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Abstract 

In this study, longitudinal vibration of a carbon nanotube with an attached damper has been investigated using the 

nonlocal stress gradient elasticity theory. Equations of motions have been solved analytically and frequencies of 

clamped-clamped and clamped-free nanotubes have been obtained explicitly in terms of damping coefficient, nonlocal 

parameter, the attachment point of damper and nanotube length. The nonlocal effects have important effects on the 

dynamics of a CNT with an attached damper. 
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1. Introduction 

Discovery of carbon nanotubes (CNTs) by Iijima [1] has important results on nanotechnology. With 

superior properties like electrical and heat conductivity, strength, density etc., scientists have 

considered use of CNTs in many areas: nano-electromechanical devices, nano-pharmaceutical 

products, nano-bearings, nano-sensors, etc. 

Dynamic behavior of CNTs at different areas is very important in design of nano-products. 

Nowadays, scientists try to use CNTs in medical applications [2,3], bearing-like products [4,5], 

electromagnetic damping process [6] and molecular transportation [7,8] etc. 

Generally, two modeling techniques are used in nano-mechanics: continuum model and discrete 

model. Because of the size independence, classical theories are not suitable at nanoscale. Nonlocal 

Elasticity, a modified continuum model, was firstly proposed by Eringen [9,10]. In this theory 

mechanical behavior of materials is size dependent. Also Molecular Dynamics (MD) Simulations are 

used as a discrete model in nano-mechanics. Both models give more acceptable results than the 

classical theory when compared to the lattice dynamics results. 

Recently, wave propagation in SWCNTs has been compared for the nonlocal continuum models and 

MD Simulations [11]. Very close results were obtained between two results. Lattice Dynamic results 

for longitudinal wave propagation in nanotubes have been investigated in previous studies [12]. 

Thermal, concentration or electromagnetic fields can cause a damping effect on CNTs [13] . Wang et 

al. [14] have studied asymmetric vibration of a single-walled carbon nanotubes (SWCNTs) immersed 

in water. Assuming that, water can establish a viscous damping effect on axisymmetric radial, 
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longitudinal and torsional vibration. Rinaldi et al. [15] investigated the fluid conveying micro scale 

pipes with the effects of flow velocity on damping, stability and frequency shift. Vibration and 

instability analysis of CNTs with a fluid flow is studied by Ghavanloo et al. [16] and microtubules in 

surrounding cytoplasm is investigated by Ghavanloo et al. [17]. In plane and flexural vibration of 

fluid conveying CNTs in viscoelastic medium is studied by [18] and in viscous fluid is studied by 

Ghavanloo et al. [19]. Yun et al. [20] have obtained the free vibration and flow-induced flutter 

instability of fluid conveying multi-walled carbon nanotubes (MWCNTs). Vibrations and instability 

of fluid conveying double-walled carbon nanotubes (DWCNTs) is studied using the modified couple 

stress theory by Zeighampour and Tadi Beni [21]. Martin and Houston [22] investigated the gas 

damping effect on CNT based nano-resonator operating in low vacuum conditions. The natural 

frequencies of aligned SWCNT reinforced composite beams were obtained using shear deformable 

composite beam theories by Aydogdu [23]. Chemi et al. [24] investigated elastic buckling of chiral 

DWCNTs under axial compression. Longitudinal forced vibration of nanorods studied by Aydogdu 

and Arda [25] using the nonlocal elasticity theory of Eringen. They considered uniform, linear and 

sinusoidal loads on axial direction. 

One of the possible medical applications of CNTs is the viscous fluid conveying SWCNT embedded 

in biological soft tissue. Transverse vibrational model is studied by Soltani et al. [26]. They 

simulated the viscoelastic behavior of surrounding tissue using Kevin-Voigt model. In addition to 

mentioned work, transverse vibration of fluid conveying DWCNTs embedded in biological soft 

tissue is investigated by Zhen et al. [27]. 

Hoseinzadeh and Khadem [28] studied the thermoelastic vibration and damping of DWCNT upon 

interlayer van der Waals interaction and initial axial stress. Same authors also investigated the 

thermoelastic vibration behavior and damping of DWCNTs using nonlocal shell theory [29]. 

Thermoelastic damping in a DWCNT under electrostatic actuation is obtained through an analytical 

method by Hajnayeb and Khadem [30]. 

Magnetic damping effect on CNTs as a nanoelectromechanical resonators is studied by Schmid et al. 

[31] at cryogenic temperature. Chang and Lee [32] investigated vibration behavior of CNTs using 

non-local viscoelasticity theory including thermal and foundation effects. 

Damping effect on rods for various boundary conditions is investigated at macro scale by [33–35]. 

Viscoelastic properties of SWCNTs are investigated with a semi-analytical approach and associated 

damping mechanism at nano scale by Zhou et al. [36]. Jeong et al. [37] modeled the nonlinear 

damping behavior of micro cantilever-nanotube system and compared with measurement results. 

Adhikari et al. [38] investigated free and forced axial vibrations of strain-rate depended viscous 

damping and velocity dependent viscous damped nonlocal rods. The asymptotic frequencies of four 

kinds of nonlocal viscoelastic damped structures, including an Euler-Bernoulli beam with rotary 

inertia, a Timoshenko beam, a Kirchhoff plate with rotary inertia and a Mindlin plate are studied by 

Lei et al. [39]. Arani et al. [40] investigated the vibration of double viscoelastic CNTs conveying 

viscous fluid coupled by visco-Pasternak medium using the surface nonlocal theory. Karličić et al. 

[41] studied free longitudinal vibration of a nonlocal viscoelastic double-nanorod system as a 

complementary study at nano scale to Erol and Gürgöze’s paper  [42]. 

Mechanical response of a CNT atomic force microscope (AFM) probe tip contact is an important 

problem (Fig.1). This response can be modeled as a spring [43] or damping element according 

continuum mechanics. Damping of a mechanical resonators based on CNTs is studied by Eichler et 

al. [44]. Li et al. [45] investigated the mechanical oscillatory behaviors of MWCNT oscillators in 

gaseous environment using MD simulation. Suspended carbon nanotube resonators behavior over a 

broad range of temperatures to explore the physics of semi flexible polymers in underdamped 
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environments simulated by Barnard et al. [46]. Hüttel et al. [47] observed the transversal vibration 

mode of suspended CNTs at miliKelvin temperatures by measuring the single electron tunneling 

current. The measured magnitude and temperature dependence of the Q factor shown a remarkable 

agreement with the intrinsic damping predicted for a suspended carbon nanotube. According to 

author’s literature knowledge, vibration of a nanorod with an attached viscous damper has not been 

considered in the previous studies. 

 

Fig. 1. SEM Image of a MWCNT Attached to Pyramidal Si Tip [43] 

2. Analysis 

A nanorod of length L and diameter ϕ is considered. A viscous damper is attached at an arbitrary 

point of the rod (Fig. 2). The equation of motion in the longitudinal direction can be expressed as:  

   
   

   
  

   

   
             (1) 

where A is the cross-section area , E is the Young Modulus and m is the mass per unit length. In Fig. 

(2), η defines the attachment point of the viscous damper, L is the length of nanorod, d is the 

damping coefficient of viscous damper and u(x,t) is the displacement in longitudinal direction. 

2.1. Equation of motion of nanorod in nonlocal model 

The nonlocal constitute relation can be given as [9,10] : 

 (     )                                        (2) 

where τkl is the nonlocal stress tensor, εkl is the strain tensor, λ and G are the lame constants, μ=(e0a)
2
. 

µ is called the nonlocal parameter, a is an internal characteristic length and e0 is a constant. In this 

study, μ ≤ 2nm
2
 is accepted for SWCNTs. Using the Nonlocal Elasticity Theory in one dimensional 

form leads following equation of motion: 

   
   

   
 (   
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            (3) 

If the nonlocal parameter µ is assumed identically zero, Eq. (3) reduces to classical rod model. In 

order to study the equation of motion of a nanorod with an attached viscous damper, the nanorod is 

divided into two parts. The equation of motion for each segment can be written as: 
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where    and    denote displacement of the left and the right segments of the nanorod respectively. 

The corresponding boundary and continuity conditions are written as: 

 

 

Fig. 2 Nanorod model with a viscous damper in a)C-C boundary condition b)C-F boundary condition 

Clamped-Clamped (C-C): 
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Clamped-Free (C-F): 
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The longitudinal displacement ui can be expressed as: 

   (   )    ( )  
            (     )                      (7) 

where Ui(x) and λ is the amplitude function and characteristic value respectively. Inserting Eq.(7) 

into Eq.(4) gives following dimensionless equations of motion: 
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where: 

    
   

       
                        (9) 
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The solutions of Eq.(8) are: 

   ( )     
      

             (10) 

   ( )     
      

              (11) 

where C1, C2, C3 and C4 are the undetermined coefficients. For the C-C boundary condition, 

eigenvalue equation is obtained using Eq.(5), Eq.(10) and Eq.(11): 
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and for the C-F boundary condition, eigenvalue equation is obtained using Eq.(6), Eq.(10)  and 

Eq.(11): 

 [

                    
                    
                    
                    

] [

  
  
  
  

]                        (14) 

where 
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For a nontrivial solution the determinant of the coefficient matrix in Eq.(12) and Eq.(14) must be 

zero. If these determinant equations are rearranged, following characteristic equations are obtained 

for each boundary conditions considered: 
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where 
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where α is the dimensionless coefficient, D is the dimensionless damping coefficient, c is the 

velocity of the wave propagation along the nanorod and  ̅ is the dimensionless characteristic 

parameter.  ̅ is a complex number and its imaginary part defines the non-dimensional frequency 

(NDF) and real part defines the non-dimensional damping coefficient (NDD) of nanorod. Damping 

ratio ( ) of nanorod is defined in the following form: 

   
|   |

√         
                      (19) 

3. Numerical Results and Discussion 

In this section, the non-dimensional frequency (NDF) and non-dimensional damping coefficient 

(NDD) of the nanorod are investigated for different dimensionless damping coefficient, nanotube 

length, nonlocal parameter and the attachment point of viscous damper. Geometrical and material 

properties of the CNT are taken from Ref. [48]. The validity of present work is checked in the next 

section. 

3.1. Validation of the Present Results 

By assuming nonlocal parameter is identically zero (µ=0), the local model solutions are obtained. The 

dimensionless characteristic values are compared with local model from Ref. [33] and Ref. [34] for C-

C and C-F boundary conditions in Table 1. Good agreement is observed between two results. 

 
Table 1 Comparison of characteristic values with literature (η = 0.6) 

 Present Work [34] [33] 

 C-C C-F C-C C-F 

  ̅̅̅ -0.020352+3.141619i -0.001439+1.570796i -0.020349+3.141619i -0.001472+1.570796i 

  ̅̅ ̅ -0.007773+6.283168i -0.000210+4.712389i -0.007772+6.283168i -0.000214+4.712389i 

  ̅̅ ̅ -0.007773+9.424794i -0.002200+7.853981i -0.007772+9.424794i -0.002249+7.853981i 

3.2. Dimensionless Damping Effect on NDF and NDD 

In Figs. (3-14) and Tables (2-3), variations of NDF and NDD with dimensionless damping coefficient 

for C-C and C-F boundary condition are depicted. According to these results following conclusions are 

obtained: 

The fundamental NDF value increases but the second and third NDF decrease with increasing D for the 

C-C boundary condition. However, for the C-F boundary condition, variation of NDF depends on η. 

First and second NDF increase whereas third NDF decreases with increasing D when η < 0.5. On the 

other hand, first and second NDF decrease and third NDF increase with increasing D when η > 0.5 

(See Table (2) and (3)). Generally, NDD increases with increasing D except for some cases. For 

smaller nanotube length, nonlocal effect is more pronounced and it reduces the NDD (See Figs. (4) and 

(6)). 

NDF decreases with increasing the nonlocal parameter for both C-C and C-F boundary condition. The 

nonlocal effect decreases with increasing nanotube length. NDD increases with increasing µ for both 

C-C and C-F boundary condition (See Figs. (3-10)). 



M.Arda and M.Aydogdu 

28 

The attachment point of damper has different effects on NDF for C-C and C-F cases. In C-C boundary 

condition, fundamental NDF decreases, however second and third NDF increase when η< 0.5. The 

obtained results for NDF and NDD are symmetric with respect to η = 0.5 (i.e. results of η = 0.1 are 

equal to η = 0.9, etc.). The NDD is maximum at η = 0.5. 

 

Fig. 3. Variation of NDF with dimensionless damping coefficient ξ (η = 0.3 , L = 10 nm) 

 

Fig. 4. Variation of NDD with dimensionless damping coefficient ξ (η = 0.3 , L = 10 nm) 
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Fig. 5. Variation of NDF with dimensionless damping coefficient ξ (η = 0.3 , L = 30 nm) 

 

Fig. 6. Variation of NDD with dimensionless damping coefficient ξ (η = 0.3 , L = 30 nm) 
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Fig. 7. Variation of NDF with dimensionless damping coefficient ξ (η = 0.7 , L = 10 nm) 

  

Fig. 8. Variation of NDD with dimensionless damping coefficient ξ (η = 0.7 , L = 10 nm) 
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Fig. 9. Variation of NDF with dimensionless damping coefficient ξ (η = 0.7 , L = 30 nm) 

 

Fig. 10. Variation of NDD with dimensionless damping coefficient ξ (η = 0.7 , L = 30 nm) 

For the  C-F boundary condition, first and second NDF decreases and third NDF increases with 

increasing η and reaches a maximum value at η = 1 (See Table (2) and (3)). 

Nanotube length has effect on NDF and NDD only for the nonlocal results. The local results (µ=0) are 

not affected by change of nanotube length (See Table (2) and (3)). This is an expected result from the 

classical theory. The NDF increases and the NDD decreases with increasing nanotube length in the 

nonlocal case. 

Damping ratio (ξ) increases with increasing dimensionless damping coefficient (D) generally. 

Attachment point of damper increases damping ratio in C-F case when η is approaching to 1. In C-C 

case, damping ratio reaches maximum value at η = 0.5. For longer nanotube length, local and nonlocal 

damping ratios have very close values, since bigger nanotube length reduces the nonlocal effect. 
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Table 2 Characteristic values of nanorod for C-C boundary condition 

   Dimensionless Damping Coefficient (D) 

   ξ = 0.5 ξ = 1.5 

η 
L 

(nm) 
 µ=0 nm

2
 µ=2 nm

2
 µ=0 nm

2
 µ=2 nm

2
 

0.3 

10 

  ̅̅̅ -0.3326+3.1744i -0.4490+3.1663i -1.1147+3.6824i -1.8652+2.7424i 

  ̅̅ ̅ -0.4647+6.2550i -0.9872+5.8387i -1.9599+5.7909i -0.6720+4.5281i 

  ̅̅ ̅ -0.0478+9.4219i -0.2102+9.3442i -0.1444+9.3969i -0.2031+9.0587i 

      

30 

  ̅̅̅ -0.3326+3.1744i -0.3446+3.1742i -1.1147+3.6824i -1.2340+3.7502i 

  ̅̅ ̅ -0.4647+6.2550i -0.5283+6.2350i -1.9599+5.7909i -2.0674+5.1729i 

  ̅̅ ̅ -0.0478+9.4219i -0.0626+9.4197i -0.1444+9.3969i -0.1875+9.3721i 

       

0.5 

10 

  ̅̅̅ -0.5108+3.1416i -0.6617+3.0680i -1.9459+3.1416i -1.8301+2.2991i 

  ̅̅ ̅ 0+6.2832i 0+6.2832i 0+6.2832i 0+6.2832i 

  ̅̅ ̅ -0.5108+9.4248i -1.6761+8.1626i -1.9459+9.4248i -1.0926+6.6017i 

      

30 

  ̅̅̅ -0.5108+3.1416i -0.5279+3.1356i -1.9459+3.1416i -1.9958+2.9986i 

  ̅̅ ̅ 0+6.2832i 0+6.2832i 0+6.2832i 0+6.2832i 

  ̅̅ ̅ -0.5108+9.4248i -0.6780+9.3988i -1.9459+9.4248i -2.5840+8.4288i 

       

0.7 

10 

  ̅̅̅ -0.3326+3.1744i -0.4490+3.1663i -1.1147+3.6824i -1.8652+2.7424i 

  ̅̅ ̅ -0.4647+6.2550i -0.9872+5.8387i -1.9599+5.7909i -0.6720+4.5281i 

  ̅̅ ̅ -0.0478+9.4219i -0.2102+9.3442i -0.1444+9.3969i -0.2031+9.0587i 

      

30 

  ̅̅̅ -0.3326+3.1744i -0.3446+3.1742i -1.1147+3.6824i -1.2340+3.7502i 

  ̅̅ ̅ -0.4647+6.2550i -0.5283+6.2350i -1.9599+5.7909i -2.0674+5.1729i 

  ̅̅ ̅ -0.0478+9.4219i -0.0626+9.4197i -0.1444+9.3969i -0.1875+9.3721i 

 

 

Fig. 11. Variation of damping ratio (ξ) with dimensionless damping coefficient D (η = 0.3, L = 10 nm) 
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Table 3 Characteristic values of nanorod for C-F boundary condition 

   Dimensionless Damping Coefficient (D) 

   ξ = 0.5 ξ = 1.5 

η 
L 

(nm) 
 µ=0 nm2 µ=2 nm2 µ=0 nm2 µ=2 nm2 

0.3 

10 

  ̅̅̅ -0.1034+1.5793i -0.1114+1.5796i -0.3136+1.6625i -0.3472+1.6707i 

  ̅̅ ̅ -0.5029+4.7284i -0.8914+4.5744i -2.1677+4.9632i -1.9622+3.1264i 

  ̅̅ ̅ -0.2527+7.8278i -0.6570+7.4139i -0.7900+7.4916i -0.3603+6.8108i 

      

30 

  ̅̅̅ -0.1034+1.5793i -0.1043+1.5793i -0.3136+1.6625i -0.3171+1.6634i 

  ̅̅ ̅ -0.5029+4.7284i -0.5435+4.7215i -2.1677+4.9632i -2.4331+4.5761i 

  ̅̅ ̅ -0.2527+7.8278i -0.3060+7.8105i -0.7900+7.4916i -0.8028+7.2631i 

       

0.5 

10 

  ̅̅̅ -0.2554+1.5708i -0.2746+1.5637i -0.9730+1.5708i -1.0051+1.4147i 

  ̅̅ ̅ -0.2554+4.7124i -0.4559+4.6657i -0.9730+4.7124i -1.1215+3.7590i 

  ̅̅ ̅ -0.2554+7.8540i -0.9220+7.5255i -0.9730+7.8540i -0.6012+6.3805i 

      

30 

  ̅̅̅ -0.2554+1.5708i -0.2575+1.5701i -0.9730+1.5708i -0.9810+1.5531i 

  ̅̅ ̅ -0.2554+4.7124i -0.2754+4.7100i -0.9730+4.7124i -1.0979+4.6400i 

  ̅̅ ̅ -0.2554+7.8540i -0.3128+7.8492i -0.9730+7.8540i -1.3783+7.5994i 

       

0.7 

10 

  ̅̅̅ -0.4058+1.5368i -0.4298+1.5150i -1.5566+0.9318i -1.3030+0.8760i 

  ̅̅ ̅ -0.0122+4.7120i -0.0212+4.7112i -0.0368+4.7089i -0.0636+4.7006i 

  ̅̅ ̅ -0.2527+7.8801i -1.3054+7.8292i -0.7900+8.2164i -1.4398+5.7877i 

      

30 

  ̅̅̅ -0.4058+1.5368i -0.4086+1.5345i -1.5566+0.9318i -1.5149+0.9222i 

  ̅̅ ̅ -0.0122+4.7120i -0.0132+4.7119i -0.0368+4.7089i -0.0396+4.7083i 

  ̅̅ ̅ -0.2527+7.8801i -0.3095+7.8888i -0.7900+8.2164i -0.9144+8.5625i 

 

  

Fig. 12. Variation of damping ratio (ξ) with dimensionless damping coefficient D (η = 0.3, L = 30 nm) 
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Fig. 13. Variation of damping ratio (ξ) with dimensionless damping coefficient D (η = 0.7, L = 10 nm) 

 

Fig. 14. Variation of damping ratio (ξ) with dimensionless damping coefficient D (η = 0.7, L = 30 nm) 

 

Damping ratio (ξ) increases with increasing dimensionless damping coefficient (D) generally. 

Attachment point of damper increases damping ratio in C-F case when η is approaching to 1. In C-C 

case, damping ratio reaches maximum value at η = 0.5. For longer nanotube length, local and nonlocal 

damping ratios have very close values, since bigger nanotube length reduces the nonlocal effect. 

4. Conclusions 

Free longitudinal vibration of damped nanotube with attached a viscous damper is investigated in the 

present study. Effects of some parameters like dimensionless damping coefficient (D), nonlocal 

parameter (µ), attachment point of damper (η) and nanotube length (L) to the non-dimensional 

frequency (NDF), non-dimensional damping (NDD) and damping ratio (ξ) of nanorod is studied. 

Following results are obtained from the present study: 
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 The dimensionless damping coefficient (D) is effected by NDF differently depending on the 

attachment point of damper (η). NDD always increases with increasing D. 

 The Nonlocal parameter (µ) has a decreasing effect on NDF whereas it has an increasing 

effect on NDD. Also µ is more effective in smaller nanotube length. 

 NDD reaches a maximum value at η = 0.5 in C-C case and η = 1 in C-F case.  

 Nanotube length (L) is effective only in nonlocal case (µ ≠ 0). NDF increases and NDD 

decreases with increasing L. 

 Damping ratio (ξ) increases with increasing dimensionless damping coefficient (D) in C-F 

case. In C-C case, it reaches a maximum value at η = 0.5. Bigger nanotube length reduces 

nonlocal effect. 
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