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Abstract
In this study, an alternative method has been applied to obtain the new wave solution of mathematical equations used in
physics, engineering, and many applied sciences. We argue that this method can be used for some special nonlinear partial
differential equations (NPDEs) in which the balancing methods are not integer. A number of new complex hyperbolic
trigonometric traveling wave solutions have been successfully generated in the Eckhaus equation (EE) and nonlinear Klein-
Gordon (nKG) equation models associated with the Schrödinger equation. The graphs representing the stationary wave are
presented by giving specific values to the parameters contained in these solutions. Finally, some discussions about new
complex solutions are given. It is discussed by giving physical meaning to the constants in traveling wave solutions, which
are physically important as well as mathematically. These discussions are supported by three-dimensional simulation. In
order to eliminate the complexity of the process and to save time, computer package programs have been utilized.
Key words: Eckhaus equation; nonlinear Klein Gordon equation; complex hyperbolic trigonometric travelling wave solu-
tions; non-integer balancing term
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1 Introduction

The proposed method has been shown to be an effective mathematical instrument to solve the nonlinear wave of equations in
mathematics, physics, and engineering. So the discussion of NPDEs exact solutions in the nonlinear sciences is very important.
Over the past few years, many researchers have used this beneficial method extensively, for example, the Jacobi elliptic expansion
method [1], modified Kudryashov method [2, 3], the tanh method [4], sub-equation analytical method [5], the inverse scattering
method [6], the first integral method[7, 8], the extended tanh-function method [9, 10], the Hirota’s direct method [11], the auxil-
iary equation method [12], improved Bernoulli sub-equation function method [13], expansion method [14], (G′/G, 1/G)–expansion
method [15, 16, 17], generalized exponential rational function method [18, 19, 24], Sinh–Gordon function method [20], Sine-Gordon
expansion method [21], Bernoulli sub-equation method [22], (G′/G)–expansion method [23].
The equation of the Eckhaus is as follows [25]:

iut + uxx + 2(|u|2)xu + |u|4u = 0, (1)
where u = u(x, t) is a complex function. Eq. (1) is of the Schrödinger nonlinear type and recognizes a linearization of the Schrödinger
linear equation that depends on free time. The EE has been found as a multi-scale asymptotic reduction of certain classes of NPDE.
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The EE was linearized by a variation of the dependent variable. Many scientists have worked with this equation for example, the
first-integral method [25], weakly nonlinear effects [26], the Laplace transform [27], the EE was linearized by an appropriate
change of variable [28], many of the properties of the EE were researched [29], the EE can be integrated by a change of dependent
variable [30], the intent of this work is to discover exact solutions of the EE by expansion method.
In this work, we use the expansion method to contract several new cases with the exact solutions for some NPDEs such as the
nKG equation, which in mathematical physics is very important and many researchers paid attention to the balance number, not
integer. In this paper, we analyze the nKG equation [31] as follows:

utt –ω2uxx + αu – βu3 + γu5 = 0, (2)
whereω, α, β , and γ are arbitrary constant. In many scientific applications, these equations play an important role, such as the
quantum field theory [32], the solid state physics [33], the nKG equations, and found many types of exact traveling wave solutions
including compact solutions, periodic solutions, soliton solution using the tanh-function method [34], generalized Kudryashov
method [35], Homotopy Perturbation Method [36].
The nonlinear Klein-Godon equation, which is directly related to the Schrödinger equation, has become famous in the literature as
the relativistic wave equation[37]. It is also one of the indispensable equations of relativistic quantum mechanics, which examines
the behavior of particles exposed to high energy. Space and rocket industry, nuclear and medical waste treatment, earthquake,
high energy, and plasma physics are the application areas.

2 The methodology of the (1/G′)-expansion method

In this segment, general realities of the (1/G′)-expansion method [38, 39, 40] are displayed. To start with, we consider the general
type of nonlinear PDE that depends on t and x variables.

W(u, ut, ux, uxx, . . . ) = 0, (3)
here is u(x, t) a function that depends on x and t, ξ = k(x – 2at) in the form of u(x, t) = Uei(ax+bt) where k, a and b are constants that
are not zero. PDE referred to as Eq. (3), using this conversions

Q(U, U′, U′′, . . .) = 0, (4)
the ODE is shaped. On the other hand, the solution of the linear ODE is given below G = G(ξ).

G
′′ + λG

′ + µ = 0. (5)
The solution of nonlinear ODE given by Eq. (4) can be written as follows.

u (ξ) = m∑
i=1

ai

( 1
G′

)m, (6)

here are a1, a2, . . . ,λ,µ constants and m is the balancing term. The term balance is a fixed number obtained in any non-linear
ODE between the highest order linear term and the highest order non - linear term. This number Eq. (6) is written in place and
then the needful derivatives for the solution are obtained. In such derivatives, G′′ = –λG – µ taken as (1/G′) is a polynomial and
homogeneous equation. Here (1/G′)m, m ∈ Q equals the coefficients of the terms to zero and a system of algebraic equations is
built. This algebraic system of equations is calculated by using computer technology. These constants are written in place in Eq.
(6). The ξ-linked solution must provide Eq. (4). After the necessary controls, the wave transformation is reversed and we reach
the solution of Eq. (3).

3 Application 1

In this section, the solution given by Eq. (1) with (1/G′)-expansion method will be obtained. We can choose the following trans-
formation of the wave for Eq. (1):

u(x, t) = U(ξ)ei(ax+bt), ξ = k(x – 2at), (7)
under Eq. (1) wave transformation, Eq. (1) is converted to ODE as follows:

k2U′′ – (b + a2)U + 4kU′U2 + U5 = 0. (8)
In Eq. (8), the balancing constant between the highest order linear term U′′ and the highest nonlinear term U5 is that m = 12 is
not integer. The solution of the ODE obtained in the form of Eq. (8) can be given in the following way considering Eq. (6):

U (ξ) = a1
( 1

G′

) 12 , (9)
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we take the 1st and 2nd derivatives of Eq. (9) and put them in Eq. (8), we get a polynomial with (1/G′) r2 , r ∈ N variable. (1/G′) r2
the polynomial term coefficients equal to zero.

( 1
G′

) 12 : –a2a1 – ba1 + 14 k2λ2a1 = 0,( 1
G′

) 32 : k2λµa1 + 2kλa31 = 0,( 1
G′

) 52 : 34 k2µ2a1 + 2kµa31 + a51 = 0.
(10)

The system of Eq. (10) can be solved with the help of a computer package program. The solutions obtained here are put into Eq.
(9). Finally, the conversion is reversed and a new complex hyperbolic trigonometric travelling wave solution for Eq. (1) is obtained.
The results are as follows:

a1 = ∓ i√k√µ√2 , λ = ∓ 2√a2+b
k ,

u(x, t) = – iei(ax+bt)√k√µ√2
 1

kµ
2√a2+b

+A cosh[2(x–2at)√a2+b
]+A sinh[2(x–2at)√a2+b

]
 12

,
(11)
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Figure 1. In terms of the Eq (11), for the constants a = 1, b = 1, A = –5, k = –1, µ = 6 the new complex hyperbolic trigonometric travelling wave solution of
Eq. (1).

4 Application 2

In this section, we use the proposed method to solve the nKG equation. We can choose the following transformation of the wave
for Eq. (2):

u (x, t) = U (ξ) , ξ = x – Vt (12)
where V is constant. The travelling wave variable Eq. (12) allows us to convert Eq. (2) to the following ODE for U = U (ξ):(

V2 –ω2)U′′ + αU –βU3 + γU5 = 0, (13)
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In Eq. (13), the balancing constant between the highest order linear term U′′ and the highest nonlinear term U5 is that m = 12 is
not integer. The solution of the ODE obtained in the form of Eq. (13) can be given in the following way considering Eq. (6).

U (ξ) = a1
( 1

G′

) 12 , (14)

we take the 1st and 2nd derivatives of Eq. (14) and put them in Eq. (13), we get a polynomial with (1/G′) r2 , r ∈ N variable. (1/G′) r2
the polynomial term coefficients equal to zero.

( 1
G′

) 12 : αa1 – 14ω2λ2a1 + 14 v2λ2a1 = 0,( 1
G′

) 32 : –ω2λµa1 + v2λµa1 –βa31 = 0,( 1
G′

) 52 : – 34ω2µ2a1 + 34 v2µ2a1 + γa51 = 0,
(15)

The system of Eq. (15) can be solved with the help of a computer package program. The solutions obtained here are put into
Eq. (14). Finally, the conversion is reversed and a new complex hyperbolic type trigonometric travelling wave solution to Eq. (2)
is obtained. The results are as follows:

a1 = ∓ 2i√α√µ√
β
√
λ

, γ = 3β2
16α , v = ∓√–4α+ω2λ2

λ
,

u(x, t) = – 2i√α√µ
√
β
√
λ

[
–µ
λ

+A cosh
[
λ

(
x+ t
√–4α+ω2λ2

λ

)]
–A sinh

[
λ

(
x+ t
√–4α+ω2λ2

λ

)]] 12 . (16)
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Figure 2. In terms of Eq. (16), for the constants α = 2, β = 1 , A = 3, k = 2.5, µ = 1, λ = 1, ω = 0.001 the new complex hyperbolic trigonometric travelling wave
solution of Eq. (2).

5 Results and discussions

In this study, we have introduced a new method for a new complex hyperbolic trigonometric travelling wave solution of partial
differential equations that are not integer in the balancing term. We have implemented the application here for the balancing
term m = 12 . In next studies, both m < 0 and m 6= 12 can be used for balancing terms that m is not integer. For Eq. (1), the
complex hyperbolic trigonometric travelling wave solution presented in the form of Eq. (11), and for Eq. (2), the complex hyper-
bolic trigonometric travelling wave solution presented in the form of Eq. (16) is new and the solutions provide Eq. (1) and Eq. (2).
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By giving special values to the parameters in these solutions, we can present the three-dimensional graphics representing the
constant wave as follows.
The traveling wave solutions obtained in this study are valuable physically as well as mathematically. In order to understand its
physical value, the constants in the obtained traveling wave solutions must be given physical meaning. In physics, the mathe-
matical model representing the assumption that the envelope of a forward-moving wave pulse changes slowly in time and space
compared to a period or wavelength can be represented by Eq. (7) [41]. In Eq. (7), ξ = k(x – 2at) is the variable of the traveling
wave. U(ξ) represents an amplitude of the traveling wave solution. In addition, ka and a represent the velocity and frequency of
the traveling wave, respectively, which is physically prominent in this study and whose different values will be analyzed for the
behavior of the traveling wave. The a parameter is directly related to both the speed of the wave and the length of the wave. So
let us analyze the behavior simulation of the traveling wave solution for different values of a in Eq. (11) traveling wave solution
produced by the (1/G′)–expansion method for Eq. (1).

Figure 3. In terms real part of Eq. (11), for the constants b = 1, A = –5, k = –1, µ = 1 the new complex hyperbolic trigonometric travelling wave solution of Eq. (1).
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Figure 4. In terms imaginary part of Eq. (11), for the constants b = 1, A = –5, k = –1, µ = 1 the new complex hyperbolic trigonometric travelling wave solution of
Eq. (1).

Physically, we can observe in Figs. 3 and 4 that the parameter a is related to both the velocity and the frequency of the traveling
wave. As the frequency increases, the wavelength of the traveling wave decreases while its speed increases. When a =, the
traveling wave exhibits triangular wave behavior. The frequency of the traveling wave is directly related to the wave number. As
the frequency increases, the number of waves increases. We can support the validity of this discussion with Figs. 3 and 4. In
addition, the interpretations are similar as it exhibits similar behaviors for the real and imaginary parts.
The Klein-Gordon equation is related to the Schrödinger equation and is known as the relativistic wave equation. In physics,
relativistic quantum mechanics studies the behavior of particles exposed to high energy [37]. We think that the Klein-Gordon
equation, whose traveling wave solution is produced in this study, can be a mathematical model of a high-energy seismic wave.
Traveling wave solutions, which play an important role in the transfer of energy from one point to another, may lead to different
discussions about earthquakes in the future.
6 Conclusions

In this paper, we explored a new application (1/G′) -expansion method, we obtained exact solutions of the EE and nKG equation,
and obtained new types of complex hyperbolic trigonometric travelling wave solution for the EE and nKG equation. Many scientists
were less interested, when the balancing term used in the expansion methods was non-integer or negative. In order to increase this
interest, the method can be applied for non-integer balancing terms of partial differential equations. This paper presented wider
applicability using the (1/G′) -expansion method to handle nonlinear evolutionary equations. The parameters in the obtained
traveling wave solution were given physical meaning. A three-dimensional simulation of the wave behavior is constructed for
different values of the a parameter, which affects the frequency and speed of the traveling wave. The dynamics of the wave
supported by simulation are discussed. Results show that this method was effective. The new wave solution obtained in this paper
can present different perspectives on future researches.
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