ||| ||V|| 1z sinh O where 6 is the hyperbolic angle between U and V.

(iv) If i and ¥ are spacelike vectors satisfying the inequality | < i,V >| = ||ii||;L||V|| 1L, then i AjpV is lightlike.
See more [1,2,18, 19].

Theorem 1.4 ( [8, 14]). Let b(t) be a Bézier curve. If all the vectors of the Bézier control polygon is spacelike (timelike), then b(t) is
spacelike (timelike) curve.

Definition 1.5. Timelike Bézier curves and spacelike Bézier curves with spacelike or timelike normal vectors are called Frenet Bézier curves.
2. Main Results

2.1. Timelike Bézier curves

In this section, we give Serret-Frenet frame, curvature and torsion of timelike Bézier curves.

Theorem 2.1. Let b(t) be a timelike Bézier curve and p; are control points. The Serret-Frenet frame T,N,B, curvature K and torsion T of
b(r) is given by

m—1 1
'ZO B; () Apj
j=

T(t) = — = 2.1
(- ,ZOB;”*l(I)Bﬁ"*l(f) <Apj,Api>)?
Jit=
m—Im—2m—1 m—1 m—2 m—1 2
= 5 kZOBj ([)Bi ([)Bk (t)(APj/\ILA Pi) ML Dp
=0 i=0 k=
NI == 505 = , 22
i m—1 m—2 2 " m—1
X X B @)B" ~()(Apj A A%pi)llill X By (1) Apiliw
/=0 i=0 k=0
melm=2 m—1 m—2 2
% B B0 (A )
__ ==
B(t)_ m—1m—2 1 3 ’ (2.3)
[ 'Zo 'ZOBj OB =(0)(Apj M A%pi)llie
J=0 i=

molm=2 m—1 m—2 2
1 H 'Z() 'Z() Bj (Z)Bi (Z)(Apj/\ILA pi)HIL
— j=0 i=

k(1) =

, (2.4)
m

m—1 m—1 3
'L By 0wl
j=
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m_lm=2m=3 m—1 m—2 m—3 2 3
m_2 & & kZOBj (l‘)Bi (l‘)Bk (t)det(Apj,A pi,A pk)
—2 j=0 i=0 k=
T(t) = m m—1m=2 ’ 25
[ Lxr BN 0B (1) (Apj A A2pi) 17,
Jj=0 i=

where Ap; are in the same cone, Ap; = pji1—pj, Azpj =Apji1—Apjand A3pj = Aszl —Azpj.

Proof. Since all the vectors Ap; are timelike vectors, the norm of Apj is

1Apillie=1+/—<Apj,Apj > (2.6)

fort € [0, 1]. The tangent vector is calculated as:

b'(t)
[16"(0) ]z
m—1

‘Zo BT (1) Ap; 2.7)
=

ml m—1 ‘
I's By~ 0 opln
j=

T(t)=

From the equation (2.6) and (2.7), the equation (2.1) is handled.
The binormal vector is obtained by

b/(l‘) AIL b”(t)

B(t) = ML V)

O = oy 7 )l

m—1 | m—2 5
( L BT (1) Apj) AL ( r B (1) A% pi)
J= 1=

m—1 m—2 :
ICE B (1) Apj) A ( L B2 (1) A%pi)|ie

J= 1=

Since the tangent T of the timelike Bézier curve is timelike, N and B are spacelike vectors, the principal normal vector N is provided by

N(r) =~ BO) A T (@)
m—1 m=2 m—1
( L BTN (6)Apj) A ( x Bl (1) A% pi) L BT (1) Ap,
Jj= i= Jj=
=— AIL

m—1 e m—2 2 ) m—1 e '
Il( _ZOBJ- ) Apj) Aie ( 'Zo B =()Api)lie || ZOBJ- ) Apjli
j= i= j=

The curvature of timelike Bézier curve is

") A b (@) e

t
MO= 0,
m—1 m—2
s B 085 A (T B0 8%)
m—1 j=0 i=0

- m m—1 1
1L, B el

and the torsion of timelike Bézier curve is

<Y ()AL (1), b" () >
O =0 A O

L — M2 -2 A2 " pme3 A3
oS ZOBj (M Apj AL 'Zo B (t)A%pj, ¥ By (1) A >
m-2 = = =
- m m—1 m—1 m—2 2 2
Il( L Bj ) Apj) A ( L Bj ) A%pi)llie
j= =

From the Theorem 1.3 and Theorem 2.1, the following results can be handled.
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Corollary 2.2 ([16]). Let b(t) be a timelike Bézier curve and pj are control points. The Serret-Frenet frame T,N,B, curvature K and torsion
T of b(t) att =0 is given by

AN
T(0)= Po ,
V=< 2A8po,Apo >
ApO AP]
N(0) =-————cothf — —————cschb,
© 1 Apolliz A
B(0) = Apo L Lpr 7
1A pollil| Api ||z sinh €
m—1||Ap1]|;Lsinh 6
K(0) = | | inh6
m HAPOHIL
-2 Apo, Apr, N
7(0)=-" det(Apo, Ap1, Ap2)

m | AporApilf
where 0 is the angle between Apy and NAp;.

Corollary 2.3 ([16]). Let b(t) be a timelike Bézier curve and pj are control points. The Serret-Frenet frame T,N,B, curvature k and torsion
T of b(t) att =1 is given by

Apm—
T(l) — pm 1 ,
\/7 < APm—hAPm—l >
Apmf2 Apm—l
N(l)=—————csch® — —————coth 0,
S 1 pmalin
B(1) = — Apm_1 ANiL Apm—2
[Apm—tllil| Apm—2llizsinh €’
m—1 HA[J ,2||1Lsinh9
K(l) = Z 0 )
m | Apm—1ll7
T(l) :m_2 det(APm—lvAmeﬁﬁpm—S)
m [Apm—t ML Dpm—all?,

where 0 is the angle between Ap,,_o and Apy,_1.

2.2. Spacelike Bézier Curves

In this section, we calculate Serret-Frenet frame, curvature and torsion of spacelike Bézier curves with spacelike and timelike normals.
2.2.1. Spacelike Bézier Curves with Spacelike normal

In this subsection, we calculate Frenet apparatus of a spacelike Bézier curve with spacelike normal.

Theorem 2.4. Let b(t) be a spacelike Bézier curve with spacelike normal and p; are control points. The Serret-Frenet frame T,N,B,
curvature K and torsion T of b(t) is given by

m—1
¥ B (1)Ap,
T(t)= —— " . 2.8)
(L BY (0B (1) < Apj,Lpi>)?

=0’

m—1m—2m—1

r B'}q_l (OB 2(0)By (1) (Apj AL A2 pi) AL Apy

j=0 i=0 k=0
N(t) = m—1m—2 m—1 ’ (29)
Y X B,’”fl(t)BZ”*z(f)(Apj AL O2p) il E B0 Aplli
=0 i=0 k=0
m—1m—2 1 DY 2
Lr B (B (t)(Apj AL A% pi)
B(t) = m-:m’jz , (2.10)
| 'ZO 'ZO BN (0B (0)(Api ML A2 pi) e
Jj=0 i=
m—1m—

2
- | 'Zo 'Zo BN (0B () (Api Ar A% pi) |
e A

K(t) = - P — . , (2.11)
IS B A7,
j=
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m—1m—2m-3
y B".“l(t)Bi'"fz(t)Bf%(t)det(Apj,Azpi,A3pk)
_ m—=2=0i=0k=0 ’ 2.12
") == m mAms2 i m—2 2 7 @12
[ ‘):0 ‘Zo B (0)B (1) (Lpj A A2pi)ll7,
=0 S

where Ap; are in the same cone.

Proof. Since all the vectors Ap; are spacelike vectors, the norm of Ap; is

||Aij]L:Q/<Apj,Apj >. (2.13)

fort € [0, 1]. The tangent vector is calculated as:

0
10 =0

m
'zo BTN (1) Ap; (2.14)
_ =
m—1 1 1
(AZOBZ" (t)Bi" (t) < Apj, Api >)
Jo=

ol—

From the equation (2.13) and (2.14), the equation (2.8) is handled.
Since the tangent T, N spacelike and B is timelike, N is given by the equation

N=BA;T.
The rest of the proof is similar to Theorem 2.1. O

From the Theorem 1.3 and Theorem 2.4, the following results can be seen easily.

Corollary 2.5 ([13]). Let b(t) be a spacelike Bézier curve with spacelike normal and pj are control points. The tangent vector T of b(t) at
t =0 is given by

A
T(0)= — 2P0
V< 2Apo,Apo>
If the inequality |< Apo, Apy >\ < [|Apollil|Ap1lliw holds for Apg and Apy, N,B, x and T of b(t) at t = 0 is given by
Apl Apo
N(0) =77———cscf — ————cot 6,
© 1Apillw 1 Apollie
B(0) = ApohLLpr 7
[ApollilApi |l sin®
m—1[[Apilisin6
K(0) = NN
m 1Apoll7,
—2det(Apg, Ap1, A
7(0)=-" et(Apo, Ap1, Ap2)

m || Apo A Opr|Z

and if the inequality |< Apo, Ap1 > > || ApolliLl| Api iz holds for Apy and Apy, N,B, K and T of b(t) att = 0 is given by

A A
N(0) Pl cschf + Po coth 0,

Apll [Apollie
Apo AL N
B(0) = PoNIL AP1 : 7
[IApoll | Apt |1z sinh &
m—1|Apy|lsinh 0
K(O) = A D) )
m 1 Apoliz,
—2det(Apg, Apy, N
T(O):—m e( Po,AP1, pZ)

m ||AponApilf
where 0 is the angle between NA\po and A\p.

Corollary 2.6 ([13]). Let b(t) be a spacelike Bézier curve with spacelike normal and pj are control points. The tangent vector T of b(t) at
t =1 is given by

App—
T(]) _ Pm—1 ]
\/< Apu_1,Apm—1 >
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If the inequality |< Apyu—2, Apm—1 >0 < |Apm—2liLl| A pm—1liL holds for Apy—» and Apy—1, N,B, k and T of b(t) at t = 1 is given by

Apm—2 App_i

N(1)=— 7||Apm_2|\u_ csc O+ 7”&]%—1 I cot9,
B(1) = Apu—1 NiL Apm—2 .

IAPm—1llil| Apm—2|lisin®
() =1 12Pm—2]lisin®

m | Apm—1 H%L
(1) :m—2 det(Appm_1,Apm—2,DPm—3) 7

m ”Apm—l AIL Apm—2||%1‘

and if the inequality |< Apy—2, Apm—1 >|iL > | Apm—2lliL| Apm—1 iz holds for Apy—» and Apy,—1, N,B, K and T of b(t) att =1 is
given by

Apm— Apm—1

N = gl " ™ Bl ™
B(1) = — Apm—_1 NiL Apm—2 —

[Apm-1llil| Apm—2|lisinh &
K'(l) :m— 1 HAP,,,,QH[LSinhe7

m 1APm-1l7;
(1) _m= 2 det(Apm—1, APpm—2, Dpm—3) ’

m | Apm—1 AL Dpm—2 |7,

where 0 is the angle between Np,,_» and Ap,,_1.
2.2.2. Spacelike Bézier curves with timelike normal

In this subsection, we calculate Frenet apparatus of a spacelike Bézier curve with timelike normal.

Theorem 2.7. Let b(t) be a spacelike Bézier curve with timelike normal and p j are control points. The Serret-Frenet frame T,N,B, curvature
K and torsion T of b(t) is given by

m—1
Y BTN (t)Ap;

=0’
T(1) = — - (2.15)
(’ZOB?”(OB?'*](I) <Apj,Api>)?
Jsi=
m—1m—2m—1 1 m_2 1 )
L 'Zo kZOBj (O)B]"“(t)By" (t)(Apj AL A%pi) AiL Api
— J=Y = =
N() = ot - . i , (2.16)
I '20 4):0 B (0B () (Apj AL A Pi)||1LHkZOBk () Aprllie
=0 i= =
m—1m—2 _— 2 2
L ;0 BN (0)B (1) (Apj AL A pi)
B(t) - mJ771 m: ’ (217)
| ,ZO ,ZO BN (0B (0)(Api ML A2 pi) i
J=0 i=
molm=2 1 pm—2 2
- [ ;0 ;0 BN (0B (1) (Apj AL Api)llie
k(1) = — : (2.18)
m iy
I"s B (08,13,
j=0
molmIm=3 1\ pm—2(y\ gm—3 2 3
¥ B (OB 2B de(Apy, A2 pi, A3 py)
T(t):_m—Zj:O i=0 k=0 (2.19)
m m—1m—2 1 2 ) ) ’ :
X X B (B ~()(&pj A A%pi)ll7,
j=0 i=0
where Ap; and Apj are in the same cone.
Proof. Since the tangent T, B spacelike and N is timelike, N is given by the equation
N=BA;,T.
O

The rest of the proof is similar to Theorem 2.4.
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From the Theorem 1.3 and Theorem 2.7, the following results can be obtained.

Corollary 2.8 ([15]). Let b(t) be a spacelike Bézier curve with timelike normal and pj are control points. The tangent vector T of b(t) at
t =0 is given by

Apo
7T0)= ——————.
©) V< Apo, Apo >

If the inequality |< Apg, Ap1 >|iL < [|ApolliLl|Ap1lliL holds for Apy and Apy, N,B, x and T of b(t) att =0 is given by

Apl Apo
N(0) =— cscO + cot@,
9 [Aptlli 1 Apolliz
Apo AL A
B(0) = Do ANIL 2P .
[Apollil| Apilisin®
m—1|Api|usin®
k(0) = T
m H POH[L
—2det(Apg, Ap1, AN
7(0)= —"—29¢ (Apo, Ap1, Ap2)

m||Apo A Opr|?

and if the inequality |< Apo, Apy >|iL > |1 ApolliL|Api iz holds for Apg and Apy, N,B, k and T of b(t) at t = 0 is given by

N(0)=— 2pi cschf — 2po coth 6,
APt [ApolliL
Apo AiL Api

B 0 - . )
© [ Apolliel|Apillisinh €
o m—1 HAPIHILSinh@

K(0) =

)

m 1Apollf,
m—2det(Apg, Ap1,Ap2)
m [ ApoADplld

7(0) =

where 0 is the angle between Apg and Ap.

Corollary 2.9 ([15]). Let b(t) be a spacelike Bézier curve with timelike normal and p j are control points. The tangent vector T of b(t) at
t =1 is given by

Appm—
T(l): Pm—1 ]
\/< App—1,Dpp—1 >

If the inequality |< Appm—_2, Apm—1 >|iL < |Apm—2|liL| Apm—1liL holds for Apy,—» and Ap,,—1, N,B, k¥ and T of b(¢) at t = 1 is given by

Appy— App—
(1= Pm=2 o Pm-1 cot@,
|Apm—alliz | Apm—tlliz
Apm—1 NiL Dpm—2

Bl = [Apm—1 1Ll Apm—2lliLsin 6’
(1) =" 12Pm—2]lisin®
m |Apm—1 H%L
(1) :m—2 det(Amel,Amez,Apm%)7
m | Apm_y ML Dpm—2ll,

and if the inequality ‘< Apm—2,Dpm—1 >|IL > HAPWHZHIL”Apmfl HIL holds for Apy—2 and Apy,—1, N,B, x and © Ofb(t) art =11is
given by

N(1) _ OPma csch@ + _Bbmot coth,
|Apm—alliz 1Apm—1llie
B(l) __ Apm—1 NiLAPpm—2 : 7
[ Apm-1lliLl| Apm-2liesinh €
K'(l) :mi 1 HAP}W*Z”ILSinhe7
m | Apm—1ll7,
T(l) :m =2 de[(Apm71 ) APWL727 APm—S) 7
m | Apm—1 ML Apm—2 |13,

where 0 is the angle between Np,,_» and Ap,,_1.
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