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ABSTRACT

An asymptotic expansion of layered Green’s function is examination in a spatial domain and parametric approach is proposed
by determining a small parameter to derive the shortened form of Green’s function for 3- and 4-layered structures. For
qualitative testing and comparison of the exact Green’s function and asymptotic shortened Green’s functions associated with
the measurement and source point in the same layer, we performed numerical calculations.
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1. INTRODUCTION

In acoustic imaging, the measured waves are converted to image using certain algorithms commonly
involving the Green’s functions [1,3]. Considering the layered acoustic environment, which includes
different acoustical and physical parameters, the layered Green’s functions involving infinite integrals
with highly oscillatory and slowly attenuating integrands must be calculated. [4,5]. In [6], an out-of-
plane analysis of a layered elastic plate using asymptotic expansions are investigated whereas low-
frequency analysis of multi-component rods are considered employing an asymptotic procedure together
with a multiparametric analysis of the problem parameters in [7]. In both works, approximate analytical
solutions were obtained and dispersion equations, which are difficult or impossible to calculate
analytically due to the complicated functions they contain, are expressed through simplified polynomials
resulting in much simpler analysis of the considered problems. In [8] a parametric analysis was
performed to evaluate the effect of layer densities on the Green's function.

It is therefore possible to formulate the mathematical model of the problem considered in this paper
through the physical and acoustic parameters in an understandable way whereby a multiparametric
approach may be utilized after a successful application of an asymptotic expansion to the layered
Green’s function in a spatial domain [9].

In this study, asymptotic expansions of each term in the coefficients of acoustic layer Green's functions
used in the solution of the photoacoustic wave equation are obtained for 3 and 4 layers in spatial domain,
and a parametric analysis is carried out according to medium velocities for a 3 layered media. Numerical
comparisons of exact Green’s functions and Green’s functions obtained through the asymptotic
expansions of coefficients are given. Using these expansions in photoacoustic imaging can both provide
a physical interpretation of the problem and speed up the calculation time.
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2. STATEMENT OF THE PROBLEM

The medium is modeled as a layered planar medium consisting of 3 and 4 layers, respectively, each of
which is homogeneous with different acoustic properties from others, extending infinitely in the
transverse direction, subject to continuity conditions on the boundary of layers and the wave propagation
is represented by layered Green's functions.

Assuming that the source and measurement locations are in the same layer, r = (x,z) and r' = (x',z'),
respectively, acoustic layered Green’s functions are expressed as follows [8]:

G(r,r') _ f COS(kxlfx - X )) (e(_kzllz_Z/D n RNe(_k21|Z+Z’|))dkx
0 z1

where Ry denotes transmission and reflection coefficients. Equations k2 = k2 + kZ are valid and the
variables of this equations are wave numbers (i = 1, 2, 3,4.).

N=34 (1

The initial condition at t = 0, and continuity conditions on the boundary are expressed as

pO = p(r;t = O), ap(r»t = O) _ 0 (2)
. . at
Jm p(r,0) = Jimy p(r,t) @)
and
lim — = lim :
r=Sm P ON r->Sh Pm+1 0N

Here, p(r,t) is the acoustic wave function at position r and time t. S,, denotes the surface of the
mt" boundary. p,, and p,,,, are densities of the layers m and m + 1, respectively. Also, since the
geometry of the problem is taken as unbounded from above and below, thus, radiation conditions are
valid at infinity.

To simplify the analysis, we introduce a dimensionless spatial wave number K., and the spectral
frequency Q given by

w h, K, =kyh,, )
c
where h, is the thickness between the first and second layers. We introduce the dimensionless acoustic

velocity and density ratios as

“ _Pn

Xim = Cm Pnm Om m=234n=m-1. (6)

Using non-dimensional parameters, the wave numbers appearing in egn.(1) are rewritten as

v {—imz “KZ 190 > | Kyl
z7

2 2 ! (7)
VKe — 02, | K. >|Q]

K,

Zm ’

. 8
KZ — 2202, Kyl > LrimQl ®)

{_i\/ﬂz)(lzm - K)?: IQ)(lml > |Kx| m=23,4
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2.1. 3- LAYERED MEDIA

For a 3 layer media, the geometry of problem is given in following figure.

Z/

-—
1%¢ layer  p1, €1 hy

z=0
27d Jayer P2, C2 ha

3% layer  P3, €3

Figure 1. Geometry of 3-layer media.
Here, p; and c; are the density and velocity of medium, respectively (i = 1,2,3). hy is the distance
between the source and first layer, h, is the thickness between layers and the source is located the first
layer at z'. The Green’s function, in this case, takes the form

1 v , m cos(k,(x —x'
G =— f (e_kz1|Z_Z |+ Rye~*alz+2 I) (ke ) dk,, ze Medium 1. 9)
2T
0

Z1

The coefficients R can be written as a piecewise function for the first, second and third regions of
integration, as K, <, Q—-e<K,<Q+eand K, > Q , respectively. For these regions, the
coefficient of layered Green’s function is represented as

R, K, <Q 0
Ry = {R{P, K, e(Q—¢0+¢),

RYD 0 <K,
R3 == i_z, (11)

where E5 and A5 are calculated using boundary conditions on the interfaces of layers which includes
the physical and acoustic parameters of the medium. The coefficient of Green’s function given in

equation (10) may be expanded in the small variables, % «1land 2 « 1, in the 1% and 3 regions,

X

respectively. At the branch points, the coefficient of Ré”) is calculated numerically since an asymptotic
expansion around these points is not visible.

When the source and measurement points are located in the first layer as depicted in Figure 1, the
coefficient (R3) of the Green’s function is given by

E _ cosh(KZz) K, (p13K23 + KZ1) + sinh(Kzz) (p23Klez3 + plszg)
As cosh(KZZ) K,, (/)131(23 — KZ1) + Sinh(Kzz) (p23Klez3 - plszg ' (12)

On expanding each term of the ratio f—3 in an asymptotic series, equation (12) maybe reduced to a
3

polynomial. As an example, the series expansions of the following two terms are given in the first region:

2 2_q2 2 % 13
cosh(Kyy) = 14504 = 14570 4 o = 02 (G 4505 —7) +0(33) )

) K2 . K K (14)
K,y =Kz — x3,0% = maﬂ‘/l T sl (1 "t (ﬂ_)>
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Assuming Q > 1, asymptotic order of each term in (12) can be decided on expanding the expression
anth Where the constants a, b, c and d can be easily determined from (12).

Case 1:

In this case, asymptotic expansion of all terms of the coefficient of the Green’s function is carried out
. Ky
by assuming that 5 < 1.

If the asymptotic expressions of all terms contained in the coefficient of Green’s function given by
equation (12) are written, similar to the equations (13) and (14), the first two terms of the numerator
E5 and denominator A5 are obtained for the first region (Q > K,,), respectively as follows:

X12 iqs %12 Xi2

E3(sstregion) ~ —ip13x13Q° - Tur + xf22013P230" + X12p120*
K,? . Q5 X12 1 X12
+§ 1P13X13 X12 4)(13 0z 202
X%z X‘1L2 1 X%z X%z X122 (15)
s (M2 22 - M2 ot 14+ 22 4 A2
+i (4 T Tw 292> X13P23 ( ot 2>
- 291294X%2)r
sz Xlz
Az(sstregion) ~ iP13X13957— 10° == > + xt2x13P230 — x12p120*

K,? . Q5 )(fz 1 X12
G 1P13X13 X12 4)(123 T2 202

4 2 2

Xiz X1z 1 X2 Xi2 | X2 (16)

+iQ° +t=—=—= == - Q1+ —5+=-
( 4 T4 e 292> X13P23 ( 2%, 2 >

+ 291294X%2>-

Substituting equations (15) and (16) in (12), we obtain the coefficient R5 for the fist region as follows

RO “5(“0(%))‘“4(“0(2_%»_ (17)
3 95(1+0(§—’22‘))—Q4<1+0(2—’2‘)>

Since the term Q5 is the dominant term in the first region, the coefficient Ry (st
in the shortened form as

region) May be written

4 4 2 4 2
: 5X12_:n5X12  Kx| : 5(,2 4 X12 1 X12 5(X12 X12 1 _Xi2
—ip13X13 75510 ‘|'Q—ch<lp13)(13Q (X12+4X2 v >+l.Q ( +412. ————))
13

Z 2 2 2

R(I) _ 0z 20 0z 20

3 ip1ax 95 195X12+ ip1ax Q5 X2 _|_)(‘1L 1 X12 +iQ5 X12+X12_L_X%2 ' (18)
13X13 13X13 12 4)(%3 02 202 02 202

Comparisons of exact Green's function and asymptotic Green's function and the relative error are given
in the following numerical implementations. In all our computations, we have considered the temporal
frequency as 1 MHz and the wavelength as A = 16x10~*m. Densities of medium are p; =
500 gr/cm3,p, = 700 gr/cm3, p; = 600 gr/cm3 respectively, and veocities of medium are ¢; =
1600 m/sec,c, = 1000 m/sec,c; = 500 m/sec, respectively. Layer thickness is taken as |h,|
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3A. The source is located at (x',z") = (24,24) and the measurement point is fixed at 24 in the x-
coordinate but in the z-axis the measurement point is varied from 2.0011 to 11A.

1.8x10™
—— G_exact

1.6x 1074l bt e G_asymptotic
14x10™

1.2x10%

0.001A A 2A 3A 4A 5A 6A 7A 8A 9A
1z-2'|

Figure 2. Comparison of exact and asymptotic Green’s function for a three layered media for the first region

It can be seen from Figure 2, that there is a notable overlap between the absolute value of exact and
asymptotic Green’s function for all points both in the near and far fields in the first region.

3.0

25

20

%Error

0.5

0.0
0.001A A 2A 3A 4A 51 6A 7A 8A 9A

l1z-2'|

Figure 3. Relative error of exact and asymptotic Green’s function for a three-layered media for the first region

The relative error, presented in Figure 3, between exact and asymptotic Green’s function is limited to
about 3% for all distances.

Case 2:

By taking Kﬁas the small parameter, similar calculations for R; can be repeated for the third region

giving the numerator E; and the denominator A5 of coefficients R; by

@ 10 Xtz Q8 iz
Ea(artregion) = (1 T2K2 +m—;) ) PB( T 22K2" ﬁz?;g) T hiz s
P23 P23 4 P23 P23 P23 (19)
2 2 , P23 2 P23\ | & P23 2 P23 4 P23
+K3(P12X12+ > + Xi3 2)+K,‘}(24+X13 2 + X13 24)'

B 0 10t xis Q0 x 0t
Bsrtreaion =\ 15 kz P aawz ) T Pe\' T2 kg T ek Pt
0? P23 p23\ , QF P23 P23 P23
A 2, P23 2 F23) % (P23 2 P23 4 P23
+K,?( P12Xiz T 5 + Xi3 2)+K,‘}(24+X13 4 + Xx13 24)- (20)
The coefficient of Green’s function, therefore, takes the form
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02 0? 0? 02
K§<1+O<K—)2()>+K§<1+O(K—§)>—K§<1+O<K—§)>—K;}<1+0<K—)2(>
02 02 02 02
Kf;(l+0(K—)2(>>—Kf;(l+0(K—}2(>>+K§<1+0<K—§)>—K§<1+<K—§>>

RUM = (21)

Since the variable K, is much larger than the frequency Q in this region, the coefficient Ré’”) can be

approximately written as

0 1 Q‘*) ( Xiz Q% | xis 94)
1l—c—=+57>2)— 1-52—+ 57—7
RUID ( 2KZ 24K} 2 2K2 " 24K}
3 = > I
0?2 1 04 Xiz Q% | xi3 Q4
(1-7%2 K2 +m—;g) +on(1-% 5 rel ﬂx—;)
The exact and asymptotic Green’s functions are compared in the third region in Fig.4.
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Figure 4. Comparison of exact and asymptotic Green’s functions for a three layered media for the third region
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Figure 5. Relative error of exact and asymptotic Green’s function for a three-layered media for the third region

As seen in Figure 5, the error stays the same for all distances between the source and the measuring
point.

2.2. Parametric Analysis For a 3-Layered Media

The order of magnitude of the ratios of the layer velocities allows us to use parametric analysis in
asymptotic expansions of the coefficient of Green's function given by Eqn. (18) and (22) in the first and
third regions, respectively. By applying parametric analysis, the smallness of nondimensional quantities
Xmn (M,n = 1,2,3) permit certain terms to be eliminated in the asymptotic expansion of coefficient
and it enables the speed of calculations within acceptable accuracy.
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For the first region, let us take the configuration where the velocities are in increasing order of
magnitude, that is, ¢c; < ¢, < ¢; . In this case, the term 1/)(13 (1/)(13 = « 1), is the smallest term

among the terms given in Egn. (15) and (16). If we neglect the smallest terms in the coefficient R; which
is given by Egn. (15) and (16), we write the shortened asymptotic coefficient as

RD

shortened

4 4 2 2 2 4 2
. X X K2 1 x A5 (X12 | X 1 _x
_1.013)(1395 —52 —iQ® _52 + _Qgé <l.013)(1395 ()(122 0z _251)22) +i05 (Tiz + 41;2 0z 252))

4 4 2 2 2 4
. Xi2 _ insXiz , Ke | 1_x 05 (Xiz o X 1 _X
P11 53— 105 T3 4 Q—’5<1P13X1395 (== 38) +i0° (S + 52— e- 2_s1122)>

—— G_exact
1.6x10 R R PR G_asymptotic. shortened

0.001A A 2A 3A 4A 5A 6A 7A 8A 9A
1z-2'|

Figure 6. Comparison of exact and asymptotic shortened Green’s functions for a three layered media for the first region.

In Figure 6, the absolute values of exact Green’s function and the asymptotic shortened form of Green’s
function is compared in terms of distance |z — z'|. In this calculation, acoustical and physical parameters
are taken as the same numerical values above, except for the sound velocities. Sound velocities are

takenas c¢; = 1600 m/sec,c, = 1000 m/sec,c3 = 500 m/sec. Thus the ratio of velocities 1/)(13 =
0.3 and there is a significant coincidence between the functions as is depicted in Figure 6.

3.5

0.5

0.0
0.001A A 24 3A 4a 5 6A 7A 84 9A
1z-2'|

Figure 7. Relative error of exact and asymptotic shortened Green’s function for the first region.

The graph of the relative error between exact and asymptotic shortened Green’s functions is shown in
Figure7 which is bounded by 3.5 % for all distance ranges. For the third region, the order of velocities
is considered as ¢; < ¢; < ¢z where ¢c; = 500 m/sec,c, = 700 m/sec,c3 = 1400 m/sec. In this
case, the term y13 = ¢;/c3 < 1 isthe smallest term. Then, the terms x5 are neglected in the coefficient

Rém) expressed by eqn (22), and asymptotic shortened Green’s function’s coefficient is obtain as
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Figure 8. Comparison of exact and asymptotic shortened Green’s functions for a three-layered media for the

third region.
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Figure 9. Relative error of exact and asymptotic shortened Green’s function for a three-layered media for the

third region.

It can be seen from Figures 8 and 9 that the compatibility between exact and asymptotic shortened
Green’s functions is quite favorable in the third region.

Table 1. CPU time in seconds per point for distance

|z — z'| = 3A for exact Green’s, asymptotic Green’s and

asymptotic shortened Green’s function in the first region for 3-layered media.

Ratio of velocities Exact Green’s Function | Asymptotic Green’s | Asymptotic
Function Shortened Green’s
Function
1 /){13 =03 0,000501383 0,000457215 0,000456886

Therefore, we can say that the computation times

are very close in this region. Hence, the analysis of

the computational times is done only in the first region by Table 1. It is clearly observed that the CPU
times decrease in case of asymptotic and asymptotic shortened form of Green’s functions which proves
to be an important advantage in imaging algorithms where the Green’s function is required to be

computed recursively.

3. 4-LAYERED MEDIA

For a 4-layered media, the geometry of problem is given in the following figure.
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3t layer  P3, €3 hs

40 Jayer P4, Ca
Figure 11. Geometry of 4-layered media.
r = (x',z")andr = (x, z) represent source and measurement locations, c; , ¢,, c; and c, are acoustic

wave speeds, and pq, p,, p3 and p, are densites of layers 1, 2, 3 and 4, respectively. The coefficient
appearing in equation (1), in this setting, is given by

R, = L2
YA, (25)
where
E, = K, coshK,, {Kz3 cosh (KZ3 (1- h32)) (Kz, — p14Kz,)

+ sinh (K, (1 = hs)) (p34Ky, Kz, — p1sKZ))

+ sinhK,, {Ky,cosh (1 = hs2)Ky, ) (pr2K2, = p2aKi, K,) (26)

+ sinh ((1 - h32)K23) (Kzzsz4P12P34 - p23K21K223) }
and

A = K,,coshK,, {Kz3cosh (K23(1 - h32)) (KZ1 + p14KZ4)
+ sinh (Kz3 1- h32)) (.0341(211(}4 + P13Kzz3)}
+ sinhK,, {Kz3cosh (A= hap)Ky,) (p12K2 + 2k, Ky,)

+ sinh ((1 - h32)K23) (K222K24p12p34 + P23Kz1Kz23) }
Similar to R3, the coefficient R, can also be written as a piecewise function for the first, second and
third regions of integration, as K, <, Q—e<K, <Q+¢eand K, > Q , respectively and the
coefficient of layered Green’s function is written as

(@7)

RP ,  Kk.<Q
Ry = Ri”), K, e(Q—¢Q0+¢) (28)
R <K,

In the 4-layered media, we take into account the leading terms of series expansion of sinh and cosh
functions appearing in the numerator and denominator in Eqn. (26)-(27) as follows:

coshK, ~1 and sinhK, ~K, (29)
Unlike layer 3, performing the asymptotic expansion of the coefficient in layer 4, we take the first terms
of the expansions of the hyperbolic functions in (26)-(27) and the first 3 terms of the expansions of the
wave numbers defined in terms of square root functions in the first and third integration regions,
respectively. We analyze it in two cases.
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Case 1

According to the order of the variable of frequency, the coefficient of Green’s function can be written
in the first region briefly as

o _ a0+ 0% + (1 — h3y)c30% + (1 — hgy)c, 03

Y A0+ dyQ2 + (1— hay)dsQ% + (1 — hsy)dsQ3 (30)

where the constants c¢,,c,, c3, ¢4 and dq, d,, ds, d, can be easily determined from equations (26) and
(27) which are given by eqgns. (A1) and (A2) in appendix A.

For Q > 1, equation (30) takes the form

1

R(I) _ €yt (CZ + C3)ﬁ
4 1
dy+ (dz +d3) g

We then can express equation (31) asymptotically as

(31)

1 (c, + c3)1 dy +ds\ 1\ ¢4 (dy + d3\? (1)?
) 2 3 2 3 4 (U2 3
Ry ~— — ) |(1-(=—)=)+ = (——) (=
4 d4<c4+< Q >)( ( d, >Q>+d4( d, ) (Q) (32)
Here, the coefficients ¢; and d; include the square root functions. When expanding the asymptotic series
6
of root functions, terms of order up to six (%) should be kept to reduce the relative error between the

exact coefficient of the Green's function and its asymptotic expression. The asymptotic expansion of
coefficient is given by eqn. (A3) presented in appendix A.

—— G_exact
25x10* : R G_asymptotic

5.x107°

0,061A )\ 2‘/\ 3‘/\ 4‘)\ 5‘)\ 6‘)\ 7‘)\ 8‘)\ 9‘/\
1z-7
Figure 12. Comparison of exact and asymptotic shortened Green’s functions for a four layered media for the
first region.

0.061 A }\ 2‘)\ 3‘A 4‘)\ 5‘)\ 6‘A 7‘)\ 8‘)\ 9‘/\
1z-7|
Figure 13. Relative error of exact and asymptotic shortened Green’s function for a three-layered media for the
first region.

66



Yiicel and Ucgar / Eskisehir Technical Univ. J. of Sci. and Tech. A — Appl. Sci. and Eng. 24 (1) — 2023

Figures 12 and 13 illustrate that the exact and asymptotic Green's functions match quite well in the first
region demonstrating the validity of the considered approach.

Case 2:

The calculation performed above for R, in the first region can be similarly repeated for the third region.
Itis clear that the term —= should be taken as the small parameter in this region. Since this region is semi-

X

infinite, it will be sufficient to expand the square root function up to 4th-order. For Q «< K, , we have

1 c,+c d, + d;\ 1 ca (dy + da\? 1

10 2 3 2 3 4 (A2 3
R\ — + 11— )4 2=
4 dy (64 K, )( dy )Kx d4< dy ) K? (33)

which is given explicitly in appendix A by eqgn. (A4).

—— G_exact
2.x 107 -

————— G_asypmtotic
15x10%F

1.x 1074

5.x107%-

oF
0.001A A 2A 3A 4A 52 6A 7A 8A 9A

1z-2']

Figure 14. Comparison of exact and asymptotic shortened Green’s functions for a four layered media for the
third region.
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0.000 L L L L : L 1 L L L L
0001A A 2A  3A 4A  5A  6A 7A  8A 92

1z-2|

Figure 15. Relative error of exact and asymptotic shortened Green’s function for a four-layeredmedia for the
third region.

Figure 14 demonstrates the numerical comparison with the exact and asymptotic shortened Green’s
functions while Figure 15 shows the relative error between the exact and asymptotic shortened Green’s
functions for four layered media for the third region.

Table 2.CPU time in seconds per point for distance |z — z'| = 3A for exact Green’s and asymptotic Green’s
function in the first region for 4 layered media.

Exact Green’s Function Asymptotic Green’s Function
0,00007509 0,00003565

It is seen that from Table 2 the computation time of the asymptotic Green's function is quite short.
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5. CONCLUSION

Asymptotic series expansions for the reflection coefficient (R,,) of the component of the acoustic Green's
function obtained for the 3- and 4-layer geometry, see egns. (18), (22), (32) and (33), with the source
and the observation points in the first region, are performed by dividing the integration region according
to the temporal frequency () and spatial frequency (K,,). Since the terms of the coefficients are written
as polynomials on expanding the asymptotic series with respect to the regions containing the acoustic
velocities of the layers, a parametric analysis is performed according to the ratios of the acoustic
velocities. Green's functions written in polynomial form over the regions are analyzed and the leading
terms are retained, and the next order terms (the lowest order term) are neglected. The relative errors
between the exact Green's function and the Green's functions analyzed parametrically according to the
velocities are calculated. It is observed that, the parametrically and asymptotically analyzed Green's
functions in the layered structure agree quite well with the exact ones and their relative errors are in
acceptable range. Calculation time comparisons are also carried out between Green's function given in
the shortened form and the full Green's function for layered structures by asymptotic and parametric
analysis. From Table 1 and Table 2, it can be seen that the reduced computation time of asymptotic and
shortened asymptotic Green's functions will save time in photoacoustic imaging algorithms particularly
due to recursive calculations required by the Green's functions.
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APPENDIX A

1= K, — p1akKy,,
C = P12Kzz2 — P24K, K,
c3 = paaK, Ky, — 913K223» (A1)
Cy = Kzzz K;,p12P34 — Pz3Kz1Kz23:

dy = K, + puKs,,
dy = p12KZ, + p2aK, K,
ds = ps.K; K, + 913K223, (A2)
dy = K2 K,,p12p34 + 23K, K7, .

RA(LI)“’ <8X2 (—X4(—1 + h3y + p23)Pp34 — (=1 + h3)x3(p13 + ipa3) + x5p1a(—1—

i(-1+ h32)X4P34Q)) +4 0% (XA%P34(—1 + h3y + pr3 — 2ip12Q + 2ih3p1,Q) +
p3a(=1+4 hzy + paz — ix3p12Q + iRz x5p120) + x4 (2P12 + (=1+ h3)(2py3 +
i(2+ X%)PBQ)) ) + U* (i(—l + hap) (=4 + x5 ) xip23Q + p3a (‘1 —p2z—xi(1+

P23) — ix5p12Q 4+ 2x5 (1 + pos + 2ip1,Q) + hsy (1 + xi+ixipQ+ xi(-2-

4iP129))) )) <<8X2 (X4(—1 + haz + p23)ps3a — (=14 ha)x3 (13 +ip23Q) + (A3)

p(i+(—1+ h32)X4P34Q)) +40%% (—X2P34(—1 + hsy + pa3 — 2ip1,Q +
2ih350129Q) — pasa(=1+ hgy + poz — ix5p12Q +ihsx5p120) + X (2P12 + (—1+

h32)(2pa3 + (2 + X%)P23Q)) ) +0* (i(—l + hap) (=4 + X3 )Xip23Q + pas (1 — P23~
Xi(L+pa3) — ix3p12Q + 2x5(=2 + 2pa3 + 2ix3p12,Q) + hay (—1 + xid +ixsp2Q+

xi(2— Zi)(zzpnﬂ))) ))) /((—1 + h3y)? (_8)(2()(3%/)23 + X5 XaP12P34) + U* ((_4 +
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X3)XiP23 + X5P12P34 — 4)(2/’12/’34) +40%y§ (((2 + X3)XaP23 + X5P12P34 +

2 202 2 _K
2)(4.012P34)) Q) , 07 =

Ré(}m) ~ (w4 + (=14 h32)p13 — Kpaz — p2a + p3a — h32pza + Kp12pza) +
22—2<_sz3 + K3 ((=1+ h3p)p1s — Kp23) — Paa — Kip2a + P3a — hazpaa + Kip3s —
h32k5p3s + K KEp12p34 + 2 K5 (012 + Kp12pss) + %i (KZ (P24 + (=1 + h3)p3q) +

2K (K3pa3 — K%Kfp12p34))> <—2Ki22 (—KP23 + h3Kpps — 2(=1+ h3p)x3 (013 — Kpas) —
P24 = K3P24 + P23 — N3zP3s + Kip3s — R3pkip3s — KKGp3aprz + haoKKGp1opss +

A4
2k5p1,(—1+ (-1 + h32)KP34)) -4 <+(—1 + h3zp13 + P24 — P3a + hgzpze — (1 + (A4)

04
h32)K (23 + p12p3a)) + F(—KZ (P24 + (=1 + h3p)p3a) + 2(=1 + h3)K (k5,3 +

K%"ZP12P34))>) /(4(=1+ h3;)*K? <(—2 + 2—2) (—1 + %EK?%) P23 + (—1 +

2
2—21(% ) (—2 + 2—2@)[312%4) ).
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