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ABSTRACT. In this article, the Apostol Bernoulli-Fibonacci polynomials are defined and various properties of Apos-
tol Bernoulli-Fibonacci polynomials are obtained. Furthermore, Apostol Euler-Fibonacci numbers and polynomials
are found. In addition, harmonic-based F exponential generating functions are defined for Apostol Bernoulli-
Fibonacci numbers and Apostol Euler-Fibonacci numbers.
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1. INTRODUCTION

Due to the ease with which polynomials can be used to compute and operate mathematically, special numbers and
polynomials have many valuable applications not only in mathematics but also in physics and engineering. As well as
solving real-world problems, polynomials are used by physicists, engineers and biologists. The Bernoulli polynomials

B, (x) are defined as follows in [1]:
te'™ & o
el — 1 = Z()Bn(x)a-

For x = 0, B,(0) is called the n-th Bernoulli number and denoted B,,. Some Bernoulli numbers and Bernoulli polyno-
mials are:

1 1 1
Byp=1, Bi=-—-, By=-, B3=0, By=-—, Bs=0,
0 1 5 2= % 3 4 30 5
By(x) =1 Bl()c):)c—1 Bg(x)z)cz—x—i-l B3()c)=)c3—§xz+1 B4()c)=)c4—2)c3+)62—i
’ 2’ 6’ 2 2’ 30°

Bernoulli polynomials and Bernoulli numbers hold the following identities [1]

By(x+y)= (Z)Bk(x)y"‘k,

k=0

B,(x) = Z (’]Z)ka"‘k, n>0,
k=0
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B, = Z (Z)Bk, n>2.

k=0
The Euler polynomials E, (x) are defined by the generating function:

2et)c ©° n
= =N Ex)—.
el+1 HZ:(; (x)n!

For x = 0, E,(0) is called the n-th Euler number, which is denoted by E,. Some Euler numbers and Euler polynomials
are

Ey=1, E1=0, Ex=-1, E;=0, E;=5 Es=-6l,
1 3, 1
En =1 E@=x-7, Exs= X -x, Es(x)=x - Exz tg
Euler polynomials and Euler numbers hold the following properties [1]:

~ n n -
Ex(x+y) =) (k)Ekmy :
k=0
Srivastava and Choi worked on Euler polynomials and numbers [15].
Some generalized forms of the Bernoulli polynomials and Euler polynomials have already appeared in literature.

In [6], the Bernoulli polynomials and the Euler polynomials of order « are defined by the following generating functions

2\ e, 2
(ez—l) ¢ _ZOB”(X)E’
g

2\ : o, T
T = E (x)—.
(eZ+1) ¢ nZ:(; "(x)n!

Note that, for x = 0, the Bernoulli and the Euler polynomials of order « reduce to the Bernoulli and the Euler numbers
of order a. Another generalization is Apostol Bernoulli polynomial of order @ and Apostol Euler polynomials of order
a respectively for arbitrary reel or complex parameters « and A (see, for details [2, 3, 8]).

Similar definitions of classical Bernoulli numbers and polynomials were given by T. M. Apostol, who worked on
Lipchitz-Lerch Zeta functions [2]. These polynomials, called Apostol-Bernoulli, were later studied by Srivastava,
and some generalizations of Apostol-Bernoulli polynomials were also explored by Luo and Srivastava [9, 13]. Thus,
Luo and Srivastava came together to reveal the a-expanded Apostol-Euler and Apostol-Bernoulli polynomials, and by
studying these polynomials systematically, they finally gave the product formulas of Apostolic type polynomials and
the recurrence relations of Apostol-Euler polynomials [6,7,9, 10, 13]. In addition to these, the sum theorem for Euler
and Bernoulli polynomials was also explored by Srivastava [14].

The Apostol Bernoulli polynomials and the Apostol Euler polynomials are defined as

t ¢ x _ R 104 t”
(/le’— 1) ¢ _ZOB”(X’/DE’
"

2 . Ix S (04 t

Some identities of these polynomials are ( [2, 3, 8]):

3 & n (3 n—
B, (x+y) = ( )Bk<x)y K

k=0 k
-5
k=0
n
ES(x+y) = (Z)Ek @y,
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n

R
k=0

104 n @
En+ﬁ(x +y, /l) = Z (k)En (X, A)Eg—k(y’ /l)
k=0
Note that, for 4 = 1 the Apostol Bernoulli and the Apostol Euler polynomials of order a reduce to the Bernoulli and
the Euler polynomials of order . If 1 = @ = 1 are taken, then classical Bernoulli and Euler polynomials are obtained.
Now, we give some definitions (for these definitions see [11, 12]) that we will use throughout the article.
The F—factorial is defined as

F,)\=F, - F, - F,»---F, Fyl=1,

where F, is n-th Fibonacci numbers. The Fibonomial coefficients are defined as (0 < k < n) as

n\ _ F,
kl.  Fui!Fy!

with (S)F = (Z)F =1 and (Z)F = 0 for n < k. The F-binomial theorem is given by

(+ry)' =) (Z) Ay,
F

k=0

The F-exponential functions ejy. and E7. are defined as:

=D

n=0 n-
S
E} = ;( 1™ T
The following identity holds
eLE) = &, (1.1

The authors [5, 11] defined generating functions for Bernoulli-Fibonacci polynomials B% (x) and Euler-Fibonacci
polynomials as follow

tely B > ot L2
= ) Bl (1.2)
F n=0 n

2e = i
TF N EF () —, 1.3
e+ 1 Z:; nF (1.3

where F,, is nth Fibonacci number.

In [5], Bernoulli F-polynomials were defined and various properties were obtained. In the light of the Eq. (1.2) and
Eq. (1.3), we define the Apostol Bernoulli-Fibonacci polynomials and obtain various properties of these polynomials.
Moreover, we define the Apostol Euler-Fibonacci polynomials and numbers. Finally, we give the harmonic-based
F-exponential generating function for Apostol Bernoulli-Fibonacci numbers and Apostol Euler-Fibonacci numbers.

2. ArostoL BErNoULLI-FiBoNacct PoLyNomIALS AND APosToL EULER-FIBONAccT POLYNOMIALS

In this section, we define some new generalizations of the Bernoulli polynomials and the Euler polynomials, the
Apostol Bernoulli polynomials and the Apostol Euler polynomials with the help of golden exponential generating
function. Then, we obtain some properties of these newly established polynomials.

Definition 2.1. The exponential generating function for Apostol Bernoulli-Fibonacci polynomials of order a, BL®(x, 1)
and Apostol Euler-Fibonacci polynomials of order «, EF?(x, 2) are defined by

! . x _ S F.a tn
(—M; - 1) = 2 B D g
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_ F.a L
(M +1) ZE (x/l) . Q2.1

If we take @ = 1, Apostol Bernoulli-Fibonacci polynomials of order @ and Apostol Euler-Fibonacci polynomials
of order a reduce to Apostol Bernoulli-Fibonacci polynomials and Apostol Euler-Fibonacci polynomials, respectively.
These polynomials are

(2.2)

eF —ZBF

and

(2.3)

/le +1 F_ZEF

respectively. If we write x = 0 in equations (2.2) and (2.3), we obtain the Apostol Bernoulli-Fibonacci numbers and
Apostol Euler-Fibonacci numbers as follows;

N "
_ Fopny L
1 _nZ:(;Bn(/l)Fn!v

and

2 _$ et
Ael + 1 pr S N
Theorem 2.2. Apostol Bernoulli-Fibonacci polynomials BE (x, A) satisfy the following relation:

B,f<x+y>—z() ()= kg (2,

n=0
Proof. Using Eq. (2.2) and Eq. (1.1), we get

00

$ttcnrnt e
Py " TUF) \ae.-1)F

n=0 T p=0
_ Z [Z (k) ( 1)(11 k)(n—k—1) Il kBF(x /l)
n=0 \k=0 ne
If the coefficients are compared, the desired result is obtained. m]

Theorem 2.3. The following formula for Apostol Euler-Fibonacci polynomials E¥ (x, A) is correct

Ef(x+y)= ) (Z) (1) YR EL (x, ).
F

n=0
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Proof. By utilizing Using Eq. (2.3) and Eq. (1.1), we obtain

( 2 1(x+y)

EF(x+y,
g (ty Ae, +1°F
1x oty
=(—=— e E
(/lejF + 1) F
_ZE%J) Z(Nw"
n=0
—Z[Z( ) )T E )|
n=0 \k=0 ne

Thus, the desired result is rielived when the coefficients are equalized.

Theorem 2.4. The following formula for Apostol Euler-Fibonacci polynomials, EE (x, ), is correct

x - chiocksy (X n—k
EH?QZZ()(U (ﬁ EF (x, D).
=0
Proof. From Eq. (2.3 ) and Eq. (1.1), we have
2
2 (5
n! /leF +1
2 " —Xy
= XE 2
(Ae;+1)eF F

> ln nn=1) (—X\" tn
= DB > D (S
nz:(; F,! nZ:(; 2/ F,!

_ nz.:o [g (k) (- 1)(n K)(n—k+1) (g)n—k E/f(x’ /l)] f’in! .

t

"q [SIE

So the proof is completed.
Definition 2.5 ([12]). The Golden Derivative operator Dy, acts on arbitrary function f(x)

fF@x0—-f(-3)

(0-(=5)%)

Dy (f (x) =

1%

where ¢ = 1+2
Note that, the Golden derivatives of Golden exponential functions are hold [12]:
Dy (e’ﬁ) = tel.
Theorem 2.6. Apostol-Bernoulli-Fibonacci polynomials satisfy the formula

Dy (B}, 1(x. 1))

BE(x,2) =
Fn+1!

2.4)



E. Giilal, N. Tuglu, Turk. J. Math. Comput. Sci., 15(1)(2023), 202-210 207

Proof. By virtue of Eq. (2.1), we find that

X t x| _ 1 X 1x
DF(/le%_leF)—/lt — D} ( ) (2.5)
teF
/leF -1
and
Dj = BE(x,2 2.6
(B noy] - S wisa @0
© tn+1
=2 Dy (Bl )
n=0
:iD (B 1(x/l)) tn.
=0 Fn+l F !
If the coefficients in the Eq. (2.5) and Eq. (2.6) are compared, the desired result is obtained. |

Theorem 2.7. For n > 1, Apostol Bernoulli-Fibonacci polynomials can be calculated recursively by
) (’;) B (x,2) = Fox"' + B (x, ).
=0 \'/F

Proof. We know that, the generating function of Apostol Bernoulli-Fibonacci polynomials is

eF —ZBF

If we multiply this equality by Ae’., we have

tey O oF "
e = B (x,1
et 17" Z:; DT

If we subtract the above two equations side by side, we get

1x
te‘F
!
Ael, — 1

= 3 (Aeh B ) B (5.)
n=0

Thus,

00

tely = Z (/le}B,f(X, ) - Bf(x, /l)) :’,

I’l=0 n-

(o] tn‘
- Z ¢l BF (x, /1)— - Z Bf (x, D7

=0 n:

For the first sum of the RHS of this equation, we find that

t pF _ F
/l;eFBZ (x,/l)F—l! _z;;B (x, /1)F ¥
0 0 tk+l
SN W

I\
[=}
.
i

<3
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For k + [ = n, we get

- i = 1 F,)
¢ pF r _ L F n
/lZeFBZ (x, /l)Fl! _/12 N BF (x, /DFn_z!Fz'
=0 n=0 1=0
00 n n tn
=1 ( Bf (x, /l)]
; =0 k F Fy!
By virtue of Eq. (2.4), we obtain
o (1x)"
X x X
o ()2, 75
:i Dy -
PR
:iFn S
n=1 Fn'
Thus,
o0 - tn ~ 0 n n . ln 00 . f”
Zan 1 —AZ(Z (k)FB, (x, /1)] i ZB,, (x, /l)Fn!
n=1 n=0 \ /=0 n=0
0 (& (n " > "
_ I pF F L nF _ F r
=ABL(x, /l)(O)F +A;[; (k)FBI (x, /1)) 71 Bl ;B,, (5 D7
zai Al B (x,2) — BF(x, )
- Fn' - kF l > n \As .

Therefore, we have

3. Harmonic-Basep ArostoL EULER-FiBoNacct AND APosToL BERNOULLI-FiBoNacct NUMBERS

In this section, we obtain harmonic-based F-exponential generating functions of the Apostol Euler-Fibonacci and
Apostol Bernoulli-Fibonacci numbers. The harmonic numbers defined by

1
hy= ) —,
27

where hy = 0.
In [4], Dattoli studied vacuum amplification of harmonic numbers operator, with the help of harmonic-based expo-
nential generator functions (see [4, 16]) defined the hyperharmonic Fibonacci numbers as follows

51
Fn:kzzl:Fk7

where Fy = 0.
Kus et al. [5] obtained harmonic-based F-exponential generators of Euler-Fibonacci numbers, Euler-Fibonacci poly-
nomials and Bernoulli Fibonacci polynomials

, ad o
fat _
el =1+ EIF,,F”!,
P
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is a harmonic-based F-exponential function, where

tn

6F,r€fﬁ =1+ ZFn+1F—rl!.
n=1

Theorem 3.1. Harmonic-based F-exponential generating function of Apostol Bernoulli-Fibonacci numbers are

(o) tn t
Bi()— = .
nzz(; n )Fn! A =1+ A0F,efft — efit + 1)

Proof. By using the harmonic-based F-exponential function ¢/*" and the exponential generating functions for Apostol
Bernoulli-Fibonacci numbers, we get

4 — —
/leF—l—/l_EOFn! 1

:/“_/12;1'_1

ne

S
=A-1+A
;FrHan!

() t],[
=1-1+ /ltZ(]F,,H ~Fu) 7y
n=0 ne

n 00

R t "
=A1-1 +/ll‘[1 +ZFVL+1F—ZFnF
n=1 n n

n=1

= A~ 1+ A0 - e +1).

Thus,

= " t
BF(a = —
; "= e o1
¢
A= 1+ AU@pgel — et + 1)

Theorem 3.2. Harmonic-based F-exponential generating function of Apostol-Euler-Fibonacci numbers is given by:

S tn 2
Ef)— = . . .
; ! )F,,! 1+ A+ At (O, efet — efet + 1)
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Proof. By using the F-exponential function e/#" and the exponential generating functions for Apostol Euler-Fibonacci
numbers, we get

(o] tn
/le}+1=1+/1+/lz

nlen!

o 1
=l+A+ At —_—

nZ:;)FnH Fn!

=1 +/l+/ltZ(]Fn+] F )

n=

=1+/1+/lt(i]}?,,+1 i "F']
n= Fy! n=0 n:

> & o
=l+A+ A 1+;]F F' ;F”Fn!J

=l+A+ At

O, e — et 1).
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