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Research Article

Abstract − Differential equations refer to the mathematical modeling of phenomena in
various applied fields, such as engineering, physics, chemistry, astronomy, biology, psychology,
finance, and economics. The solutions of these models can be more complicated than those of
algebraic equations. Therefore, it is convenient to use integral transformations to attain the
solutions of these models. In this study, we find exact solutions to two cardiovascular models
through an integral transformation, namely the Kashuri Fundo transform. It can be observed
that the considered transform is a practical, reliable, and easy-to-use method for obtaining
solutions to differential equations.
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1. Introduction

Ordinary differential equations are essential in describing the rates of change of quantities in diverse sci-
entific disciplines, including physics, chemistry, biology, engineering, and economics. These equations
provide a concise mathematical framework for modeling dynamic systems, where variables depend on
a single independent variable, such as time. By formulating ordinary differential equations, scientists
can represent complex real-world problems as mathematical equations, facilitating their analysis and
prediction. Ordinary differential equations enable researchers to investigate the behavior of systems
over time, making them invaluable in studying dynamic processes and phenomena. For this reason,
differential equations are used to analyze many problems in many fields of applied sciences [1, 2].

Ordinary differential equations play a pivotal role in biology, providing a powerful mathematical tool
for understanding and analyzing complex biological systems [3]. These equations are of paramount
importance in biology due to the dynamic nature of biological processes, where variables such as con-
centrations, populations, and reaction rates change over time. Ordinary differential equations allow
researchers to investigate the dynamics of biological systems, predict their behavior under different
conditions, and gain insights into fundamental biological principles. They are instrumental in study-
ing population dynamics, the spread of diseases, gene regulation, cellular signaling, and many other
biological phenomena [4]. Ordinary differential equations provide a powerful mathematical framework
for unraveling the intricacies of biological systems, allowing scientists to deepen their understanding
of life processes and contribute to advancements in biological research and healthcare.
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Finding a field of application in many fields has made it important to reach the solutions of this type
of equations. The solution of differential equations can be more complicated than that of algebraic
equations. Therefore, researchers have sought ways to convert differential equations into algebraic
equations. One of the solution methods that emerged as a result of this search is integral transforms
that convert differential equations into algebraic equations. These transforms give very effective results
in solving a wide variety of problems in many different fields. Its application to various problems has
led to the diversification of integral transforms [2]. In this study, we consider a type of integral
transform, namely Kashuri Fundo transform [5].

The Kashuri Fundo transform is a powerful mathematical tool that has gained significant attention in
the field of differential equations. The Kashuri Fundo integral transform offers a systematic approach
to transform differential equations into algebraic equations, making it easier to solve them and ob-
tain analytical or numerical solutions [5]. By employing this transform, researchers can simplify the
mathematical representation of differential equations, which often leads to more tractable equations
and allows for the application of established techniques for solving algebraic equations. The impor-
tance of the Kashuri Fundo transform lies in its potential to overcome the challenges associated with
solving differential equations analytically or numerically, offering a promising alternative approach
for obtaining solutions to a wide range of differential equations encountered in various scientific and
engineering fields. Its utilization can enhance the efficiency and accuracy of solving differential equa-
tions, ultimately advancing our understanding and prediction of dynamic systems in applied science
and engineering disciplines. Kashuri Fundo transform was introduced to the literature by Kashuri
and Fundo with the statement that various properties can be found easily due to its deep connec-
tion with Laplace transform [2]. In later processes, many researchers, including Kashuri and Fundo,
worked on different applications [6–16] of this transform. Helmi et al. [17], Singh [18], Dhange [19],
and Güngör [20] investigated various applications of Kashuri Fundo transformation. Later, Peker et
al. [21–26] applied this transform to the models, namely steady heat transfer, decay, some chemical
reaction, one-dimensional Bratu’s problem, Michaelis-Menten’s biochemical reaction model, popula-
tion growth and mixing problem to demonstrate the competence of the Kashuri Fundo transform in
reaching solutions of ordinary differential equations.

Extracting analytic or approximate solutions for differential equations by using new mathematical
methods always attract the attention of the researchers due to the academic curiosity and practi-
cal applications. Motivation for having a technique more effective, more applicable, and easier to
use induces the possibility of analyzing the utility of other non-conventional solution techniques or
methods.

In this study, we aim to present that the Kashuri Fundo transform is a technique that facilitates the
solution of differential equations through two different cardiovascular models, one of which is glucose
concentration in the blood during continuous intravenous glucose injection. The other is pressure in
the aorta.

2. Preliminaries

This section provides some of basic definitions and properties related to Kashuri Fundo transform.

Definition 2.1. [5] Let F be a function set defined by

F =

f(t) | ∃M, k1, k2 > 0 ∋ |f(t)| ⩽ Me

|t|
k2

i , if t ∈ (−1)i × [0, ∞)


where M is a constant and k1 and k2 are finite constants or infinite.



Journal of New Theory 43 (2023) 63-72 / Exact Solutions of Some Basic Cardiovascular Models by Kashuri Fundo Transform 65

Definition 2.2. [5] Kashuri Fundo transform, defined on the set F and denoted by the operator
K (.), is defined by

K [f(t)](v) = A(v) = 1
v

∞∫
0

e
−t

v2 f(t) dt, t ⩾ 0 and − k1 < v < k2

which can be stated as well by

K [f(t)](v) = A(v) = v

∞∫
0

e−tf(v2t) dt

Inverse Kashuri Fundo transform is denoted by K −1[A(v)] = f(t), t ≥ 0.

Definition 2.3. [5] A function f(t) is said to be of exponential order 1
k2 , if there are positive constants

T and M such that |f(t)| ≤ Me
−t

k2 , for all t ≥ T .

Theorem 2.4. [5] [Sufficient Conditions for Existence] If f(t) is piecewise continuous on [0, ∞) and
has exponential order 1

k2 , then K [f(t)](v) exists, for |v| < k.

Theorem 2.5. [5] [Linearity Property] Let f(t) and g(t) be functions whose Kashuri Fundo transforms
exist and c1 and c2 be constants. Then,

K [(c1f + c2g)(t)](v) = c1K [f(t)](v) + c2K [g(t)](v)

Theorem 2.6. [5] [Derivatives of a Function f(t)] Let A(v) be a Kashuri Fundo transform of f(t).
Then,

K [f (n)(t)](v) = A(v)
v2n

−
n−1∑
k=0

f (k)(0)
v2(n−k)−1 (1)

Table 1 presents transformations of some special functions.

Table 1. Kashuri Fundo and Laplace transforms of some special functions [2, 5, 13]
f(t) K [f(t)] = A(v) L [f(t)] = F (s)
1 v 1

s

t v3 1
s2

tn, n ∈ Z n!v2n+1 n!
sn+1

eat v
1−av2

1
s−a

sin(at) av3

1+a2v4
a

s2+a2

cos(at) v
1+a2v4

s
s2+a2

sinh(at) av3

1−a2v4
a

s2−a2

cosh(at) v
1−a2v4

s
s2−a2

tα, α ∈ R+ Γ(1 + α)v2α+1 Γ(α+1)
sα+1

n∑
k=0

aktk
n∑

k=0
k!akv2k+1

n∑
k=0

ak
k!

sk+1

Table 2 presents inverse transformations of some special functions.
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Table 2. Inverse Kashuri Fundo transform of some special functions [5, 13]
A(v) K −1[A(v)] = f(t)
v 1

v3 t

n!v2n+1 tn, n ∈ Z

v
1−av2 eat

av3

1+a2v4 sin(at)

v
1+a2v4 cos(at)

av3

1−a2v4 sinh(at)

v
1−a2v4 cosh(at)

Γ(1 + α)v2α+1 tα, α ∈ R+

n∑
k=0

k!akv2k+1
n∑

k=0
aktk

In order to better understand the application of Kashuri Fundo transform to ordinary differential
equations, two simple numerical examples are provided below.

Example 2.7. [27] Consider differential equation
dy

dt
− 16y = 2 (2)

with the initial condition
y(0) = −4

Applying the Kashuri Fundo transform bilaterally to both sides of Equation 2,

K

[
dy

dt

]
− K [16y] = K [2]

If we write the equivalent in Equation 1 instead of the expression K
[dy

dt

]
and arrange the expression

K [2] according to Table 1 using the linearity property of the transform,
A(v)
v2 − y(0)

v
− 16A(v) = 2v (3)

where A(v) = K [y(t)]. Substituting the initial condition in Equation 3 and rearranging the equation,

A(v) = 2v3 − 4v

1 − 16v2 (4)

We use Table 2 to apply the inverse Kashuri Fundo transform to Equation 4. For this, if we rearrange
Equation 4,

A(v) = −1
8v − 31

8
v

1 − 16v2 (5)

If we apply the inverse Kashuri Fundo transform to both sides of Equation 5 using Table 2, we find
the solution of the given differential equation as

y(t) = −1
8 − 31

8 e16t

The 3D graph of this solution is in Figure 1. The graphics in this study is drawn using Python.
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Figure 1. Graph of y(t) = −1
8 − 31

8 e16t

Example 2.8. [28] Consider differential equation
dy

dt
− y = e3t (6)

with the initial condition
y(0) = 2

Applying the Kashuri Fundo transform bilaterally to both sides of Equation 6,

K

[
dy

dt

]
− K [y] = K [e3t]

If we write the equivalent in Equation 1 instead of the expression K
[dy

dt

]
and arrange the expression

K [e3t] according to Table 1 using the linearity property of the transform,
A(v)
v2 − y(0)

v
− A(v) = v

1 − 3v2 (7)

where A(v) = K [y(t)]. Substituting the initial condition in Equation 7 and rearranging the equation,

A(v) = 2v − 5v3

(1 − v2)(1 − 3v2) (8)

We use Table 2 to apply the inverse Kashuri Fundo transform to Equation 8. For this, if we rearrange
the right-hand side of Equation 8,

2v − 5v3

(1 − v2)(1 − 3v2) = Av

1 − v2 + Bv

1 − 3v2 (9)

If this equation is solved, then
A = 3

2 and B = 1
2

If we write these values in their places in Equation 9 and use the equation here in Equation 8,

A(v) = 3
2

v

1 − v2 + 1
2

v

1 − 3v2 (10)

If we apply the inverse Kashuri Fundo transform to both sides of Equation 10 using Table 2, we find
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the solution of the given differential equation as

y(t) = 1
2(3et + e3t)

The 3D graph of this solution is in Figure 2.

Figure 2. Graph of y(t) = 1
2(3et + e3t)

3. Applications of Kashuri Fundo Transform to Cardiovascular Models

This section presents two applications of Kashuri Fundo transform to two cardiovascular models.

Application 3.1. (Glucose concentration in the blood) During continuous intravenous glucose injec-
tion, the concentration of glucose in the blood is C(t) exceeding the baseline value at the start of the
infusion. The function C(t) satisfies the initial value problem [2]

dC(t)
dt

+ kC(t) = α

V
, t > 0 (11)

and
C(0) = 0

where k is the constant velocity of elimination, α is the rate of infusion, and V is the volume in which
glucose is distributed. We will find the concentration of glucose in the blood by using the Kashuri
Fundo transform method.

Applying the transform bilaterally to the given Equation 11,

K

[
dC(t)

dt

]
+ k K [C(t)] = K

[
α

V

]
(12)

Let K [C(t)] = A(v). If we rearrange the Equation 12 by using the Equation 1 with the initial
condition and the transforms in Table 1,

A(v)
v2 − C(0)

v
+ kA(v) = α

V
v
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and thus
A(v) = α

V

(
v3

1 + kv2

)
(13)

Having rearranged the Equation 13,

A(v) = α

V

(
v − v

1 + kv2

)
(14)

Applying the inverse Kashuri Fundo transform to Equation 14,

K −1[A(v)] = K −1
[

α

V

(
v − v

1 + kv2

)]
(15)

If we rearrange Equation 15 using the linearity property of the inverse Kashuri Fundo transform,

K −1[A(v)] = α

V

(
K −1[v] − K −1

[
v

1 + kv2

])
(16)

According to Table 2, the equivalents of the expressions in Equation 16 are

K −1[A(v)] = C(t), K −1[v] = 1, and K −1
[

v

1 + kv2

]
= e−kt

Finally, substitute these expressions in Equation 16, we find the concentration of glucose in the blood
as

C(t) = α

kV

(
1 − e−kt)

Application 3.2. (Pressure in the aorta) The blood is pumped into the aorta by the contraction of
the heart. The pressure p(t) in the aorta satisfies the initial value problem [2]

dp(t)
dt

+ c

k
p(t) = cA sin ωt (17)

and
p(0) = p0

where c, k, A, and p0 are constants. We will obtain the pressure in the aorta by using the Kashuri
Fundo transform method.

Applying the transform bilaterally to the given Equation 17,

K

[
dp(t)

dt

]
+ c

k
K [p(t)] = cAK [sin ωt] (18)

Let K [p(t)] = A(v). If we rearrange the Equation 18 by using the Equation 1 with the initial condition
and the transforms in Table 1,

A(v)
v2 − p0

v
+ c

k
A(v) = cA

ωv3

1 + ω2v4

and thus
A(v) = p0

v

1 + c
k v2 + cA

(
kωv5

(k + cv2)(1 + ω2v4)

)
(19)

Regrouping the Equation 19,

A(v) = p0
v

1 + c
k v2 + cA

(
kc

ω2k2 + c2
v3

1 + ω2v4 − ωk2

ω2k2 + c2
v

1 + ω2v4 + ωk2

ω2k2 + c2
v

1 + c
k v2

)
(20)

Applying the inverse Kashuri Fundo transform to Equation 20,

K −1[A(v)] = K −1

[
p0

v

1 + c
k v2 + cA

(
kc

ω2k2 + c2
v3

1 + ω2v4 − ωk2

ω2k2 + c2
v

1 + ω2v4 + ωk2

ω2k2 + c2
v

1 + c
k v2

)]
(21)
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If we rearrange Equation 21 using the linearity property of the inverse Kashuri Fundo transform,

K −1[A(v)] = cA

(
kc

ω2k2+c2 K −1
[

v3

1+ω2v4

]
− ωk2

ω2k2+c2 K −1
[

v
1+ω2v4

]
+ ωk2

ω2k2+c2 K −1
[

v
1+ c

k
v2

])

+p0K −1
[

v
1+ c

k
v2

] (22)

According to Table 2, the equivalents of the expressions in Equation 22 are

K −1[A(v)] = p(t), K −1
[

v

1 + c
k v2

]
= e− c

k
t,

K −1
[

v3

1 + ω2v4

]
= sin ωt, and K −1

[
v

1 + ω2v4

]
= cos ωt.

Finally, substitute these expressions in Equation 22, we obtain the pressure in the aorta as

p(t) = p0e− c
k

t + cA
ωk2

ω2k2 + c2

(
c

ωk
sin ωt − cos ωt + e− c

k
t
)

4. Conclusion

Differential equations appear in the modeling of many phenomena in applied sciences. Using these
equations in modeling makes understanding and interpreting the phenomenon underlying these events
more accessible. The fact that it is used in modeling many important events makes it essential to
solving these equations. On the other hand, differential equations are more difficult to solve than
algebraic equations. Thus, using integral transformations is very helpful in solving these equations.
In this study, we applied the Kashuri Fundo transform, one of the integral transforms closely related
to the Laplace transform, with a few cardiovascular models. As seen from these applications, the
considered transform is suitable for applicability, reliability, effectiveness, and ease of use.

In future studies, researchers can study by considering systems of differential equations as well as
fractional differential equations emerging in applied fields.
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