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ABSTRACT. In this article, we study the space B, (Bx,Y) of Y-valued Bloch-type functions on the unit ball Bx of
an infinite dimensional Hilbert space X with p is a normal weight on Bx and Y is a Banach space. We also investigate
the characterizations of the space WB,,(Bx ) of Y-valued, locally bounded, weakly holomorphic functions associated
with the Bloch-type space B,,(Bx ) of scalar-valued functions in the sense that f € WB,(Bx)if wo f € B,(Bx) for
every w € W, a separating subspace of the dual Y’ of Y.

Keywords: Operators on Hilbert spaces, Bloch spaces, weak holomorphic.

2020 Mathematics Subject Classification: 47B38, 30H30, 47B02, 47B33, 47B91.

1. INTRODUCTION

The space of classical Bloch functions on the unit disk B; of the complex plane C was ex-
tended to the higher dimension cases. In 1975, using terminology from differential geometry
[5], K. T. Hahn introduced the notion of Bloch functions on bounded homogeneous domains
in C". Further, Bloch functions on bounded homogeneous domains in terms of the Bergman
metric was studied by R. M. Timoney in [12, 13]. In [7], S. G. Krantz and D. Ma considered func-
tion theoretic and functional analytic properties of Bloch functions on strongly pseudoconvex
domain.

Recently, O. Blasco and his colleagues extended the notion to the infinite dimensional setting
by considering Bloch functions on the unit ball of an infinite dimensional Hilbert space (see
[1, 2, 3]) and, after that, Z. Xu continued the study this topic (see [14]). C. Chu, H. Hamada,
T. Honda, G. Kohr generalized the Bloch space to a bounded symmetric domain in a complex
Banach space realized as the open unit ball of a .JB*-triple (see [4]). H. Hamada [6] introduced
Bloch-type spaces on the unit ball of a complex Banach space.

Motivated by the above results, in this article, the space of Banach-valued Bloch-type func-
tions on the unit ball By of an infinite dimensional Hilbert space X with a normal weight
(say Bloch-type space) is introduced. We will consider two possible extensions of the classi-
cal Bloch space. The first one extends the classical Bloch space by considering the Bloch-type
spaces B,(Bx,Y’) of holomorphic functions f on Bx with values in a Banach space Y such
that sup, .5, 11(2)[|0Of(2)|| < oo where p is a normal weight on By and ¢ f denotes either the
holomorphic gradient V f or the radial derivative Rf of f. Basing on the idea in [1] with minor
modifications, we give the connection between functions in B,,(Bx,Y’) and their restrictions
to finite dimensional ones, which leads to the fact that if for a given m > 2, the restrictions of
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the function to the m-dimensional subspaces have their Bloch-type norms uniformly bounded,
then the function is a Bloch-type one and conversely. The second one gives the characteriza-
tions of the space WB,(Bx) of Banach-valued, locally bounded, weakly holomorphic func-
tions associated with the Bloch-type space B,,(Bx) of scalar-valued functions in the sense that
f € WB,(Bx) if wo f € B,(Bx) for every w € W, a separating subspace of the dual Y’ of
Banach space Y.

Finally, some open problems are proposed at the end of the paper.

2. THE BLOCH-TYPE SPACES ON THE UNIT BALL OF A HILBERT SPACE

Throughout the forthcoming, unless otherwise specified, we shall denote by X a complex
Hilbert space with the open unit ball Bx and Y a Banach space. By . (Bx,Y), we de-
note the vector space of Y-valued holomorphic functions on Bx. We write .#°(Bx) instead
of ##(Bx,C). Denote

=By Y) = {f € A B, V) sup ()] < ocf.

It is easy to check that ##>°(Bx,Y) is Banach under the sup-norm
[flloc == sup [l f(2)]].
zEBx

Let (e )ker be an orthonormal basis of X that we fix at once. Then every z € X can be written

as
zzg 2k€k, E:E ZLek-

ker ker
Given f € #(Bx,Y) and z € Bx. We will denote, as usual, by V f(z) the gradient of f at z;
that is, the unique element representing the linear operator f’'(z) € L(X,Y"). We can write

vie) = (5L0),

and hence of
4 — -
f(2)(z) = I; e (2)(zrer) Vo e X.
We define the radial derivative of f at z € By as follows:

It is obvious that
IRfF()I < IVF(R)ll2]l Yz € Bx
and

V)= sup  [[V(uo )2)|, [[Rf(2)I:= sup  [R(uo [f)(2)].

ueY’ [Jull=1 ueY’,|Jull=1

Definition 2.1. A positive, continuous function p on the interval [0,1) is called normal if there are
three constants 0 < § < 1and 0 < a < b < oo such that

u(t) . . op®)
W) a—1e is decreasing on [9, 1), }E T
u(t) .. ) . p(t)
(W2) -ty is increasing on [, 1), th_rg -0
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If we say that a function p : Bx — [0, 00) is normal, we also assume that it is radial, that is, pu(z) =
w(||z||) for every z € Bx.

Then, it follows from (W7) that a normal function p is strictly decreasing on [d, 1) and pu(t) —
0 as t — 1. Note that, for every non-increasing, normal weight 1,

1-t°
2.1 S, := sup
P e ()

< 0

Throughout this paper, a weight always is assumed to be normal. For a normal weight y on
By, we denote
el gy
I(z)::/ —— Vz € By.
! 0 A(t)
In the sequel, when no confusion can arise, we will use the symbol ¢ to denote either V or R.
We define Bloch-type spaces on the unit ball Bx as follows:

BIBx,Y) = {f € #(Bx.Y): I laspnry = 590 w)I0F()] < oo}

It is easy to check || - ||, B (Byx,y) 18 @ semi-norm on BS(B x,Y) and this space is Banach under
the sup-norm

11180 (Bx,v) = SO+ 1 lsmg (Bx,v)-
We also define little Bloch-type spaces on the unit ball Bx as follows:

Blo(Bx,Y) = {f € BY(Bx,Y): T u(z)[0f()| =0}

endowed with the norm induced by BS (Bx,Y).Inthecase Y = C, we write Bff (Bx), Bﬁ o(Bx)
instead of the respective notations. For u(z) = 1 — ||z||?, we write B®(Bx,Y) instead of
BS (Bx,Y) and when dim X = m, Y = C we obtain correspondingly the classical Bloch space
B°(B,,,). We will show below that the study of Bloch-type spaces on the unit ball can be reduced
to studying functions defined on finite dimensional subspaces.

Now, for each finite subset F' C T', in symbol |F'| = m < oo, we denote by Bz the unit ball
of span{eg, k € F'}. Without loss of generality we may assume that F' = {1,...,m}, and hence
B[z = B,,. For each m € N, we denote

Rm] = (Zla sy Zm) € Byy,.

For m > 2 by
OSm = {(E = (xla s 7xm)v Tk € X7 <xkaxj> = 5kj}v

we denote the family of orthonormal systems of order m. It is clear that OS5 is the unit sphere
of X. Forevery x € OS,,, f € 5 (Bx,Y), we define

() (szxk)

Then

2) 97 ()| = Hw(izkxk) H
k=1
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Definition 2.2. Let By be the open unit ball in C and f € 5#(Bx,Y). We define an affine semi-norm
as follows

1fllsBast (B, vy == HSUP 1£(-2)lsB,B:,v)s

zll=1

where f(-z) : By — Y given by f(-z)(\) = f(Az) for every A € B, and
1 C2)llsr@ vy = sap pAx)|[f(-2)(V]]
AeBy

It is easy to see that || - HsBsz(BXy) is a semi-norm on B, (Bx,Y). We denote
By (Bx,Y) = {f € Bu(Bx,Y) : |fllsmar(nx.v) < 00}
It is also easy to check that BZH(B x,Y') is Banach under the norm

1f It (B, vy == IS O + [|fllsmare (B, v)-

We also define little affine Bloch-type spaces on the unit ball Bx as follows:

B (Bx.Y) = {f € BT (Bx,Y): lim sup u(ha)l|f'(-x)(N)] =0},

Al=11z)j=1

As the above, for u(z) = 1 — ||z||* we use notation B and By instead of B, and B,, o, respec-
tively.

Proposition 2.1. Let f € 5#(Bx,Y). The following are equivalent:
(1) f € BV(BXu Y)7

2 sup |IfzllBy®,, v) < oo foreverym > 2;

3) %iirsewéxlsts m > 2 such that Gbgp ||f1||BV(]Bm7y) < 0.
Moreover, for each m > 2

(2.3) 1fllssy (Bx.yv) = sup [ fallspy @,.v)-

aS m

Proof. (1) = (2): Let m > 2 and z},,) € B,,,. According to (2.2)

19 o) = [ ( 32
j=1

Denote ul™ =y, . Since || 72, zjej{| = [[2m|| we get

HfiHsB IB,,,,Y) = Ssup M[m](z[m])nvfm(z[m])ll

2(m] EBm

m

sup ul (z[ ] HVf(sze]>

Hf”sB,Y(BX,Y)'

2.4)

I A

IN

In particular, we obtain (2).



10 Thai Thuan Quang

(2) = (1): Let z = >, .1 zrex. We denote the partial sums of this series by s,,. Because f is

holomorphic, 5 af are continuous. Then with ef,,,; := (e, ..., ) we have
IVF) = sup  [[V(uo f)(z)]
weY’,||ul|=1

= sup lim [[V(wo f)(sn)]|

weY’ |ul|=1"7°

< suposup [[V(wo fey,)(2m))ll
wEY’ |jul=1 m>2

= sup ||vfz( m)H

z€0S,, ,m>2
Then, it follows from the assumption (2) and ||z, || < |||, that

WM IV < 6™ G IV £ ()]

< sup N[m]('z[m])”vfz(z[m])u < 0.
z€08,,,m>2

(2.5)

Thus f € BY (Bx,Y).

(2) = (3): It is obvious.

(3) = (1): Assume that there exists m > 2 such that sup,cos,, [ fzll5,(Bx,y) < 00. We fix
2z € Bx, z # 0. Consider z = (ﬁ,l@,...,l‘m) € 08y, and put 2, == (]|2]],0,...,0) € By,.
Then ||| = ||z and

26) IV £ = Hw(i) H e

This implies that
1l (5x.3) = sup w)IVF)]

< Sup ”fw“B (Bo,Y) < OO
€08

Thus f € BX(B x,Y). On the other hand, it is obvious that

(2.8) sup || fellgy®,.,v) < Ifllsy (Bxy) ¥Ym > 2.
oS

x m

Hence, we obtain (2.3) from (2.4), (2.5), (2.7) and (2.8). O

Remark 2.1. The proposition is not true for the case m = 1. Indeed, let X be a Hilbert space with the
orthonormal basis {ey, }n>1. Consider f : Bx — C given by

= i <Z\,/€ﬁn> Vz € Bx.

n=1

Then f € 2 (Bx) because

o0 o0
Z““ gZzen =||z||? < L.
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Foreachx =7 (x,e,)e, € OS; and for every 2p) = 21 € By, we have

n=1

V(o) = V() = Vf(fj sl

n=1
and thus, since ||V f(z1) || = |z1]* < 1 we get

sup | fa (21 5o @) = sup (1= eIV Fa (el < 1.
€081 €08,

However, f ¢ BY (Bx) because for every z € Bx, we have

Vi@ =3 sl =3

n=1 n=1

Proposition 2.2. Let f € 7#(Bx,Y). The following are equivalent:

(1) f € BYo(Bx,Y);
(2) Ve > 0390 > 0Vz € Bx with ||zm|| > o for every m > 2

sup  sup (2 |V fa (2|l < &
m>2zx€0S,,

(3) Im >2Ve > 030> 0Vz € Bx with || zj]| > 0
sup  p(2(m) IV fa (zpm) || < e
zeOS,,
Proof. The implications (1) = (2) = (3) are obvious.

(3) = (1): The proof is straight-forward by putting = € OS,, and z(;;,) € By, as in the proof
of (3) = (1) in Proposition 2.1 for each z € Bx with ||z|| > . O

In the next proofs below we need the following lemma.

Lemma 2.1. Forevery f € BX(BX,Y) and x € X with ||z|| = 1, we have

(2.9) Rf(\x) = Af'(-x)(\) VIeB;
and
(2.10) Fea) N () = £/ ) (ua) VA, € By,

Proof. First, it follows from the Bessel inequality that every € X has only a countable number
of non-zero Fourier coefficients (z, e;). Indeed, for every ¢ > O theset {j € I : |(z,¢;)| >
e} is finite. Then we still have z = > . (z,ej)e; = >, pxje; where the sum is in fact a
countable one, and it is independent of the particular enumeration of the countable number of

non-zero summands. Hence, we can write = 3}, x;e;. Then, by the definitions of f(-z)
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and f'(-z)(\), we have

0o k [e's)
%Z ( (Z xje; + tArger + Z ()\—I—t)\)a?jej)

j=1 j=k+1

f(Zk:)\xj@j + Z (A +1t\) zjej)> =M (-z)(N)

j=k+1

= Af'(2)(N)

H )\+t)\)) FOx)

—0 ast—0.

H O+ ) = FEDN) _ o500

Hence (2.9) is proved.
For A\,n € B; we have

Inf' (- 2)(A) = f'(Az) (n)

H Hm fEx)(N) 1)) f(w +t17f) - f(\z) + ) ()
_ th) 1D ool Hf(Athf) —109) 0y ()
—-0 as t—0.
Then f'(-z)(A)(n) = nf'(-x)(A) = f'(Az)(nz), and (2.10) is proved. -

Proposition 2.3. (1) The spaces B}}(Bx,Y ) and BﬁH(B x,Y") coincide. Moreover,

1 fllssr By v) < 1 fllsmar s vy S I flssrsyy) VF € BIH(Bx,Y).
(2) The spaces B} ,(Bx,Y) and B3, (Bx,Y) coincide.

Proof. (1) Let f € BZH(BX, Y). In order to prove f € Br(Bx,Y) it suffices to show that

@.11) Rf(z) = 2f (- 5 )=l v € Bx \{0}.

It is easy to see that (2.11) follows immediately from (2.9) for y = H— and A = ||z|| for every
z € Bx \ {0}. Moreover, it follows from (2.11) that

||stB§-(BX,Y) < ||stB;ff(BX,Y)~

Thus, the first inequality in (1) is proved. Now, let f € B/}(Bx,Y)and x € X be such that |[z|| =
1. Since f is holomorphic at 0 € By, its derivative f’ : Bx — L(X,Y’) is also holomorphic, and
thus there are r € (0,1) and M > 0 such that

1 (Mexyy <M ¥ze B(O,r):={ueX: |lul <r}.
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Then, by (2.10) we have
sup p(Az)[[f'(- )N = sup p(Az) sup [f(-2)(A)(n)]]
[Al<r [Al<r Inl<1

= sup p(Az) sup || f'(Az)(nz)|
IA|<r In|<1

< sup p(Az)|f'(Az)| < M.
IAI<r

For the case where ||z|| > 7, by (2.9), (2.10) and the increasing monotony of the function 17,
similar calculation to [1, Proposition 2.4], we have

(212) PO ()W < (0) 4 ) )[R )]
This implies that

sup uOAD)|F (- 2) V)| <~ sup (=) RF(:)]l
[A[>r T 2€éBx

Therefore, f € B;"(Bx,Y), and we also obtain || f||,s,s(5.,v) < #llflssr(5x v)- Hence, the
second inequality in (1) is proved

(2) Let f € Bf}f%(BX,Y). Then, using (2.11) it is easy to see that f € BﬁO(BX,Y). In the
converse direction, it follows from (2.12) that f € Bff%(BX, Y)if f € Bf,o(BX» Y). O

Next, we will compare the spaces BY (Bx,Y) and Bff(Bx,Y). We need a vector-valued ver-
sion of Lemma 4.11 in [12]. First we note that

(2.13) f€B,(B,Y) ifandonlyif wo fe B,(B;)foralluecY’
and, interchanging the suprema, we have

(2.14) ||f||B§(JBl,Y) = HSIngl fluo f||B§(B1)-

Lemma 2.2. Let f € B (By,Y). If there exists M > 0 such that || f (- @) sgetew, vy < M for any
T = (irl,l'g) € Bo, then

(2.15) 1((21,0) ||V f(x1,0)|| <2V2MR,, Vz; € C,|z1] < 1,
where R, := 1+ maxyeo,5) () 1,.(0).

Proof. We modify the proof of Lemma 4.11 in [12]. Fix u € Y’ with |lu|| = 1. By the hypothesis,
f(-z) € B(B1,Y). Then it follows from (2.13) that w o f(- ) € B, (B1).

luo f2)lssy < l[ullllFC2)llsmye < M-
First of all, the hypotheses imply that

u((xh()))‘a(g;f) (x170)‘ < M,

and so it is sufficient to show that

l(21,0))

Indeed, from the hypotheses, we have

d(uo f)
d

(xl,())’ < 2V2M.
T2

1 [E]
1) =10 = | [ (vsanzaf <r [ < arno).
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Then, using the Cauchy integral formula and a simple estimate, we obtain

(o, )| 2528 01, 0)

i/ [elllf (1, w) = F(0) + £ (0) = f(21,0)[ ,
27 Jjw=1/ 42

<p((21,0))
2M1I,(x1) dw
<p((1,0 $/ — <2v2MR
(@)= | !
as required. O

Theorem 2.1. (1) The spaces BY (Bx,Y) and Bf(Bx,Y') coincide. Moreover,

||f|\Bg}(BX,Y) = || f]
(2) The spaces By o(Bx,Y ) and B[ ((Bx,Y’) coincide.

BY (Bx,Y):

Proof. We prove this theorem by modifying the method of Timoney which was used in [12].
(1) Let us show that ||f||55l7(BX,y) < 2\/§R#Hf||slgiff(BX7y) and the result follows using Pr-
position 2.3. Fix u € Y’ with |lu|]| = 1. Let z € Bx and v € X with ||v|| = 1 be fixed. We may
assume that dim X > 2. Then there exist orthonormal unit vectors e1,es € X and s,t1,t, € C
with |s| < 1and [t1|? + |t2|? = 1 such that z = se;, v = t1e; + taes. For f € B/}f(BX,Y) put

F(z1,22) = (uo f)(z1e1 + 22€2), (22, 22) € Bs.
Then F' € H(Bx) and it is easy to check that F satisfies the assumptions of Lemma 2.2. Then
pn(2)[V (e f)(z)| = u(s)|V(uo f)(ser)| = u(s,0)|VF(s,0)| < 2V2MR,,

hence, || f|ls5y (Bx.v) < 2V2R,|fllsmart (5 ,v) as required.

(2) Because || Rf(z)|| < [[Vf(2)|| for every z € By, it suffices to show that Bf,(Bx,Y) C
BY(Bx,Y). Let f € BE(Bx,Y) and consider the function F(z, z;) defined in the proof of
the part (1). In exactly the same estimates in [6, Theorem 2.8(i)] we obtain that

oF m|21]
2.16 —(21,0)| < ——— su z)|Rf(z)| forl|z1| >m
(2.16) 8z2( 1 )‘ 2u(]z1])8 T”SHzﬁ)\qN( JIRSf(2)] |z1] > 1o
and
aF Rf(zlel) 1
2.17 —(21,0)| = < su 2)|Rf(2)| forl|zi| > rp.
e |- |HE ST S HEIRFG forfa] =

From (2.16) and (2.17), we obtain
1(2){Vf(2),v)| = u(s)[(V f(se1), trex + taez)]

oF OF
= u(s) t1a—zl(s,0) +t2822(8’0)‘
(2.18) op > o 1o
< = —
_,u(s)( 9o (5,0)] + 822(870) )
™
< — sup /LZRf,z7 ZZT7’U:1,
V26 ro<2ll<1 IR N2l = 7o, o]

Now, by the hypothesis, for every ¢ > 0 we can find 7y € (d,1) such that u(2)|Rf(2)|| < €
for ||z|| > ro. Therefore, it follows from (2.18) that lim . u(2)||V f(2)|| = 0, that means f €
BY,(Bx,Y). O
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We can now combine the results of Proposition 2.3 and Lemma 2.2 with an argument analo-
gous to the Theorem 2.6 in [1] and obtain the following theorem:

Theorem 2.2. Thespaces B (Bx,Y ), Bf(Bx,Y) and B3 (Bx,Y') coincide. The spaces By, ,(Bx,Y),
Bf,(Bx,Y)and Bf}%(BX, Y') coincide. Moreover,

1 ll8z(Bx.v) < By (Bx vy < 2V2Ru\f B35t (B v

Next, we present a Mobius invariant norm for the Bloch-type space B(Bx,Y'). Mobius trans-
formations on a Hilbert space X are the mappings ¢,, a € Bx, defined as follows:

(2.19) @a(Z) = - P(:ll(i) <; iz;Qa(Z) 7

where s, = /1 — ||a||?, P, is the orthogonal projection from X onto the one dimensional sub-
space [a] generated by a, and @, is the orthogonal projection from X onto X © [a]. It is clear
that

z € By,

P.(z) = <|fa’|a2>a7 (z€X) and Qu(2)=z-— <||z(;a2> a, (z € Bx).

When a = 0, we simply define ¢, (z) = —z. Itis obvious that each ¢, is a holomorphic mapping
from Bx into X. We will also need the following facts about the pseudohyperbolic distance in
Bx . It is given by
ox(z,y) := [lp—y(2)| foranyz,y € Bx.

For details concerning Mobius transformations and the pseudohyperbolic distance, we refer to
the book of K. Zhu [15]. It is well known that, in the case n > 2, the equality || f o ¢||gv(,,v) =
Il fllzv &, ,v) is false. Our goal is to find a semi-norm on B(Bx,Y) which is invariant under the
automorphisms of the ball Bx.

Definition 2.3. Let X be a complex Hilbert space, Y be a Banach space and f € H(Bx,Y). Consider
the invariant gradient norm

IVF (@) = IV(f 0 9:)(0)]| forany = € Bx.
We recall the following result of Blasco and his colleagues in [1]:
Lemma 2.3 (Lemma 3.5, [1]). Let f € H(Bx). Then

S ()| = sup VLG @l — [1=]%)
IVl = s el T [ E

We define invariant semi-norm as follows

[fllsgine (Bx vy 7= sup [[VF(Z)[[ = sup  sup  [[V(uo f)(z)]]
z€Bx 2€Bx ueY’ ||u||<1

We denote .
B™(Bx,Y) :={f € B(Bx,Y) : [[fllsgm(px,y) < oo}
It is also easy to check that BV (Bx,Y) is Banach under the norm

I fllBiov (Bx,v) = IFO) + 1 lsgnv (B, v)-
Now, applying Theorem 3.8 in [1] to the functions u o f for every u € Y’, we obtain the follow-
ing:
Theorem 2.3. The spaces BY (Bx,Y), and B™¥(Bx,Y) coincide. Moreover,

I fll8v(Bx.v) < |If]

By (Bx,Y) S, ”fHBV(B)mY)'
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3. WEAK HOLOMORPHIC SPACES ASSOCIATED WITH BLOCH-TYPE SPACES

Let X, Y be complex Banach spaces and W C Y be a separating subspace of the dual Y’ of
Y. Let £ C J#(Bx) be a Banach space. We say that the space

WE :={f:Bx =Y : fislocally bounded and wo f € &, Yw € W}
equipped with the norm

3.1) [flwe == sup — Jwo flle
wew,[lwl|<1

is the Banach space W-associated with £ of Y-valued functions.

Remark 3.2. In the case the norm || - ||¢ of Banach space £ is written in the form

LA = 17O+ fllse Vfe&
the space WE can be equipped with the norm

(3.2) [flwe+ == sup  Jwo f(0)|+ sup [wo fllee VfeE.

wew, flw|<1 weW, [lwl|<1

Howeuver, it is easy to check that WE = WE™ and
I lwe =<1 - lwe+
on WE where

WET = {f :Bx = Y : fislocally bounded and  sup  |lwo fllse < oo}.
weW,||lw||<1

Therefore, by WE we always mean that is WWE, || - |we)-

Suppose now that £ C #(By) is a Banach space such that
(el) & contains the constant functions,
(e2) the closed unit ball B¢ is compact in the compact open topology 7., of Bx.

It is easy to check that the properties (el), (e2) are satisfied by a large number of well-known
function spaces, such as classical Hardy, Bergman, BMOA, and Bloch spaces.

Proposition 3.4. Let X,Y be complex Banach spaces and W C Y’ be a separating subspace. Let
& C A (Bx) a Banach space satisfying (el)-(e2) and WE be the Banach space VW-associated with & .
Then, the following assertions hold:

(wel) f+— f®uy defines a bounded linear operator P, : € — WE forany y € Y, where (f @ y)(z) =

f(2)y for z € Bx,
(we2) g — w o g defines a bounded linear operator Q, : WE — &€ for any w € W,

(we3) For all z € Bx the point evaluations §, : WE — (Y,o(Y,W)), where 5.(g9) = g(z), are
continuous.

In the case the hypothesis “separating” of W is replaced by a stronger one that W is “almost norming”,
we obtain the assertion (we3’) below instead of (we3):

(we3’) Forall z € Bx the point evaluations 5, : WE =Y are bounded.
Here, the subspace W of Y is called almost norming if

agw(x) :== sup |w(z)|
weW,||w||<1

defines an equivalent norm on Y.
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Proof. (i) Fix y € Y. In fact, for every f € £ wehave wo (f ® y) = w(y) f. Then
1Py (f)llwe = sup [wo (f@y)lle = sup [w(y)flle

o<1 el <1
< llwll - Nyl - 1 flle
<yl - I£lle-

Thus (wel) holds.
(if) Fix w € W, for every g € WE we have

w
L = e} = —- O
IQuia)lle = llw o glle = Il 20 ]

< Jlwll sup [luogle
lull<1

= [[wl - llgllwe-
Thus (we2) is true.
(iii) Fix z € Bx. Note first that since £ satisfies (el) and (e2), then the evaluation maps 6, € &’

for z € Bx where 6,(f) = f(z) for f € £.Itis obvious that w(d,(g)) = 6. (wog) for every g € WE
and for every w € W. Let V be a o (Y, W)-neighbourhood of 0 in Y. Without loss of genarality

we may assume V = {y € Y : |w(y)| < 1} for some w € W. Then 0. (||6. ||~} |w|| " Bwe) C V,
where Byy¢ is the unit ball of WE. Indeed, for every g € Byys we have

(@ (1811 lwl =) = 116-11 18- (lw] = w o g)]

< NI - [kl w o g]]

< sup |uog|e
weEW,||ul|<1

= llgllwe < 1.

Thus, (we3) holds.
In the case where W is almost norming, since ¢y, defines an equivalent norm, there exists
C > 0 such that

18- ()1l = lg(2)]| < Caw(g(z))

=C  sup  fuw(g(2))l
weW,[lw]| <1

<C sup [wogl|
weW,||w||<1

= Cllgllwe Vg € WE.
The assertion (we3’) is proved. (]
Now let W C Y’ be a separating subspace of the dual Y’. Applying Proposition 2.3, Theo-

rems 2.2 and 2.3 to functions wo f for each f € H(Bx,Y ) and w € W, we obtain the equivalence
of the norms in W-associated Bloch-type spaces:

I sz = I lwsy sy = - lwsae )

|- llwsrBy) Z 1 wsvsx) Z - llwset sy Z |- sy (sy)-
Hence, for the sake of simplicity, from now on we write B,, instead of Bf. Recall that, the space
WB,,(Bx) equipped with the norm in the form either (3.1) or (3.2). It is clear that for every
separating subspace W of Y’ we have

BS(Bx,Y) C WBY(Bx), BS.(Bx,Y)C WBS (Bx).
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The main result of this section is the following:

Theorem 3.4. Let W C Y’ be a separating subspace. Let yi be a normal weight on Bx . Then W1B,,(Bx)
and W1B,, o (Bx ) satisfy (wel)-(we3).

We need the following lemma whose proof parallels that of Lemma 13 in [11] and will be
omitted.

Lemma 3.4. Let i be a normal weight on Bx . Then there exists C,, > 0 such that
p(r)

< 7

" )

Proof of Theorem 3.4. By Proposition 3.4, it suffices to show that B, (Bx ), B, o(Bx) satisfy (el)

and (e2). It is obvious that B,,(Bx), B,,,0(Bx) satisfy (el). Because B,, o(Bx) is the subspace of
B,.(Bx), it suffices to check (e2) for the space B,,(Bx). In order to prove (e2) holds for 5, (Bx),

we will show that the closed unit ball U of B,,(Bx) is pointwise bounded and equicontinuous.
(i) First, we prove that U is pointwise bounded. It suffices to prove that

(33) ()] < max {1, 1u(2) } | flls,5x) VS € Bu(Bx), ¥z € Bx.

Fix f € Bu(Bx) and put g(z) = f(z) — f(0) for every z € Bx. Note that ¢g(0) = 0 and
l9lls,Bx) = IfllsB.(Bx)- As in Lemma 2.2 by Cauchy-Schwarz inequality, we have

<1 VYrel01).

Y llss, )12l
lg(2)] < / e dt = || fllsB,. (Bx) Tu(2) = 9118, (Bx) Lu(2)-
0 u(tz)

Consequently,
[FEI< 17O +1g(2)] < [FO)] + ll9lls, (Bx)1u(2)

< max {1 1,(2) (7O + 175, 0))
= max {1, 7,(2) } I

(ii) Next, we show that U is equicontinuous. For each f € U, by Proposition 2.1 we can find
m > 2 such that

B.(Bx)

1 fllsB, (Bx) = sup I fyllsB, B,.)-

y€OS,
Fix e[, = (€1,...,em) € OS,,. Then, for every z = (2i)rer,w = (wi)rer € Bx, we consider
2] = (21, -+ .y Zm), Wiy := (W1, ..., wy,). By Theorem 3.6 in [15] and Lemma 3.4, we have

‘fe[m] (Z[m]) - fe[m] (w[m])|
<B(2pm), Wim)) Sup IV fepn @pm) |l
Lm] m
IV fepmy (Tm)> )11 = [[2m) [[?)
<B(Zm]> Wimy) SUp  sup —
@1 €Bm yeB,\ {0} /(1 = 2 DY + [{y, () 2

[m] — 2
_ P2 DIV fepy (@ pm) v/ 1 = 12y
S/B z m 7w m Cl. 1 sup hn]

Gty o) up PRIESE

L —[[zm |12

-1
Sﬁ(z[m]aw[m])cu ||fe[m] )ma

By (Bm
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where 3 is the Bergman metric on B,,, given by
1+ [(pm)s (D)

1
Bls.t) = 318 T o 5 @]

with (¢,,) is the involutive automorphism of B,,, that interchanges 0 and s. If ||z, [|* < d it is
clear that

([ 12) ~ mps
where my, 5 = mingeg 57 f1(t) > 0; if ||z [ [|> > § and b > 1/2, by (2.1) we have
V1= lzmll® - [ ]1)?
pm ([ 12) = I (g [12)
if ||z ||* > 6 and b < 1/2, we get

V1= [z 2 1— ) lI%)°
Hx[ ]” ( Hx ]” ) (1—||5C[m]|| )1/2 b<S ( )1/2 b~ oo

< S, < oo

pmd (g 12) I (g [12)
Consequently,
| Ferm (Zim)) = Fepm (Wim)| < B(2im)s Wim) ) Spll fep 15, Bom)
where R
S, = C;lmax{mué,s (1 5)1/2_b}.

Since (s, t) is the infimum of the set consisting of all £() where + is a piecewise smooth curve
inB,, fromstot (see [15, p. 25]) we have

[ fetmy (2tm1) = Fetmy (@Wpm)| < 1120m) = Wi 15ull feny | BBy < Spllz —wll-
Consequently,

|f(z) - f(w)| = Tr}gnoo |fe[m] (Z[m]) - fe[m] (w[m])| < §[L||Z - w”
This yields that U is equicontinuous. O

Remark 3.3. In fact, the estimate (3.3) can be written as follows

[F < F O+ Lu(2) | £l s8,.-

Finally, we discuss the linearization theorem for spaces W3, (Bx ) which will be usefull in
investigation some related problems, especially the theory of operators between these spaces.
In fact, this theorem holds for spaces W& where £ C J(Bx) is a Banach space satisfying
(e1)-(e2). In this paper, we will state and prove this theorem for the general case.

Theorem 3.5 (Linearization). Let X,Y be complex Banach spaces and W C Y' be a separating
subspace. Let £ C 7 (Bx) be a Banach space satisfying (e1)-(e2). Then there exist a Banach space *€
and a mapping 0x € H(Bx,*E) with the following universal property: A function f € WE if and
only if there is a unique mapping Ty € L(*E,Y") such that Ty o dx = f. This property characterize *€
uniquely up to an isometric isomorphism.
Moreover, the mapping
O: feWE—Tye L(E,Y)

is a topological isomorphism.

We will prove this theorem by Mujica’s method [8, Theorem 2.1], which is based on the
Dixmier-Ng theorem, with a little improvement.
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Proof. Let us denote by *€ the closed subspace of all linear functionals u € &’ such that u] Be
is 7.,-continuous. As in the proof of Mujica [8, Theorem 2.1], we get the evaluation mapping
0x : Bx = *¢€ givenby dx (x) = d, with §,(g) := g() for all g € &, is holomorphic and

(3.4) span{d, : € Bx} is a dense subspace of €.

Now, we show that *€ and dx have required universal property. First, given a locally bounded
function f : Bx — Y. Assume that there exists Ty € L(*¢,Y) such that Ty o 6x = f. Since T
is continuous and dx is holomorphic, it follows that u o f € J#(Bx) for every u € W. Since
W is separating, according to [10, Lemma 4.2] we have f € #75(Bx,Y). Next, it follows from
(*€) = & (see [9]) that wo f € & for each u € W, and then f € WE. Now, we will prove the
converse of the statement. Fix f € WE.

(i) The case of Y = C: We define Ty := Jf, where J : £ — (*€)’ is the evaluation mapping
given by (J f)(u) = u(f) for all u € *€, which is a topological isomorphism by the Ng Theorem
[9, Theorem 1]. Since (Jg) o 0x(x) = d,(9) = g(x) forall g € £, © € By, it implies that
Ty o 0x = f. From (3.4) we obtain the uniqueness of 7.

(ii) The case of Y is Banach: We define T : "¢ — W' by

(35) (Tyu)(@) = Tpop(uw) = ulwo ) Vu '€,V eW,
i.e. T,,or is defined as in the case (i).
It is easy to check that Ty € L(*¢,W') and ||T¢|| = || fllwe, hence, ® is a isometric isomor-

phism. Furthermore,
(T5d:) () = (p o f)(2)
for every © € Bx and ¢ € W and, therefore, since W is separating we get T;0, = f(z) € YV
for every x € Bx. Then, by (3.4) Ty € L(*¢,Y’). The uniqueness of T follows also from the fact
(3.4) that 6x (Bx ) generates a dense subspace of *€.
Finally, the uniqueness of * up to an isometric isomorphism follows from the universal
property, together with the isometry ||7¢|| = || f|we. This completes the proof. O

Our results suggest the following questions.
Problems.

(1) Let &, © = 1,2, be spaces of holomorphic functions on the unit ball Bx of a Banach
space X and WE; be the Banach spaces W-associated with &; of Y-valued functions.
Let ¢ be a holomorphic on Bx and ¢ a holomorphic self-map of Bx. Consider the
extended Cesaro composition operators Cy, , : & — Ea, Cy 1 WEL — WEs, and the
weighted composition operators Wy, ,, : &1 — &, Ww o i WEL = WEs.

Is there any relationship between the boundedness as well as the (weak) compact-
ness of Cy.,, Wy, and of Cy Ww »? How does separating subspace W C Y” affect
that relationship?

(2) In the case where & = B, (Bx), & = B, (Bx) with v and  are normal weights on the
unit ball Bx of a infinite dimensional Hilbert space X, is it possible to characterize the
boundedness as well as the (weak) compactness of CNQM,, WWP via the estimates for the
restrictions of ¢ and ¢ to a m-dimensional subspace of X for some m > 2?
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