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Abstract

In this research, we analyze the behavior of the solutions of the differential equation

_ alUn_14 _
Un+1 T BHYUn—14Un—9Un—4a’ n=01,..

)

where the initial values are arbitrary positive real numbers. We also provide solutions four spe-

cial cases of this equation
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1 Introduction

Our objective is to study the boundedness character, the steady state, the local asymptotic stability
and the global behavior of the single positive steady state point of higher order differences equation

given by the following formula

U _ alUn—14
n+l1 B+vUn—-14Un—9Un—4’

n=0,1,.., (1)

where the initial values U_14,U_13,U_10,U_11,U_10,U_9,U_g, U _7,U_¢,U_5,U_4,U_3,U_o,U_1,Uy
are arbitrary positive real numbers. We also provide solutions to some special cases of Eq. where
the initial values real numbers.

Difference equations or discrete dynamic systems are different fields, because several biological sys-

tems are naturally studied through discrete variables. Each dynamic system u,4+1 = g(u,) determines
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a difference equation, and vice versa. Discrete dynamic system theory and difference equations have
been greatly developed in the last twenty years. The application of discrete dynamic systems and
difference equations has recently appeared in many fields. The theory of difference equations is ex-
tremely important in applied sciences and other fields.

The theory of difference equations will, without a doubt, continue to play an essential part in math-
ematics as a whole. The importance of nonlinear difference equations of order larger than one can-
not be overstated.

In the literature, many applications of the theory of difference equations have been examined.

For instance, Elsayed [23-25] studied the dynamics of the solutions of recursive sequences satisfying

Trn-11

T”+1 = F1ETn 3Tn 7Tn 11’
T _ Tn—5

n+l = FTET, 1T 3T 5
Tn—8

Tnt1 = $137, 5T, 50 s

Abdul Khaliq et al. in [1] analyzed the asymptotic stability, global stability, periodicity of the solution
of an eighth-order recursive sequences. Moreover, they obtained closed form solution of some special

cases of the equation

anfBPn77

P, =abP,_ _
nt+l = GLp 3+CPH73+dPn77

Dina et al. in [12] studied the boundedness, the asymptotic behavior, the periodic character and the

stability of solutions of the difference equation

Qn+1 = aQn +0Qn—1 + BQn—1 eXp(_/YQn—l)'
Chatzarakis in [11] researched the dynamics of solutions of the below difference equation

bV,2

Vil—a4 ¥
=t AV Vi,

Alshareef et al in [3] examined some stability properties for the fixed point of the rational difference

bS? g
¢Sn—g +dSp_17

Sn+1 =aS,—s +

Alotaibi et al in [5] discussed some qualitative properties such as the boundedness, the periodicity and
the global stability of the positive solutions of the nonlinear difference equation

blUn—l + b2Un—2 + b3Un—3 + b4Un—4 + b5Un—5

U, =al, + .
i " e Up—1 + caUp—2 + c3Up—3 + caUp—yg + csUp—5
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2 Behavior of the Solutions of Eq. ([1)

In this secion we investigated the behavior of the solution of Eq. (1)) such as
Local stability, global stability and boundedness character. where the initial values
U7147 Ufl37 U7127 Uflla U*l()a U*97 U*B? U*?a U*G) U*57 U747 U*37 U*Qa U*l) UO are arbitrary pOSitiVG.

Also, the Parametea, 8 and v are positive.

2.1 Local Stability

In this section we investigate the local stability character of the solutions of Eq.. The equilibrium

point of Eq. is given by

Uﬂ%mv n=0,1,.., (2)
therefore
U ((8-a)+0%) =0, 3)

the only unique quiliribum points is U = 0, if 8 > «a. The equiliribum points is U = 0,U =
¢/ av;ﬂpositive if 8 < a. Define a function g : (0,00) — (0,00) as

oaxr

9@,y 2) = gy

Hence, we obtain

9:(2,9,2) = Gron—s,

ley.s) =~

9:(2,y,2) = —%,
it follows that

gx(U,UUU’):W,

9(0.0.0) = =205,

9:(U,U,U) = —%-

Therefore, the linearized equation about U = 0 becomes
Vn+1 = %gvn—llh

and, the linearized equation about U = ¢ # becomes

aB (8- _ ay(B-a)
Q)V"—“‘ BB "9 T (riap)? b

10
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Theorem 1 Assume that 8 > «, then the equiliribum point U = 0 of Eq. (1) is locally asymptotically
stable.

Assume that B + 27 (B — a) < a, then the equiliribum point U = ?/% of Eq. (1) is locally
asymptotically stable.

proof: From Theorem in [1] the the equiliribum point U = 0 of Eq. (1) is locally asymptotically
stable if

a < [,

Also, the the equiliribum point U = { O‘Tfﬁ of Eq. (1) is locally asymptotically stable if

of o(B-a) | ay(B-a)
Gra—a) T Brap2 T Grapy b
2

aff 4207 (8 —a) <o,

then it follows that
B+27(ﬁ_a) <Oé,

it means the proof is complete.

2.2 Global Attractor

In this subsection we investigate the global attractivity character of solutions of Eq.

Theorem 2 The equiliribum point of Eq. is global Attractor if 8 > «

proof: Let p, ¢ are real number and define f : [p, q]3 — [p, q| a function f(z,y,z) = ﬁﬁyﬁyz, then

we see that the function increasing = in and decreasing in y, z assume that (m, M) is a solution of the
system

M = f(M,m,m) and m = f(m, M, M).
Hence we get

_ aM _ am
M = B+yMm?2> m = B+ymM?2>

M (ﬁ—f—'meQ) = alM,

m (5 + 'ymMQ) = am.
Subtracting we get

B(M_m):a(M_m)7
(6 —a) (M —m) =0,

11



Journal of Advanced Mathematics and Mathematics Education

then
M =m, if B> a,

we obtain by therom in [2] that he equiliribum point U = 0 of Eq. is global Attractor.

2.3 Boundness of solutions

In this subsection we study the boundedness of solutions of Eq.

Theorem 3 FEvery solution of Eq. is boumded if a < 1,6 > 1,

Proof: Sppose {U,,}5° _,, be solution of Eq. . It follows from Eq. that

n—

Up_
Unt1 = 6+7Uncil4Uii9Un747 p=>1 (4>
< OéUn_14, 1>« (5)
< Up-1a, (6)

hence

Upy1 <Up-14, for n>0.

Therefore {Uy,}%%, is bounded above by
M = max {U7147 U7137 U*127 U*ll) U*lO) Ufgv U*S? U*77 U*6a U757 U747 U*37 U*Q? U*la UO}

2.4 Numerical result:
In this subsection, we consider a numerical examples to confirm our result.
Example 1 Assume that o = 0.9,8 = 1.1,~v = 1, with initial conditions

IC:U_14 =0.18,U_13=0.22,U_12 = 0.18,U_1; = 0.24,U_10 = 0.11,U_9g = 0.2,U_g = 0.12,

U_7=0.165,U_=024,U_5=0.11,U_4 = 0.17,U_3 = 0.24,U_o = 0.21,U_, = 0.27, Uy = 0.17.
(see Fig. 1)

Example 2 Assume that o = 0.9, 8 = 1.1, = 1 with initial conditions

I01:U_14=8,U_135=12,U_15 =8,U_11 =14, U_19 = 1,U_g = 10,U_g = 2,

Ur=65U¢=14,U_5=1U_4=7,U_3=14,U_=11,U_y =17,Uy = T.

12
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1C2: U_14 = 18, U_13 = 22, U_12 = 18, U_11 = 24, U_10 = 11,U_g = 20, U_8 = 12,

U_7=165,U_¢=24,U_5=11,U_4 =17,U_3 =24,U_9 =21,U_; =27, Uy = 17.

1C3:U_14=14,U_13 =18,U_15 = 14,U_11 =20,U_19 = 7,U_g = 17,U_g = 8,

U7 =125,U_=20,U_5="7,U_4=13,U_5=20,U_o = 17,U_; = 23,U, = 13.

(see Fig. 2)

plot of U(n+1)=a U(n-14)/(8 +(y U(n-14)U(n-4)U(n-9)))
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Figure 1: .

plot of U(n+1)=a U(n-14)/(8 +(y U(n-14)U(n-4)U(n-9)))

ﬂ
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Figure 2: .
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3 On The Solution of the Eq. (|1)

In this section, we investigate the solutions of four special cases difference equations Eq.
where n € Ny and the initial conditions are arbitrary nonzero real numbers
U7147 Ufl37 U7127 U*lla U*l()a U*97 U*Ba U*7a U76> U*57 U747 U*37 U*Qa U*l) UO'

. — Un—14 .
3.1 Case l: U1 = g0 oo

In this subsection, we investigate the solutions of the difference equations

Up—
U?”L—l—l - 1+U7L714Uii9Un74, n= 0’ 1’ (7)
Theorem 4 Assume that {U,} are solutions of difference equations. Then for n = 1,2, ..., we see

that all solutions of Eq. (7) are given by the following formulas

n—1 n—1 n—1
a]Jarsiark) rlJareinark) k[ [a+eir2ark)
" " ="

Uisn-14 = 7— yUlsn—9 = -5 yUlsn—a = =5 ;
[[o+eirnark) [[a+eir2arx) [[o+eitsark)
=0 =0 1=0

n—1 n—1 n—1
s]Ja+siBor) a[Ja+reinsor) t]Jo+eitosern
e e rs

Uisn—13 = -— yUlsn—s = —5 yUlsn—3 = -5 ;
[[e+eirvzon [1o+it2son) [[e+sitsson
i=0 i=0 =0

n—1 n—1 n—1
o[ Ja+siom i | [a+r@itnomn m] [ areiracmm
" " =

Uisn—12 = 7— yUtsn—7 = =5 yUtsn—2 = —5 ;
H (1+(3i+1)CHM) H (1+(3i+2)CHM) H (1+(3i4+3)CHM)
=0 i=0 i=0

n—1 n—1 n—1
p[Ja+sipin T a+@irnoin v[J e+t
=0 =0 =0

Utsn—11 = 57— yUtsn—6 = - = yUtsn—1 = 5 ;
[Ja+eirnoiy [Ja+eirapiy) [Jareisni
i=0 =0 =0

n—1 n—1 n—1
e[ a+sizso) 1T areinEeso) o[ a+eit2rio)
" " i

Uisn—10 = - s Ulsn—5 = —— yUtsn = 55 ;
[[e+eirvzso) [[e+sir2zm0 [[o+sitszso)
i=0 i=0 =0

whereU_14 = A, U13=B,U 19=C, U.11 =D, U.1o=E,U9g=F, Ug=G,Ur7=H, Ug=
LLUs=JU,4=K, Us=LU5s=M, Uq=N and Uy=O.

Proof: For n = 1 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1.

that is,

14
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n—2 n—2 n—2
a]Jarsiark) rlJareinark) k [[a+eir2ark)
i=0 i=0 i=0

Utsn—20 = 57— yUlsn—24 = —5 Utsn—19 = -5 :
[[a+sirnark) [[areirnark) [[areirsark)
i=0 i=0 i=0

n—2 n—2 n—2
B] [ a+siBar) a[Jareinsor) c]Jo+eitosern
=" " "

Utsn—28 = — ,Ulsn—23 = —= Ulsn—18 = —— :
[Te+@irvsorn [To+sit2son) [Te+sitssorn)
i=0 =0 1=0

n—2 n—2 n—2
CH(1+3z'CHM) HH(1+(373+1)CHM) MH(1+(32‘+2)CHM)
e e e

Utsn—21 = -— Utsn—22 = =5 yUtsn—17 = -5
[T o+eiromm [[a+eir2cmm [To+eitscmm
i=0 =0 =0

n—2 n—2 n—2
p[Ja+sinin r[Ja+eirypin N ][ a+eitoniyy
i=0 i=0 i=0
Utsn—26 = ;= yUtsn—21 = - =5 s Utsn—16 = —5 :
H (14(3i+1) DIN) H (14(3i+2) DIN) H (1+(3i4+3) DIN)
=0 =0 =0
n—2 n—2 n—2
e a+sizso) 1] areineso) o[[a+eirazio)
-0 i—0 i—0
Utsn—25 = 77— s Ulsn—20 = 55 Utsn—15 = 5
[[a+einzio) [Ja+eitaz0) [[a+sirszio)
i=0 i=0 i=0

Now we find from Eq. that

15
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Upsy 14 = Uisn—29
" 1+ Uisn—20U15n-19U15n—24
n—2
AH (143iAFK)
i=0
n—2
(1+(3i+1)AFK)
_ i=0
- n—2 n—2 n—2
AH(1+31LAFK) KH(1+(32'+2)AFK) FH(1+(31'+1)AFK)
14 i=0 i=0 i=0
n—2 n—2 n—2
H (14 (3i+1)AFK) H (14(3i+3) AFK) H (14(3i4+2) AFK)
i=0 i=0 i=0
n—2 - n—2
AJ[ (1 + 3iAFK) H (14 3i+3)AFK) [ 1+ (3i +2) AFK)
=0 i=0 i=0

n—2
(H (14 (3i+2)AFK) (1+ (3i+1) AFK))

=0

n—2 n—2
<H (1+ (3i + 3) AFK) + AFK || (1 + 3iAFK)

i=0 1=0
n—2 n—2
AJ] (1 +3iAFK) [] (1 + (3i + 3) AFK)
i=0 i=0
- n—2 n—2 n—2
(H (1+ (3i+1) AFK)> (H (1+ (3i +3) AFK) + AFK[] (1 + 32‘AFK))
1=0 =0 =0
n—2 -
AT] (14 3iAFK) H 1+ (3i+3) AFK)
=0 1=0

n—2
(H (1+(3i+1)AFK) (1 + 3@'AFK)> ((1+ (30— 3) AFK) + AFK)
1=0
n—1
AH(1+3iAFK)
=0
n—1 ’
[[areirnark)
=0

16
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Uisy 13 — Uisn—28
" 14 Usn—28U15n-18U15n—23
n—2
BH(1+32'BGL)
=0
n—2
[[e+sirvsorn
_ =0
- n—2 n—2 n—2
BH (143iBGL) LH (1+(3i+2) BGL) GH (1+(3i+1)BGL)
14+ =0 i=0 =0
n—2 n—2 n—2
H (1+(3i+1) BGL) H (1+(3i4+3) BGL) H (14(3i4+2) BGL)
=0 =0 =0
n—2 n—2 n—2
B]] (1 +3iBGL) [] (1 + (3i + 3) BGL) [ (1 + (3i + 2) BGL)
=0 =0 =0
n—2 n—2
(H (1+Bi+1)BGL) [] 1+ (3i+2) BGL))
ni—:20 =0 n—2
(H (1+ (3i+3)BGL) + BGL][ (1 + 32’BGL)>
i=0 1=0
n—2 n—2 n—2
B[ (1 +3BGL) [ 1+ (3i +3) BGL) [] (1 + (3i + 2) BGL)
=0 =0 =0
= n—2 n—2
(H (1+Bi+1)BGL) [] (1 + (3i+2) BGL))
ni—:20 =0 n—2
(H (1+ (3i+3) BGL)+ BGL] [ (1 + SiBGL))
i=0 1=0
n—2 n—2
BJJ (1 +3BGL) [] 1+ (3i + 3) BGL)
=0 =0

n—2
(H (1+ (3i+1)BGL) (1 + 3iBGL)> ((1+4 (3n — 3) BGL) + BGL)
=0
n—1
BH (14+3iBGL)
1=0
n—1 )
[[areirnsern
=0

17
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Uisy 19 = Uisn—27
o 1 4+ Uisn—27U1sn—17U15n—22
n—2
CH(H—Z’)Z’CHM)
i=0
n—2
H 1+(3i+1)CHM)
_ i=0
- n—2 n—2 n—2
CH (1+3iCHM) H 1+(3i+2)CHM) HH(1+(3i+1)CHM)
= i=0 i=0
L+ n—2 n—2 n—2
H 14+(3i+1)CHM) H(1+(31+3 YCH M) H(1+(3i+2)CHM)
i= = 1=0
n—2 n—2 n—2
CIJ +3icHM) J] (1 + (3i+3)CHM) [ 1+ (3i +2) CHM)
i=0 i=0 i=0

n—2
(H (14 (3i+1)CHM) (1+ (3i + 2) CHM))
1=0

n—2 n—2
(H (1+Bi+3)CHM)+CHM]] (1+ 3iCHM)>
=0 1=0

n—2 n—2
CIJ (a+3sicHM) ] (1 + (3i+3) CHM)
1=0 1=0

=0
n—1
CH (14+3iCHM)

=0
T n—1 ’

n—2
(H (1+(3i+1)CHM) (1 + 3iCHM)) (14 (3n—3)CHM) + CHM)

[[a+sinemm
=0

Also, we can prove the other relations. The proof is complete.

Theorem 5 The trivial equilibrium point in Eq. @ 1s unique and it s never locally asymptotically

stable.
For confirming the results of this subsection, we consider numerical examples for the Eq.
Example 3 Assume the initial conditions are

1C: U714 = 12, U713 = 8, U712 = 2, U711 = 1, U,10 = 0.5, U,Q = 0.2, U,g = 1.2,

U7=5U=01U_5=3U_4=01U15=3U_=6U_,=12,U=3.

(See Fig. 3).

18
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Example 4 Suppose that

IC:U_14=2,U_13=6,U_12 =2,U_11 =6,U_19 = —5,U_9g = 4,U_g = —4,
U7=05U4¢¢=8U_5=-5U4=1,U_53=8U_-9=5U_1=11,Uy =7.

(See Fig. 4).

U(n+1)=U(n-14)/(1+(U(n-14)U(n-4)U(n-9)))

WL
Al I\ I\
VI W WY

\ (A
W/
0 10 20 30 40

Figure 3: .

U(n+1)=U(n-14)/(1+(U(n-14)U(n-4)U(n-9)))

Figure 4: .

. _ Un—14 .
3.2 Case 2: U, = TR T AT

In this subsection, we investigate the solutions of the difference equation

_ Un—14 _
Un+1 o 1_Un—14Un—9Un—4’ n= 0’ 1’ (8)

Theorem 6 Assume that {U,} are solutions of difference equations. Then for n = 1,2, ..., we see

19
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that all solutions of Eq. (@ are given by the following formulas

n—1 n—1
alJa-siark) rlJa-@itark) k [Ja-@it2ark)
Utsn—14 = —=" Utsn—g = == Utsn—g = —=2 ;
[[o-irvarx) [[o-Gir2arx) [[o-@itsarx)
=0 i=0 =0
n—1
s]Ja-siBow) a[Ja-GirBow LH ~(3i+2)BGL)
Utsp-13 = —= Uisn-—s = == Utsn—sg = ==} ;
H(l—(3i+1)BGL) H(l—(3i+2)BGL) H(l—(3i+3)BGL)
=0 =0 =0
n—1 n—1
o [Ja-sicran i [ [a-@irvomm MH —(3i42)CHM)
Utsn—12 = —1— ,Utsn—7 = == Utsn—g = —=° ;
[[a-sinemm [[a-sircmm [[a-Giscmm
=0 n:O n_z;0
DH(l—?n’DIN) IH(I—(3i+1)DIN) NH(I—(3i+2)DIN)
Utsn—11 = —1= ,Utsn—6 = == Utsn—1 = —=° ;
H (1-(3i4+1)DIN) H (1-(3i4+2) DIN) H (1—(3i+3)DIN)
=0 =0 =0
n—1
e Ja-sizso) 1] a-@irveso) OH —(3i+2)EJO)
Utsn—10 = -—=" Utsn—s = = ,Utsn = == ;
H(l—(Si—i—l)EJO) H(l—(3i+2)EJO) H(l—(3i+3)EJO)
=0 =0 =0

where U1y = A, U.13 = B)U_120 =C, U.11 = D, U ygo = E\Ug=F, Ug=G U=
H, U_6=I, U_5=J,U_4=K, U_3=L,U_2=M, U_1=N and U():O.

Proof:

The proof is the same as the proof of Therom 2.1.

Theorem 7 The unique equilibrium point U = 0 in Eq. (@ is not locally asymptotically stable.
We consider numerical examples for the Eq. .
Example 5 Suppose the following initial conditions: with the initial conditions

1C: U714 = 12, U713 = 8, U712 = 2, U711 = 1, U,10 = 0.5, U,Q = 0.2, U,8 = 1.2,

U7=5U4¢=01U_5=3U_4=01U_3=3U_=6U_1=12,Uy=8.

(See Fig. 8).

20
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Example 6 Assume that

IC:U_14 = 2 U 13=4,U_195=6,U_11 =-3,U_1=4,U_g=-2,U_g =04,

U r=4U¢=-3,Us5=1U4=1U_3=6U_=2U_1 =11,Uy = 5.

(See Fig. 6).
120 U(n+1)=U(n-14)/(1-(U(n-14)U(n-4)U(n-9)))
100 - ﬂ 1
80 “ 7
- |
S —
R
[ .
(RO | | | Y
N \ I
0 \ L\/,,A/\/J {\/,/\/\/J LVA,/‘ LVA//J L\FAA/J L
20 0 1‘0 2‘0 3‘0 46 5‘0 E;O 7‘0 8‘0 96 100
n
Figure 5: .
0 U(n+1)=U(n-14)/(1-(U(n-14)U(n-4)U(n-9)))
10
8
sl
s 4
2
0
2
B 0 1‘0 2‘0 3‘0 4‘0 5‘0 6‘0 7‘0 86 9‘0 100
n
Figure 6: .
3.3 Case 3: U, ;| = Un—14 :
nt+ —14+Up—-14Up—9Up—g °

In this subsection, we investigate the solutions of the difference equation

_ Un—14 _
Un+l - _1+Un—14Un—9Un—47 n= O’ 17 Tt

where Uy, _14Up_oUp_4 # 1.

21
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Theorem 8 Every solution {U,}22_,, of Eq. (@ 1s periodic with period thirty and in the form

{A7B7C7D7E7F7G7H7‘[7J7K7L7M7N7O7
A B C D E
AFK —-1"BGL—-1"CHM —1’DIN -1’ EJO -1’
F(AFK —1),G(BGL —1),H (CHM — 1),1(DIN —1),.J (EJO — 1),
K L M N O
AFK —1"BGL—-1"CHM —1’"DIN —1"EJO —1
where U—14 = A, U_13=B,U_12=C, U-.1n=D, U.1o=E,U9g=F, Ug=G,U7r=H, U=
I, U,5:J,U74:K, U73:L,U72:M, U71:N and UOZO.

A B,..)

Proof: We can deduce from Eq. @ that

A B C D E
17k 12 s T cam vV T oiv 1Y T B0
Us=F(AFK —1),Ur = G(BGL —1),Us = H(CHM — 1)Uy = I (DIN — 1)Uy = J (EJO — 1),
K L M N o)
1k 1T gar vV T car v T oy 1Y T Ejo -1
Uig=A=U_14,U1; =B =U_13,U1s=C =U_12,U1g =D =U_11,Uj9g = E = U_jy.

Uy

Un

Thus the proof is performed.
Theorem 9 The equilibrium points of Eq. (@ are 0, /2 and they are not locally asymptotically stable.

Theorem 10 FEjq. (@ has a periodic solution of period fifteen iff AFK = BGL = CHM = DIN =
EJO =2.

We provide numerical examples for Eq. @D in order to confirm the results of this subsection.

Example 7 For confirming the results of this subsection, we consider present numerical example for

Eq. (@ with the initial conditions

1C: U,14 == 1.2, U,13 == 0.2, U,12 == 1.4, U,11 == 04, U,10 == 1.5, U,9 == 2, U,B == 1.2,

U7=02U_=14U_5=04,U_4=15U_3=2U_=12U_1 =0.2,Uy = 1.4.

(See Fig. 7).
Example 8 We provide another numerical example for Eq. (@ with initial values

IC:U_14=2,U_13=05,U_12=04,U_11 =03,U-10=04,U_9g =0.2,U_g = 2,

4
U_g =10,U-=5U_5=2,U_4 =5,U_3=2,U_3 = 05,U_ = =,Up = 25.
. (See Fig. 8).
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U(n+1)=U(n-14)/(-1+(U(n-14)U(n-4)U(n-9)))

]

4t

6

A

0 ‘ ‘ ‘ ‘ ‘

0 20 40 60 80 100 120
Figure 7: .

U(n+1)=U(n-14)/(-1+(U(n-14)U(n-4)U(n-9)))
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Figure 8: .

. _ Un—_14 .
3.4 Case4: U, = s YA s

In this subsection, we investigate the solutions of the difference equation

_ Un—14 _
Upy1 = T U U sUn s’ n=20,1,..., (10)

where Un_14Un_9Un_4 75 —1.
Theorem 11 Every solution {Up}>2 1, of Eq. @) is periodic with period thirty and in the form

{A,B,C,D,E,F,G,H,1,J,K,L,M,N,O,

—A -B —C -D -E
AFK +1"BGL+1' CHM +1' DIN +1" EJO+ 1’
— F(AFK +1),-G(BGL +1),—H (CHM +1),—I (DIN +1),—J (EJO + 1),

~K —L M -N —0
AFK+1"BGL+1'CHM +1' DIN+1" EJO+1’

A, B,.)

where U—14 = A, U_13=B,U_12=C, U_.11 =D, U.1o=FE,U9g=F, Ug=G,U7r=H, U=
I, U,5:J,U74:K, U73:L,U72:M, U71:N and U():O.
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Proof: The proof is similar of Therom (2.3).

Theorem 12 Egq. @ has only one equilibrium point, which is 0, and this equilibrium point is not
locally asymptotically stable .

Theorem 13 Egq. @ has a periodic solution of period fifteen iff AFK = BGL=CHM = DIN =
EJO =2.

Example 9 Assume that the starting conditions are as follows:

IC:U_14=11,U_13=7,U_12=1,U_11 =1,U_10 =2.5,U_9 = 2.2,U g = 0.2,

U =4U_=2Ur5=6U4=4U3=1,U_o=2U_=11,Uy=T.

(See Fig. 9).

Example 10 Suppose the initial conditions given by

1IC:U_14 = 2,U_ 13=05,U_10=-04,U_11=03,U_1=04,U_9g=0.2,U_g = —2,

4
Ur=10,U=5U5=-2U4=-5U3=2U2=05U=~5 U =25

(See Fig. 10.

U(n+1)=U(n-14)/(-1-(U(n-14)U(n-4)U(n-9)))

200k /| |
= | | H
0] H U H

-

-700

Figure 9: .
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U(n+1)=U(n-14)/(-1-(U(n-14)U(n-4)U(n-9)))
. T , T .

Figure 10: .

Data Availability
Data sharing is not applicable to this article as no new data were created or analyzed

in this study.
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