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1. Introduction

The dynamics of processes that are subject to sudden state changes are often studied using differential equations with
impulses as models. There are two commonly used types of impulses: instantaneous and non-instantaneous. The investigation
of impulsive differential equation involving classical derivatives one can refer to [1]-[9]

Due to its importance in numerous related domains, including physics, mechanics, chemistry, engineering, etc., fractional
calculus has received more and more attention in recent years, one can see [10]-[13] and references therein. In [12], Hilfer
investigated applications for an extended fractional operator that has the Riemann-Liouville (RL) and Caputo derivatives
as special cases. In this study, we deal with the existence, uniqueness, and stability of y-Hilfer fractional derivative based
fractional differential equations, which Sousa and Oliveira initiated in [14].

Mathematicians have explored fuzzy fractional integrals and differential equations. One can see that RL, Hadamard, and
Katugampola fuzzy fractional integrals are the basis for a lot of research on this area. We recommand the reader to the works
[15, 16] and references listed therein for details about the basic concepts of fuzzy analysis and fuzzy differential equations. By
employing the Caputo-Katugampola fuzzy fractional derivative, Sajedi et al. evaluated the existence, uniqueness, and several
types of Ulam-Hyers stability of solutions of an impulsive coupled system of fractional differentia equations [17]. For more
facts on fuzzy fractional differential equations and its stability concepts, see, for example, [18]-[25].

In this paper, motivated by the research going on in this direction, we study the Z-Hilfer fractional fuzzy differential
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equations with impulse of the form:

HDUP2 (1) = p(t,2(t)), 1€ (siytis1], i€ Mo :=MU{0},
2(1) = gilt,z(67)), 1€ (si], ieM, (1.1)
37520 =20, y=atp-ap,

where M = {1,2,--- ,m},ze R, € (0,1), B €]0,1], p: [0,T] X E; — Ey4 is continuous, and E, is the space of fuzzy sets
and7; satisfy 0 =fp =50 <t] <51 <tp <+ <ty < Sy <tmy1 =T, & : [ti,si]] X E; — E, is continuous for all i = 1,2,--- ,m,
which is non-instantaneous impulses. Moreover Dg;ﬁ = and J(I)I 7 are the Z-Hilfer fractional derivative and Z-RL fractional
integral.

2. Preliminaries

If we take ¢ = [0,T]. Let E; be a family of fuzzy numbers, that is., z : R — [0, 1] satisfies normal, convex, upper
semicontinuous and compactly supported.
The s-level set of z € E; are defined by

o = {t eR|z(z) > s}, if s€(0,1],
ST et eRz() > s}, if s=0.

So, the s-level set of z € E; are compact intervals of the form [z]* = [z(s),Z(s)] C R.

Definition 2.1. [15] Two fuzzy sets zy and z5 are defined on E; and A € R. According to Zadeh’s extension principle, 71 + 2o
and A7y are in E; and defined as

[z1 +22)° =[]’ + [z2]°,
Azl =Al], forall se0,1],

where [z21]° + [z2]* represents the usual addition of two intervals of R and A[z;]° represents the usual scalar product between A
and an real interval.

Definition 2.2. [16] The distance Dy|z1,22] between two fuzzy numbers is defined by

D()[Zl,zz] = sup H([Zl]s, [Zz]s) for all 71,22 € Ey4, 2.1)

0<s<1
where H([z1]*,[22]*) = max{|z1(s) —z2(5)|, [21(s) —22(5)|} is the Hausdroff distance between [z1]* and [z]*.

Definition 2.3. [16] Let 71,75 € E;. There exists z3 € Eg such that 71 = zp + 23, that is., 73 = 71 © 2, where 73 is Hukuhara
difference of 71 and 2.
The generalized Hukuhara difference of two fuzzy numbers 71,20 € E; [gH-difference] is defined as

WO =S =0+, or =1+ (-1)z, 2.2)
where 71 O 20 is called as gH-difference of 71 and z in Eg.

Definition 2.4. [15] Let 7 : [a,b] — E4 be a fuzzy function, then for each s € [0,1], the function t — d([z(¢)]*) is nondecreasing
(nonincreasing) on [a,b. In addition, z is called d-monotone on [a,b), if z is d-increasing or d-decreasing on [a,b].

Definition 2.5. [15] Let z: (a,b] — E4 and t € [a,b]. If z is a fuzzy function of gH-differentiable with respect to t then there
exists an element z/gH (t) € Ey4 such that

(2.3)

Definition 2.6. Letz: 7 — E; be a continuous fuzzy mapping. The fuzzy E-type RL fractional integral of z is defined by

(Rng‘fz> (t)F(l)/otz’(r)(z(t)3(7))“‘1z(r)d7, forall te . (2.4)

(04
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Definition 2.7. Letz: ¢ — E4 be a continuous fuzzy mapping. The fuzzy E-type RL fractional derivative of ordern—1 < o <n
for fuzzy-valued function z is defined by

= 1 1 d\" [_
RLAOLE - - =y n—o—1
! = X E(t)—-Z . 2.
Definition 2.8. The fuzzy E-Hilfer fractional derivative of order o € (0,1) and type B € [0, 1] is defined by
HeyeBE o=z 1 d\ 0-a0-p)z 26
0+ Z(t) =Jo+ E/(l) dr ) ot Z(t)' (2.6)

for a fuzzy function z: ¥ — E4 so that the expression on the right side exists.

Lemma 2.9. Let o € (0,1), B € (0,1] and z € /€ (_7 ,E;) be a d-monotone fuzzy function, then

B ~l=7,E
(35 =1DGP=2) (1) =2(0) S (JO*F(;)(O) (E()—E(0)"", 1€ 7. @7
(P35 (1) =2(t), 1€ 7. 2.8)

Theorem 2.10. [3] Let (S,D) be a generalized complete metric space. Suppose that the operator T : S — S is strictly
contractive with Lipschitz constant L < 1. If there exists a non-negative integer k such that D[Tk+1 , Tk] < oo for some 7 € S,
then the following are true:

(i) The sequence {T*z}i>1 converges to a fixed point 7* of T;

(if) z* is the unique fixed point of T € S*; where S* = {v € S|D[T¥z,v] < o}.

1
(iii) Ifv € S*, then D[v,z*] < ﬁD[TV, v].

3. Existence Theory

In this section, we consider 2% (_# ,E4) the family of piecewise continuous fuzzy function, we say that v(r) is continuous
on _#, i=0,1,---,m,where #; = (t;j,tiy1]and 19 =0, t1 =T.

We introduce the following hypotheses:
(H1) There exists function m*,n* € C(_# ,R") such that

~ -~

Do[p(t,u(r)),0] < m"(1)Dolu(t),0] +n(1),

where M* = sup,. ,m*(t) and N* = sup, ,n*(z).
(H2) p € C([si,ti+1],E4) and there exists a positive constants L, such that

DO[p(t,ul)ap(taMZ)]SLpDO[uhMZL 1‘6/.
(H3) gi € C([t;,si], Eq) and there exists a positive constants Lg,
Dogi(t,u1),8i(t,u2)] < Lg,Dolur,ur].

(H4) There exists function ¢ € C(_#,R™) such that

~ ~

Do[gi(t,u(t;")), 0] < q(t)Dolu(t),0].

(H5) Let ¢ € C(_7 ,R™") be a non-decreasing function, then there exists Cy > 0 such that

ﬁ /O-t El(‘c)(E(l) _5(1)* p(1)dT < Co@(t) foreach te€ 7.
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Lemma 3.1. Let p € C(_7 ,E;) be a continuous fuzzy function. Then, a d-monotone fuzzy function z € € ( ¢ ,Eq) is a
solution of the following problem

{Hi)g‘;ﬁ’iz(t) =p(t.2(0), 1€ 7,

~1=7,E
J0+y z(0) = zo.

ifand only if z € P€(_7 ,Eq) satisfies the integral equation provided as follows:

=) — = —1 r
2(t) Ogn (E() F(:/()O))Y 20 = ! )/0 E(T)(E(t)73(1))06_1[)(’5,1(1'))611, te 7.

Lemma 3.2. Let o € (0,1), B € [0,1] and y= o+ B(1 — ). Suppose that p : 7 x Eq — E4 be a continuous fuzzy function
and g; : [t;,si] X Eq — Eg4 is a continuous for every i € M. Then a d-monotone continuous function z is a solution of the following
integral equation:

E(r)—Z(0))7! ' = - -
2(t) Sgn CUEO gy = L 12 (1)(B(0) — E(x)* p(e.2(0))dr, 1 € (sistisa],
z(t) = gi(t,2(t7)), t€ (tiysi], keM,

]
_ . _ B 3.
2(t) Sgn a(si) = gy Js, & (DE@) —E(0)* ' p(7,2(7))dT, 1€ (si,ti41],
where  z(s;) = gi(si,z(1;"))
if and only if 7 is a d-monotone solution of the fuzzy impulsive of E-Hilfer fractional problem is
HDUP2 (1) = p(t,2(t)), 1€ (si,tis1], i€ Mo :=MU{0},
A1) =gilt,2(67), te(ns), ieM, (32)
U(I)I%LZ(O) =20.
Proof. Suppose that z satisfies the problem (1.1), that is, z is a solution of Eqn.(1.1).
Letz € (0,11], then
H@aaﬁvz — .t
0+ Z(t) p(l,z(t)), re (SlattJrl]a
3y "%2(0) = 2,
is equivalent to the equation
E@)—=0)r! 1 /’ = (VR _ ()1
2(t) Ogn 20 = E(7)(E(r) —E(7)* " p(1,2(7))dT. (3.3)
€ T Jo :
Now, it follows from Eqn.(3.2) of second equation that when ¢ € (t1,s1], z(¢) = gi(t,z(t;")). If € (s1,12] then
HOEPEL(1) =p(t,2(1)), 1€ (51,1
z(s1) =gi1(s1,2(r]")). (3.4)
Applying an operator 3(1)1 "= over (0,1,] on both sides of Eqn.(3.4) , we get
(E(0) —E(0)"" 1-yz 1 /’ i e g
t J5:"20) === [ & E()—-& d 35
2(t) Sgn ) or 2(0) I Jo (D)(EQE) —E(7)" p(7,2(1))d7, 3.5)
which yields
(E(s1) —E(0)"" 1y 1 /’s‘ = (o1
J:772(0) = = = o —-& dar.
<(on) S P 307 0) = g [ (@)(E ) - 2(2) " ple(m)dn
From the second equation of problem (3.4), we get
E(1)—Z(0) ! ~1-7,E ! - - _
§1(s1,2(1) S ETPI=007%2(0) = gy o' E (1)(E(s1) ~E()* ! ple,2(7))d
To:"2(0) (3.6)

= (81051, 2(]") Orr gy Jo" E (D)(E(s1) = (1) ' p(7,2(7))d7) D(Y)(E(r) — E(0))' 7.
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Substituting Eqn.(3.6) in Eqn.(3.5), we obtain

e o \ 1! ,
<) (050 ) (1170 S gy 512 (9 (00) 20 ptr.c(r)ae )

= o o (D)(E(s1) — E(2))* ' p(r.2(x))d7, 1€ (s1,0].

Now, it follows from Eqn.(3.2) of second equation that when 7 € (12, s2] with z(s2) = g2 (s2,u(t;)).
Repeating the same process for 7 € (s;,#;11], we obtain

]

() S (5) = Fgy . = (OEO -2 ple.c(®)dr, 1 (s

where, z(s;) = gi(si,2(t]")).
Conversely, suppose that z satisfies the integral Eqn.(3.1). If 7 € (0,#], then 3(1)?";1(0) = 70 and applying 7 @gf = fact that,
we obtain

B.E ~1—7E Bl 1 [T = - -
HoeP (z(t) Ogn Tgi z(0)> =Hp&P <F @ /0 E(D)(E@) -E(r)*! p(T,z(T))dT),
=HDEPE (385 p(1,2(1))).
1ogP= (35200 22() =352 DG P p(t, (1))
HGLEr) =pl1,2(0)).
And, next we can easily prove that z(¢) = g;(1,z(t;")), t € (t;,si]. O
Theorem 3.3. Assume that (H1) — (H3) hold. Then, the problem (1.1) has at least one solution.

Proof. Define a operator T : € (7 ,Eq) - P€(_ 7 ,Eq) is given by

=(t)—2(0))7! - - —_ -
(T Yoo+ g o 2 (R)E0) - 2D pleaw(Dan, e Oun

Clearly the operator T is well-defined and for any w € 2€(_# ,E,;), we have
Case 1: For ¢ € (0,1].

Do[Tw(1)(E(1) —E(0))'7,0]

. A () I'(a)
< FV;;) L GO r(i(;)))l-y /O’ E'(1)(2(1) — Z(1))* ' Do[p(z, w(x)),0)d®
<oyt =0 REa()O >>1y/0, = (2)(2(1) ~ E(2))%'m’ (1) Do[w(), 0)d=
+ B0 ;(if))ly./()t 2 (0)(E(t) — E(1))* 'n* (v)dt
< o CO_EO g1y 0)310) - 2(0) 7 M Dufn(9).)
+ B2 o) 20w
< FVZ;) M*ﬁ((;”)“) (Z() — £(0))*Do[w(),0] + r(éﬁl)(i(t) —E(0))*.
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Case 2: Fort € (¢, 5]

where 0 = (£() — (1))~ 7q(1).
Case 3: For t € (s;,t+1].

Do[Tw(t)(E(r) —E(s1))'7,0]

~ (B —=E(s)™
< (Z(1) — Z(s1)) " "Dolgi(si w(s;)),0] + W

~

></:3/(7)(50)—E(T))“’lDo[p(T,W(T))vo]df

< 000fw(0)0+ - (2(0) ~ 2(50) “Dulv(0). 0

N () o1y
E(tiy1) — E(s;
+r(och1)< (ti1) = 2(s1)) ’

-~

which gives T transforms the Ball %, = {w € 2€(_# ,Eq)|Do[w,0] < 1}, into itself. Next, we have to prove the operator
T : By — Py satisfies all the conditions of Schauder fixed point theorem. The following steps are done by the proof.

Step 1: T is continuous.

Let w, be a sequence such that w, — w in C(_#,E;). Then

Case i: Forr € (0,11],

Do[Twa (1) (E(r) — Z(0))'~7, Tw(r) ((r) — 2(0))!

= = 1- t
< EOZEOD " ['2'(0)(2(0) - 3(6) " Dolp(r.ma(5). pl (1) e

Case ii: For 7 € (1, s;].
Do[Tw, (t)(E(t) — Z(t;)) =7, Tw(t)(E(r) — E(1;)) 7]

(Z(1) = (1)) "Dolgi(t,wa (1)), gi(t, w(t;"))]
0[gi(t7w,,(tlﬂ_)),gi(t,w(lﬁ—))]
& Do[wa (157), w(t")].

Case iii: For 7 € (s;,t;11].
Do[Tw,(1)(Z(1) —E(:)) 7, Tw(t) (E(t) — E(1:)) 7]

< (E(6) = E(s:) " "Dolgi(si, wa(t")), gi(si, w(t))]

E)=E(s)TY 3
BB 2 (6)(20) - 2() Dolp(mal®).pla (D)t

SDo[g,-(t,wn(t;r)),gi(t,w(tf))]—I— F(OC) (E(ti+l)_E(Si))aDO[p(t7Wn(t))’p(t?w(t))]

B(y,a)
I'a)

Step 2: T'(%y) is uniformly bounded.
It is clear that, (%) C % is bounded.

S LgiDO[Wn7 W] +

(E(tis1) — E(si)) *LpDo [wn, w].
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Step 3: We have to prove that 7'(%y,) is equicontinuous.

Ift1,10 € #,t >t are bounded set of C(_#,E;) as in step 2. Then
Case i: Forr € (0,11].

Do[(E(r1) — E(0))' " "Tw(t1), (E(r2) — E(0))' " Tw(r2)]

= _® =y
(“(Q)r&gw) Y/O E (1)(E(r) —&(1)* ' p(z,w(1))d7]
< 2D by, ool (=) - 20+ () - 20))°)

Case ii: For 7 € (1, s;].

Do|(E(n) — E(0))!""Tw(n), (E(r2) — E(0))' " Tw(1)]
< Do[(E(n1) —E(0))" gi(t, w(r}")), (E(2) — E(0))" " Tw(t2)gi(r2, w(z;}))),
< Dolgi(t1,w(t;")), 8i(r2, w(t;"))].

Case iii: For ¢ (Sl‘, l‘,’+1].

—0 as b—1.

As a sequence of step 1-2 together with the Arzela-Ascoli theorem states that T is continuous and compact on %y. Schauder’s
theorem states that 7 has a fixed point of w, which gives w is a solution of (1.1). This completes the proof. O

Theorem 3.4. Assume that (H1)-(H2) hold. If

LPB(% a)

A= max{ LB %) oy (o)), (Lg,. S

[(e)

Then, the problem (1.1) has unique solution.

(@) ~260)%) | < 1.

Proof. Define a operator T : € ( ¢ ,Eq) = P€(_ 7 ,E,) is given by

(SR Yo + iy 5= (0 - 2N plrn(D)as, 1€ O
IO =9 gite (7)), 1€ (151

!’

gi(shw(t;_)) + % fst, O (T)(

(]

(1) —E(1))* ' p(z,w(r))dr.

It is enough to prove T is a contraction mapping, we consider the following cases are done by the proof.
Case i: Forr € (0,1].
Do[Tw(t)(E(r) — E(0))' 7, Tw () (E(r) — E(0))' 7]
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Case ii: For 7 € (1;,s;].
Do[Tw(t)(E(r) — E(1:))" 7, Tw(t) (E(r) — E(1:))' 7]

Case iii: For z € (s;,t41].
Do[Tw(t)(E(r) — Z(s:) "7, Tw(t)(E(r) — E(s:))" 7]
< (E(1) —E(s:)) " Dolgi(si, w(t;)), gi(si, w(1;")))]

(E() —E(s:)) "7 /’ =

+ INa)

< (o + 2B (2 (0) - 2(50)" ) ol

which gives Do[Tw, Tw] < ADo[w,w|. Hence T is a contraction and there exists a unique solution. This completes the proof. [J

4. Stability Results

In this section, we discuss a generalized Ulam-Hyers-Rassias stability (G-U-H-R) concept of Eqn.(1.1).
Let { > 0and ¢ € % (_#,R") is nondecreasing. Then, we consider the following inequality

Do[" D5 Zu(t), plt,u(t)] < (1), 1 € (si,tis1], @
DO[”(I)7gi(t7u(t;_))] < Cﬂ re (tivsi]'
Definition 4.1. The problem (1.1) is G-U-H-R stable with respect to (¢, (), if there exists Cp, g, ¢ > 0 such that
for each solution u € € (_7 ,Eq) of Eqn.(4.1), there exists a solution z € € (_ ¥ ,Eq) of Eqn.(1.1) with
Dolu(t),2(t)] < Cpgip(@(t)+8), 1€ 7.
Remark 4.2. A fuzzy function u € € (_7 ,Ey) is a solution of Eqn.(4.1) if and only if there exists G € P€(_7 ,Eq)
and a sequence G;, i=1,2,....,m (which depends on u) such that
(i) Do[G(1),0] < @(t) and Dy[G;,0] < £, i=1,2,....m.
(ii) FDPEu(r) = p(t,u(t)) + G(1), 1 € (sisti1].
(iii) u(t) =gi(t,u(t?))+Gi, 1€ (1,5
Remark 4.3. Letu € 6 (_¢ ,E,) be a solution of Eqn.(4.1). Then, u is a solution of the following integral inequality
D(]["t(t)agi(l‘aM(ti+ )]§C7 te(ti,Si], i:172"'am7
(E() —3(0))“) U miny = (eya-1
Do{ut7< uy + E(1)(E()—&(7 p(t,z(1))dT
()l ™ T() Jo (D)(E() —E(7)" " p(7,2(7))
= (T)(E() — & -1
< Fa ) T OEO 2@ g(w)ar, “42)
1 r_ _ _ _
Do u(t), i) + s [ (AIE0) - () ptza(o)a]
1 " F(a) Si
< T ()(E@) —Z()* Lo(t)dt, € (sitinq].
<t gy [ = MEO -2@) o), 1€ (sl
Theorem 4.4. Suppose that p € C([s;,ti+1],Eq) and g; € C([ti,si], Eq) satisfied (H2) — (H5) and a fuzzy function
we PC( 7, Eq) satisfies Eqn.(3.6), there exists a unique solution u: ¥ — E; of (3.1) with the initial condition
u(0) = w(0) such that
1+C 1)+
Dolu(t),w(t)] < ( ¢1>)_((‘j\( )8 . 7, 4.3)

where A = max{Lg, +L,Cy}.
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Proof. Consider the space of piecewise continuous function
S={w: # = Ejlwe P€( 7.Ea)},

with a generalized metric on S. Now, let us consider

Ds[w,w] = inf{C' +C" € [0,00)|Do[w(r),iw(r)] <C +C"(p(t)+¢), 1€ 7},

obviously, (S,Ds) is a complete generalized metric space, where

C € {C € [0,40)|Do[w(t),w(t)] < Co(t), forall € (si,tis1]},
C" € {C €[0,+)|Do[w(r),w(t)] <CE(t), forall € (4,si]}-

Define an operator 7 : § — S by

= )r(z(;))) ot F(loc) /ot 2 (7)(2() ~2(2)" ' p(zw(2))d7, 1€ (O,n],
(Tw)(t) = gi(t,w(r})), t€ (s, (4.4)
)+ g | £ (IE0 ~20)* plrw(e)as

Clearly, the operator T is a well-defined operator. Next, we show that T is strictly contractive on S. From the
definition of the space (S, Ds), for any w,w € S, it is possible to find C ,C € [0, o) such that

_ Co@), te(sitiy] k=0,1,...m
DO[W(I)’W(I)]<{C”§(t), re(s], k=1,2,..m

and from the definition of operator 7. By using (H2), (H3), and (H5), we get
Case 1: Fort € (0,1].

Do[Tw(r), Tw ()] = Do{ ! /O "= (0)(E() — (1)) p(r, w(t))dt

"T(a) Jo
- r%)/o = (7) (1) ~ £(2))* Dolp(,w(x)), p(7,W(7))JdT
< Fl(‘g) ./(:3 (7)(E(t) —E(1))“ lDO[W,w}dT
< LpC Cop(r)

Case 2: Fort € (1;,s,].
By (H3), we get

Do[Tw(t), Tw(t)] = Dolgi(t, w(r;"))gi(r,w(1;"))]
< Lg;Dow,w]

<L, C'L(0).

Case 3: For t € (s;,2+1].
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By (H2) — (H5), we have
DulTw(o) Tw0)] = Do (500 ) + [ (00~ 20 (e (e

8i(si,w(t)) + =—

< Dolgi(si,w ( )) gi(si,w (+))]

!

+Dg [F(la) / _’z <r><z<r>3(1))“-1<p<r,w<r>>,p<r,w<r>>>dr}
< Ly Do)+ s [ (D(E0 - ()" g(w)ds
X Do[p(T,W(T)),p(T,W(T))}
< (Lg +LyCy)(C +C ) (0(1) +0))

< max (L +LCo)(C +C)(p(0) +¢)

=AC+C)(e)+¢), 1€ 7,
where A = maxe 1 ... m} (Lg; +L,Cy). This implies that
Dg[Tw, Tw] < ADg[w,w|, forany w,weS.

Hence T is strictly contractive. Now, we take wg € S and by using the piecewise continuous property of wo and Twy, it is
possible to find 0 < G; < o so that

= = —1 t .,
Do[Two(1),wo(t)] =Dy (=) F(“;)O))Y wO+F(1a) /0 E(D)(E@) -E(r)*!
X p(r,wo(r))dnwo(t)]
SGio(t) <Gi(o(r)+0), [0,11]

Also,

Do[Two(t),wo(t)] = Dolgi(si, w(z;")),wo(1)]
<G <Ga@(r)+C), e (tisi]

and

DolTiun(6)w0(0)] = Dolee.w(t7) + g [ 2 ()0 =20 plrso @)z (1)

<G3(o(t)+C), tE (sistiv1]-

Since p, g; and wy are bounded on _# and ¢(t) + £ > 0, it follows that Dg[Two, wo] < maxj—1 2 m{G1,G2,G3} < oo.
According to Banach fixed point theorem, there exists a fixed point of fuzzy continuous function §: ¢ — Ey

such that 7"wo — wo € (S,Ds) as n — o and Two = wy, that is., wo satisfies Eqn.(3.1) forall € _#. For finally,

we check that C,, € (0,00) so that Do[wo(r),w(r)] < Cy,(@(r)+{), forany t€ #. Since w,wg are bounded on _Z,
which gives, min,c_ s (¢(f) + &) > 0. Thus Ds[wo,w] < oo, w € S, which gives § = {w € S|Dg(wp,w) < =}, we get

u is the unique solution continuous function.

In this same process, we prove Eqn.(4.3) holds. A function w € 2% (_# ,E4) is a solution of Eqn. (4.1) on _#, then there
exists a function G € Z%( I ,E4) and a sequence G; (which depends on w) such that

Do[G(1),0] < ¢(t), and
Do[Gi,0] < ¢, i=1.2,.m 43)
H@Ot B.E w(t) = pt,w(t))+G@), 1€ (sitis1] |

() gilt,w(t"))+Gi, 1€ (ti,si]-
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It follows from Lemma 3.2, one has

w(t) = COEI o+ gy [y (2)(2(0) ~E()*!

Aplew(e) +GlOJde. 1€ (0.0
W)= giltw( )+ Gen 1€ (s,
W)= [l w() + Gl + gy € (2)(E0) ()

x[p(T,w(7)) +G(1)|dT,1 € (sitit1].
Thus, by (H5) and from the first inequalities of Eqn. (4.5), we get

o —1
Dofwir), EUZON 4 L

(o)
Do[w(t), ¢ (aW(ff] C LE (151
Do[w(t), gi(t,w(

t € (siytit1].

By (HS5), Remark 4.2 and Eqn. (4.7), one derives
Case 1: For ¢ € (0,1].

)

=(t) - = -1 r
Do), EOLED i+ s [ (@i - 20)* plr (o)

I'(y) INa
< ﬁ/’ 5’(1)(3(1) _E(T))ailDO[G(I),b\]d’L’
< €Co(1)

Case 2: For t € (t;, 5]
Do[w(t), gi(t,w(t;"))] = Dolgi(t,w(t;")) + Gi, i(t, w(t;"))]

< Do[Gi,6]
<¢.
Case 3: For ¢ € (s;,ti+1].
Do w0)(5) + s [ 2 (E0) - 2(0)% plew(eae]
< DolGu 01+ Do s [ 2 (=0 - 2e)* e
< Do[G:,0] + Do[G(1),0]

<ef+Co0(1))
< (1+Cp)(9(t) +8).

D¢[T 1+C
Thus, Ds[w, Tw| < (14 Cyp), it follows that Dg[w, u] < Sl[ W[’\W] < (1+ A(p)

Because, Eqn.(4.3) is true for all € _#. Hence Eqn.(1.1) is G-U-H-R stable.

Article Information

JoE (1)(E(1) = E(7))* " plr,w(2))d7] < Cpo(r),

1))+ ey Jy E (D)(E@) = E(0) % plz,w(2))d7] < § +Cpo(0),

(4.6)
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