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ABSTRACT

We establish some properties of the k-slant and pointwise k-slant submanifolds of an almost
contact metric manifold with a special view towards the integrability of the component
distributions. We prove some results for totally geodesic pointwise k-slant submanifolds.
Furthermore, we obtain some nonexistence results for pointwise k-slant submanifolds in the
almost contact metric setting.
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1. Preliminaries

The theory of slant submanifolds has been initiated by Chen [3] and lately studied by many authors in
different contexts: almost complex (Hermitian, Kéhler), almost contact (K-contact, cosymplectic, 5-Sasakian,
a-Kenmotsu), almost product, almost paracontact, metallic geometry. Generalizing the concept of slant
submanifold, the notions of semi-slant [11], hemi-slant [14], and bi-slant [1] submanifold have been treated in
the last years. In [6], Etayo has introduced the notion of pointwise slant submanifold (see also [4]) by letting the
slant angle to depend on the points of the submanifold. More general, for submanifolds whose tangent bundle
can be decomposed into an arbitrary number of orthogonal slant distributions, there have been defined the
concepts of k-slant and pointwise k-slant submanifold [8], containing all the above mentioned cases.

In the present paper we derive some algebraic and geometric properties of a pointwise k-slant submanifold
of an almost contact metric manifold, with a special view towards the integrability of the component
distributions in the («, 5)-contact metric case. We would like to mention that the integrability problem for
the underlying distributions of pseudo-slant submanifolds of trans-Sasakian manifolds has been discussed in
[5].

An almost contact metric structure [13] on a (2n + 1)-dimensional smooth manifold M consists of a (1, 1)-tensor
field ¢, a vector field £, a 1-form 7, and a Riemannian metric g satisfying:

P’ =—I-n®), n&) =1, g(¢,¢)=9-n®mn,

which further imply:
¢€ = 07 7o ¢) = 07 Zﬁg =1, g(d)a ) = _g(a¢)

If there exist two smooth real functions o and 8 on the almost contact metric manifold (M ,0,€,m,g) such that
the Levi-Civita connection V of g satisfies:

(Vx9)Y = alg(¢X,Y)E —n(Y)oX] + Blg(X, Y)E —n(Y)X] (1.1)

for any X, Y € T'(TM), then we call M an («, 3)-contact metric manifold.
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For different values of («, ) in (1.1), we obtain the following particular cases. An («, 3)-contact metric
manifold (called also trans-Sasakian manifold [10]) is:

(i) cosymplectic for (0,0);

(ii) B-Sasakian for (0, ) with 8 a nonzero constant, in particular, Sasakian if 3 = 1;

(iif) a-Kenmotsu for (o, 0) with o a nonzero constant, in particular, Kenmotsu if o = 1.

Marrero proved in [9] that a connected trans-Sasakian manifold of dimension > 5 is either cosymplectic or
[B-Sasakian or a-Kenmotsu.

By a direct computation, from (1.1) we obtain

Vx€ = alX —n(X)¢] - foX (12)
for any X € T'(TM).

If we denote by F,, g := a¢ + 51, relations (1.1) and (1.2) can be written as:
Vx¢ = (FapX) ®& =€ ® (FapX), Vx&=—FapoX

for any X € I'(TM), where we denoted by ()’ the dual 1-form of a vector field with respect to g, and we also
get (VxFa”@)Y = a(Vqu)Y + FX(a),X(ﬁ)Y for any X,Y € F(TM)

Let M be an immersed submanifold of an almost contact metric manifold (M, ¢, £, 7, g). We denote also by
g the induced metric on M and by V and V the Levi-Civita connections on M and M, respectively. The Gauss
and Weingarten equations are:

VxY =VxY +h(X,Y), VxU=—-ApX +VxU
forany X,Y € I(TM) and U € I'(T+ M), where h is the second fundamental form and A is the shape operator,

related by g(h(X,Y),U) = g(AuX,Y).
For any = € M, the tangent space T,, M decomposes into

T,M =T, M & T+M,
and, for any X € I'(TM) and U € I'(T+ M), we write:
¢X = (6X)T + (6X)t = TX + NX, ¢U = (¢U)" + (¢U)* =: tU 4 nU,
where TX, NX and tU, nU denote the tangent and the normal component of ¢X and ¢U, respectively.

If the contact vector field £ is tangent to M, using (1.2) and Gauss equation, by identifying the tangent and
the normal components of V x¢, we immediately deduce that:

Vx§=alX —n(X){] - TX, h(X,§) =—-BNX (1.3)
forany X € I'(TM).

2. Definition and basic properties

Recently, in [8], the notion of pointwise k-slant submanifold, which generalizes the notion of k-slant
submanifold defined in the same paper, has been introduced.

We recall that a distribution D C T'M is called a pointwise slant distribution if, at each point € M, the angle
0(z) between ¢X, and D, is nonzero and independent of the choice of the tangent vector X, € D,\{0}, but it
depends on z € M. In this case, the function 6 is called the slant function.

Let M be an immersed submanifold of an almost contact metric manifold (M, ¢,¢,7, g) such that ¢ € T(T'M).

Definition 2.1. [8] M is called a pointwise k-slant submanifold of M (k € N*) if there exist mutually orthogonal
smooth regular distributions Dy, . .., Dy, such that:

(i) ToM = (Do)y @ (D1)g @ -+ ® (Dy)s ® (§),, for any z € M;

(i) T(D;) C D;forany i € {1,...,k};

(iif) Dy is invariant (even trivial) and D;, i € {1,..., k}, are nontrivial pointwise slant distributions with slant
functions 6;, 0;(x) € (0, 5] forx € M and i € {1,...,k}, which are pointwise distinct (i.e., ;(z) # 0;(x) for any
x € M and i # j).
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For a more compact notation, we will also denote by 6, the null angle, i.e., the "slant" angle of the invariant
distribution Dy (when Dy is not trivial).

We notice [8] that the condition (ii) in the Definition 2.1 is equivalent to the following condition:

(i) ¢(D;) L Djforany i #j,4,5 € {1,...,k}.

Hence, (i), (ii)’, and (iii) are alternative defining conditions for a pointwise k-slant submanifold of an almost
contact metric manifold with tangent contact vector field.

We also remark [7] that the slant functions 6, are continuous and [8] that, for any X € I'(D;) \ {0} and = € M,
the angle 0;(x) between ¢.X, and T, M agrees with the angle between ¢X, and (D;),, and it satisfies:

cosb(z) - |9Xe | = [T X |-

If ¢, is constant for any ¢ € {1,...,k}, then the submanifold M is called a k-slant submanifold [8], and all the
results for pointwise k-slant submanifolds are thereby true for k-slant submanifolds.

We notice that under a certain assumption [7], the slant function is smooth. We will need the differentiability
condition in Theorem 3.20.

Here we construct new examples of pointwise k-slant submanifold and k-slant submanifold of an almost
contact metric manifold.

Example 1. Let M := {(21,..., 24043) € RT3 4f+3 ? <1}, k > 2, where we denote by (xh oo, Tapys) the
canonical coordinates in R***3. Consider the natural ba51s {61 621 yeeey CARprs = m} of T M and define the
following elements: a vector field ¢, a 1-form n, and a (1, 1)-tensor field ¢ by
0
= o 1= dTak+3,
Tak+3
per = ez, ¢es = —eq,
45+2 4542
desjo1 = (y—1+ > ) ey — 1= (g—1+ > a?)-eae,
i=4j—1 1=4j—1
1 45+2 45+2
des; = — %<j—1+ 3 xg) eaj1 — 1"(]_1+ Y o ) e441,
i=4j—1 i=4j—1
4542 1 45+2
peqjir1 = ,|1— (J—1+ Z CU) e4; + E(j_1+ Z $?)'64j+2,
i=4j—1 i=45—1
1 45+2 1 4542
Pesjro = 1—;(]—14— Zx) €4j-1 — E(]—l—!— Zx) €4j+1,
i=45—1 i=45—1
peart+3 =0

forany j € {1,...,k}.

Then, M is an almost contact metric manifold, with the almost contact structure (¢,&,7) and with the
compatible metric g induced by the canonical metric g from R*+3 given by g(e;, e;) = 85, 4,7 € {1,...,4k + 3}.
The submanifold

M .= {(9317. AN ,1174k+3) € M D T4541 = L4542 = 07 ] S {1, . ,k}}

of M is a pointwise k-slant submanifold, with

Dy = (e1,e2), Dj=(esj—1,€e45), j€{1,...,k},

Dy an invariant distribution and every D;, j € {1, ..., k}, a pointwise slant distribution of slant function
1 45+2
0;(x) = arccos z (j -1+ Z xf)

i=4j—1
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i=45—1 Vi

Example 2. If in Example 1 we take |/ 2" € [0, 1) instead of \/i (j — 1+ :cQ) for each j € {1,...,k},

then M is a k-slant submanifold of M with the slant angles §; = arccos 4/ %, je{l,... k}

If M is a pointwise k-slant submanifold of an almost contact metric manifold (M, ¢,&,n,9) such that ¢ is
tangent to M, then we have the following decompositions [8] of the tangent and normal bundles of M :

T™ =ak (D, ® (¢), T*M =k N(D;) @ H,

where ¢(H) = H. Denoting by P, the projection from TM onto D;, i € {0,. .., k}, by Q; the projection from T+ M
onto N(D;),i € {1,...,k}, and by @ the projection from T+ M onto H, for any X € I'(TM) and U € T'(T+ M),

we have:
k

k
X =) PX+nX)§ U=) QU
=0

=0

and, from the definition, we immediately get (see also [8]) the following two lemmas which we shall later use.

Lemma 2.2. If M is a pointwise k-slant submanifold of an almost contact metric manifold (M,,&,m,g) with
¢ € T(T'M), then the four operators T, N, t, and n satisfy:
(1) T and n are g-skew-symmetric, and tN and Nt are g-symmetric, i.e.,

g(TXv Y) = _g(X7 TY)? g(nUv V) = —g(Ua nV),

gtNX,Y) = g(X,tNY), g(NtU,V) = g(U,NtV)
forany X, Y e T(TM) and U,V € T(T+M);
(ii)
g(tU,tV) = —g(U,NtV), g(NTX,U) = g(X,TtU),
g(NX,V)=—g(X,tV), g(nNX,U) = g(X,tnU)
forany X, Y e T(TM)and U,V € T(T+M);
(iii)
k k
g(TX,TY) =Y cos’0; - g(P,X, PY), g(NX,NY) = sin’0; - g(P,X, PY),
1=0 =1
k k
g(tUtV) =Y "sin®0; - g(QiU, QiV), g(nlU,nV) =Y cos®0; - g(Q;U, Q;V)

=0 i=1

forany X, Y e T(TM) and U,V € T(T+M).

Lemma 2.3. If M is a pointwise k-slant submanifold of an almost contact metric manifold (M, ¢,€,1m,9) with
£ e I(TM), then:

k k
T? = —ZCOSQOi - P, tN = —ZsinQHi - B, (2.1)
i=0 i=1
k k
n2=—200829i'Qia Ntz—zsiDZQrQi- 22)
i=0 i=1

3. Integrability of the distributions

In the entire section, we will assume that the contact vector field £ is tangent to the immersed submanifold M
of the contact metric manifold M. From (1.1), by using the Gauss and Weingarten equations, after identifying
the tangent and normal components, we get the following lemma.
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Lemma 3.1. If M is an immersed submanifold of an (o, B)-contact metric manifold (M, ¢,&,n,g), then, for any
X, Y e (T M), we have:

(i) (VxT)Y 1= VxTY — T(VxY) = Ayy X + th(X,Y) — n(Y)(aTX + BX) + g(aTX + BX,Y)E;

(ii) (VxN)Y := VENY — N(VxY) = —h(X,TY) + nh(X,Y) — an(Y)NX.

We shall further consider M a pointwise k-slant submanifold of an almost contact metric manifold
(M, ,&,m,9) with TM = &F_ D; & (£).

A necessary and sufficient condition for the integrability of the distribution D;, i € {0,...,k}, is given in the
next theorem.

Theorem 3.2. Let M be a pointwise k-slant submanifold of an («, B)-contact metric manifold (M ,0,€,m,9). Then, the
distribution D, i € {0, ..., k}, is integrable if and only if we have:

(i) (X, VyZ)=g(Y,VxZ) forany X,Y € I'(D;) and Z € I'(D;), j € {0,...,k} with j #i;

(it) B(5 — 6;) = 0 or D; is trivial for i = 0.

Proof. D; is integrable if and only if g([X,Y],§) =0 and ¢g([X,Y],Z) =0 for any X,Y € I'(D;) and Z € I'(D,),
j €{0,...,k} with j # i. By a direct computation and using (1.3), we get:

g([Xa Y],g) = 79(Y7 VXE) +g(X7 VYﬁ) = Qﬂg(TXa Y)v g([Xa YLZ) = g(X7 VYZ) 79(Y7 VXZ)
Then, g([X,Y],¢) = 0if and only if 3(§ — 6;) = 0 or D; is trivial for i = 0, and we get the conclusion. O

We can further deduce

Corollary 3.3. In a pointwise k-slant submanifold of an («, B)-contact metric manifold, if the invariant distribution
Dy is nontrivial, then Dy is integrable if and only if 8 = 0 and (i) from Theorem 3.2 holds for any X,Y € I'(Dy) and
ZeT(Dy), je{l,....k}

Moreover, if B(x) #0 for any = € M (in particular, if M is a (-Sasakian manifold), then the pointwise slant
distributions which are not anti-invariant are not integrable.

In particular, we have

Corollary 3.4. If M is a k-slant submanifold of an («, j3)-contact metric manifold, then the distribution D;,
i €{0,...,k}, is integrable if and only if we have:

(i) (X, VyZ) =g(Y,VxZ) forany X,Y € I'(D;) and Z € I'(D;), j € {0,...,k} with j #i;

(i1) B = 0 or D; is an anti-invariant distribution (i.e., 0; = %) for i > 0 or trivial for i = 0.

Corollary 3.5. In a k-slant submanifold of an («, B)-contact metric manifold with 8 a nonidentically zero function, the
nontrivial distributions which are not anti-invariant are not integrable.

We shall further characterize the integrability of the distributions in terms of the second fundamental form
and of the shape operator.

Theorem 3.6. Let M be a pointwise k-slant submanifold of an (., B)-contact metric manifold (M, ¢, &,n, g). Then:
(i) the distribution Dy @ (€) is integrable if and only if

WX, TY) = h(TX,Y)

forany X, Y € T(Dy & (£));
(ii) for i € {0,...,k} with 0;(x) # 5 for any x € M and any j # i, the distribution D; @ (§) is integrable if and only

if
P](VxTY —VyTX + AyxY —ANyX) =0

forany X, Y € I(D; @ (§)) and any j € {0,...,k}, j #i.
Proof. From (1.1), we have
VxgY = ¢(VxY) +alg(sX,Y)é = n(Y)$X] + Blg(X, V)€ = n(Y)X]

for any X, Y € I'(T'M), and, using Gauss and Weingarten formulae, we obtain:
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VxTY + h(X,TY) = T(VxY)+N(VxY)+th(X,Y)+nh(X,Y)
+alg(TX,Y)E = n(Y)(TX + NX)| + Blg(X, Y)E = n(Y)X] + Any X — VxNY
k k
= Y TP(VxY)+ ) NP(VxY)+th(X,Y)+nh(X,Y)

+alg(TX,Y)E = n(Y)(TX + NX)] + Blg(X,Y)E - n(Y)X] + Any X — VX NY.
Identifying the tangent and the normal components in the previous relation, we get:

k

VxTY = Y TP(VxY)+th(X,Y)+ Any X +olg(TX,Y)E = n(Y)TX] + Blg(X, Y)E — n(Y)X],
=0
k
WX, TY) = Y NP(VxY)+nh(X,Y) - VENY —an(Y)NX

i=1

forany X, Y e T'(T'M).
(i) Forany X,Y € I'(Dy & (¢)) we have NX = NY = 0, and, since h is symmetric, we get

k
WX, TY) = W(TX,Y) = NP([X,Y)).
i=1
If the distribution Dy & (§) is integrable, then [X,Y]eTI'(Dy & (£)), hence P;([X,Y])=0 for any
i€{l,...,k}, and we get the conclusion. Conversely, if A(X,TY) = h(TX,Y), then Zf:l NP,([X,Y]) =0,

hence P;([X,Y]) =0forany i € {1,...,k}, since §; # 0, and we get the conclusion.
(ii) For any X, Y € I'(D; @ (§)), from Lemma 3.1 and since % is symmetric, we get:

TX,)Y] = T(VxY)-T(VyX)
= VxTY — Axy X —th(X,Y) +(Y)(aTX + BX) — g(aTX + BX,Y)¢
—VyTX + AnxY +th(Y, X) —n(X)(aTY + BY) + g(aTY + BY, X )¢
= VxTY - VyTX +AnxY —Any X +n(Y)(oTX + 8X) —n(X)(aTY + 8Y) — 209(TX,Y)&;

therefore, for any j # ¢, we obtain
Pj(T[X, Y]) = Pj(VXTY —VyTX +AnxY — ANyX).

If the distribution D; & () is integrable, then [X,Y] € I'(D; & (§)), hence T[X,Y] € I'(D;), and we get
the conclusion. Conversely, if P;(T[X,Y]) =0 for any j € {0,...,k}, j # ¢, then T[X,Y] € I'(D;), and since
0;(x) # 5 forany x € M and any j # i, we get the conclusion. O

As a consequence, for totally geodesic submanifolds (i.e., for 4 = 0), we have

Corollary 3.7. If M is a totally geodesic pointwise k-slant submanifold of an (o, 8)-contact metric manifold

(M, ,€,1,9), then:
(i) the distribution Do @ () is integrable;
(ii) for i € {0,..., k} with 0;(x) # T for any x € M and any j # i, the distribution D; & () is integrable if and only

if
Pj(VxTY) = P;(VyTX)

forany X, Y e I(D; @ (§)) and any j € {0,...,k}, j # .
From (1.3), we deduce

Proposition 3.8. If M is a totally geodesic pointwise k-slant submanifold (in particular, k-slant submanifold) of an
(o, B)-contact metric manifold, then 3 = 0.

We can further deduce

Corollary 3.9. There do not exist totally geodesic pointwise k-slant submanifolds of a 3-Sasakian manifold with tangent
contact vector field.
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Characterization results for a cosymplectic manifold are provided by the next two propositions.

Proposition 3.10. Let (M, ¢,&,n,g) be an (a, B)-contact metric manifold. Then, M is a cosymplectic manifold if and
only if V¢ is a Codazzi tensor field.

Proof. From (1.1), we deduce that (Vx¢)Y = (Vy¢)X if and only if
aln(Y)pX —n(X)eY]+ Bn(Y)X —n(X)Y] = 2ag9(6 X, Y)¢

forany X,Y € I'(TM). We take Y = ¢, and we get a¢X + B[X — n(X)£] = 0 for any X € ['(TM). By applying ¢,
we get (a? + 82)[X — n(X)¢] = 0 for any X € I'(T'M), hence a = § = 0 (so M is a cosymplectic manifold). The
converse implication is trivial. O

Proposition 3.11. Let (M, ¢,€,m, 9) bean («, B)-contact metric manifold. Then, the following assertions are equivalent:
(i) M is a cosymplectic manifold;
(ii) Vg2 = 0;
(iii) V¢? is a Codazzi tensor field.

Proof. We remark that for any (1, 1)-tensor field ¢ on M, we have

(Vx¢*)Y = (Vxd)pY + ¢((Vxd)Y) 3.1)
for any X,Y € T'(T'M), hence (i) = (ii) is trivial. Also, (ii) == (iii) is trivial; therefore, we just have to prove
(iii) = (i).

From (1.1), we obtain
(Vxo?)Y = {a[g(X,Y) = 20(X)n(Y)] + Bg(X, 6Y )} + n(Y)(aX — fpX)

for any X,Y € T'(TM), hence (Vx¢?)Y = (Vy¢?)X if and only if

aln(Y)X —n(X)Y] = BM(Y)pX —n(X)pY] = 289(¢X,Y)E

forany X,Y € ['(TM). We take Y = ¢, and we get alX —n(X)¢] — B¢X = 0forany X € [(TM). By applying ¢,
we get (a2 + %)X — n(X)¢] = 0 forany X € I'(T'M), hence a = 8 =0 (so M is a cosymplectic manifold). [

We can further deduce
Corollary 3.12. There do not exist a-Kenmotsu or -Sasakian manifolds with V¢ or V¢? Codazzi tensor fields.

A characterization result for totally geodesic pointwise k-slant submanifolds with 7" or N parallel tensor
w.r.t. V is provided by the next theorem.

Theorem 3.13. Let M be a totally geodesic pointwise k-slant submanifold of an («, 3)-contact metric manifold

(M, $,€,1,9). Then:
(i) the following assertions are equivalent:

(a) M is a cosymplectic manifold, or, k = 1, M is a pointwise slant submanifold, a(% — 6,) = 0 and 3 = 0;
(b) VT = 0;
(c) VT is a Codazzi tensor field;
(ii) VN = 0 if and only if a = 0. In particular, for a, 3 constants, VN = 0 if and only if M is a 3-Sasakian or a
cosymplectic manifold.

Proof. From Lemma 3.1, if M is totally geodesic, for any X,Y € I'(T'M), we get:
(VxT)Y = —n¥)(aTX +pX)+g(aTX + BX,Y)E,
(VxN)Y = —an(Y)NX.

(i) If M is cosymplectic, then (a) = (b) is trivial. If M is a pointwise slant submanifold with slant function
61 and a5 — 01) =0, then oT'X = 0 for any X € I'(T'M), hence (a) = (b). Implication (b) = (c) is trivial, so
we just have to prove (c) = (a).

We notice that (VxT)Y = (VyT)X if and only if

an(Y)TX —n(X)TY] + Bn(Y)X —n(X)Y] =2a9(TX,Y)§
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forany X,Y € I'(TM). Wetake Y = ¢, and we get a7 X + B[X — n(X){] = 0forany X € I'(T'M). By applying T,
we get (a2 cos?6; + 42)X = 0 for any X € I'(D;), i > 0, hence 8 = 0 and «(§ — 6;) = 0; therefore, 5 = 0, which
implies aT'X = 0 for any X € I'(T'M). If a # 0 then Dy is trivial, ¥ = 1 and M is a pointwise slant submanifold.
Otherwise, o = 0; hence the conclusion.

(i) If (VxN)Y=0forany X,Y € I'(T'M), we take Y = ¢, and we get a = 0, hence the conclusion. Again, the
converse implication is trivial. O

We can further deduce

Corollary 3.14. (i) There do not exist totally geodesic pointwise k-slant submanifolds of an («, 8)-contact metric
manifold with 3 # 0 (in particular, of a B-Sasakian manifold), with VT Codazzi tensor field and with tangent contact
vector field.

(ii) There do not exist totally geodesic pointwise k-slant submanifolds of an («, 3)-contact metric manifold with o # 0
(in particular, of an a-Kenmotsu manifold) satisfying VN = 0 with tangent contact vector field.

A characterization result for pointwise k-slant submanifolds with 7 parallel tensor w.r.t. V is provided by
the next theorem.

Theorem 3.15. Let M be a connected pointwise k-slant submanifold of an («, §)-contact metric manifold (M, ¢,£,m, g).
Then, VT? = 0 if and only if either M is an anti-invariant submanifold for k = 1, or M is a k-slant submanifold and M
is a cosymplectic manifold satisfying

k
Z(cos2 0; —cos® 0;)P;(VxP;Y) =0 (3.2)
3=0

forany X, Y e I(TM) and any i € {0,...,k}.

Proof. By using (2.1), we get:

(VxT?)Y = VxT?*Y —-T?*(VxY)
k k
= - Z Vx(cos?0; - PY) + ZCOSQ 0; - Pi(VxY)
1=0 =0
k k
= = X(cos?0:)PY =Y cos®0;[Vx P,Y — P,(VxY)).
1=0 1=0
Now, from (1.3), we obtain:
k
VxPY = > Pi(VxPY)+n(VxPY)s

Jj=0

= Y P(VxPY) - g(PY,Vx£)E
=0
Jk

= Y Pi(VxPY) - |ag(X, PY) + Bg(X, TP,Y )¢
=0

and

k
P(VxY) = P(Vx(3PY +0(1)e))
j=0
k
= Y P(VxPY)+ X(n(Y)P& +n(Y)Pi(Vx§)
j=0
k
= Y P(VxPY) +9(Y)aP,X - fP(TX)];
=0
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hence,
k
(VxTHY = —ZX(0082 0;)PY + Z (cos? 0; — cos® 0;) Pi(Vx P;Y)
=0 O<i,7’<lc
k
+aZCOS2 on(Y)P, X — ﬁZcos On(Y)P(TX) +Zcos Oilag(X, BY) + Bg(X, TRY)|E.
= =0 =0

Taking into account the orthogonality of the distributions, the condition VI = 0 is equivalent to:

-

SOk o(cos? 0; — cos? 0;) P;(Vx P;Y) + cos® 0;n(Y)[aP; X — BP;(TX)] — X (cos? ;) Y =0
> i=0 cos?0;(aP;Y + BTP;Y) =0

forany X, Y e I'(TM) and any i € {0,...,k}. We take Y € I'(D;), and we get:

X(cos?6;)Y =0

cos? 0;(aY + BTY) =0
forany X e I(TM)and Y € I'(D;), hence 0; is a constant for any i € {0, ..., k} (so M is a k-slant submanifold),
and, from the second equation, we deduce that either 6; = 7 or, for D; nontrivial, oY + STY = 0 for any
Y € I'(D;). By applying T, we get (a? + 3% cos?6;)Y =0 for any Y € I'(D;), hence a =0 and 3(3 —6;) =0;
therefore, if 6; # 2, then a =3 =0 (so M is a cosymplectic manifold). The converse implication follows
immediately. O

We can further deduce

Corollary 3.16. There do not exist connected pointwise k-slant submanifolds of a non-cosymplectic («, §)-contact metric
manifold satisfying VI? = 0, with tangent contact vector field, which are not anti-invariant.

In particular, we have

Corollary 3.17. There do not exist pointwise k-slant submanifolds of an a-Kenmotsu or of a (-Sasakian manifold
satisfying VI? = 0, with tangent contact vector field, which are not anti-invariant.

Hence, we recover the analogue result proved by Chen [2] for pointwise slant submanifolds of almost
Hermitian manifolds and by Latcu [8] for pointwise k-slant distributions in the almost Hermitian, almost
product, almost contact and almost paracontact metric settings, namely, if 72 is parallel w.r.t. V, then the slant
functions of a pointwise k-slant submanifold are constant.

Proposition 3.18. Let M be a pointwise k-slant submanifold of an («, B)-contact metric manifold (M, $,€,1,9). Then,
VN is a Codazzi tensor field if and only if, for any X,Y € T'(T'M),
W(TX,Y) = h(X,TY) = a[y(Y)NX - n(X)NY],
or equivalent
T(AuX) + Ap(TX) = aln(X)tU — g(X, tU)¢] (3.3)

forany X € T(TM) and U € T(T+M). In this case:

(i) W(TX,Y) = h(X,TY) forany X, Y € I'(D;), i € {0,...,k};

(ii) h(TX, &) = aNX and T(Ap€) = atU forany X € T(TM)and U € T(T+M);

(iii) if, for i € {1,...,k}, 0;(x) # 5 for any = € M, then (— cos® 6;) is an eigenfunction of T? corresponding to all
the eigenvectors Ay X # 0 for X € I'(D;) and U € T(T+M) if and only if o = 0.

Proof. From Lemma 3.1 and since & is symmetric, we notice that (VxN)Y = (Vy N)X if and only if
a[n(Y)NX = n(X)NY] = h(TX,Y) — h(X,TY)
for any X,Y € I'(T'M), and we get:
9(Au(TX) +T(AvX),Y) = g(W(TX,Y) - hX,TY),U)
= apY)g(NX,U) = n(X)g(NY,U)]
[—9(& Y)g(X,tU) +n(X)g(Y, tU)]
9(a[=g(X, tU)§ + n(X)tU]Y)

I
Q
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for any X,Y € I(TM) and U € T'(T+M). For X,Y € I'(D;), we immediately get (i). Now, we take X = ¢, and
we obtain

9(T(Av€),Y) = ag(tU,Y),

equivalent to
—9(M(TY,€),U) = —ag(NY,U);

hence, we get (ii).
If we take T'X instead of X in (3.3) and we apply 7 also to (3.3), then we obtain

T?*(AypX) — Ay (T?X) = ap(X)TtU — g(X, TtU)¢]

forany X € I'(TM) and U € I'(T+ M); hence,

k
> [TQ (Ay(P; X)) + cos” 6 - AU(PjX)] +n(X)T?(Av€) = an(X)TU — g(X, TtU)¢]
7=0

forany X € I'(TM) and U € T'(T+M); therefore,
T?(AyX) +cos?0; - Ay X = —ag(NTX,U)¢
forany X € I'(D;) and U € I'(T+ M), hence the conclusion. O
Now, we shall characterize the integrability of the distributions in terms of V1" and VT2, respectively.

Proposition 3.19. Let M be a pointwise k-slant submanifold of an («, 8)-contact metric manifold (]\Zf ,0,&,1m,9) such
that VT is a Codazzi tensor field. Then:

(i) forany X, Y € T'(D;), we have T(AnxY) = T(Any X) and Anx§ € T'(D;);

(i) if B(x) #0 for any x € M, the distribution D; © (§) is integrable if and only if Anix i€ € I'(D;) for any

Proof. From Lemma 3.1, we notice that, for any X, Y e T'(T' M), (VxT)Y = (VyT)X if and only if
aln(Y)TX = n(X)TY] + Bln(Y)X — n(X)Y] - 2ag(T'X,Y)¢ = Axy X — AxxY,

which implies Ayx{ =—aTX — X + Bn(X)§. Also, for any X,Y € I'(D;), we have AyxY — Any X =
2ag(TX,Y)E; hence, we get (i).

Now, for any X,Y € I'(TM), we get Anix yvi§
is integrable, then, for any X,Y € F(DiEB< )
Anix,vi€ € I'(D;). Conversely, if Ayix yi€ € I'(D;)

= —aT[X,Y] - B[X, Y]+ 8n([X,Y))&; therefore, if D; ® (£)
), we have [X,Y]eD'(D;® (€)), T[X,Y]eI'(D;), hence
forany X,Y € I'(D; & (£)), then

k k

oY TP(X,Y])+ 8 P(X,Y]) € T(Dy);

Jj=0 j=0

hence, oTP;([X,Y]) + BP;([X,Y]) = 0 for any j # i. By applying T, we get (a? cos? 0; + 3?)P;([X,Y]) = 0 for
any j # i, hence [X,Y] e T(D; @ (£)), and we get the conclusion. O

Theorem 3.20. Let M be a pointwise k-slant submanifold of an almost contact metric manifold ( M,¢,&,n,9). If
x) # § for any x € M, then the distribution D; is integrable and X (0;)Y =Y (60;)X for any X, Y € I'(D;) if and
only if VT is a Codazzi tensor field on D;.

Proof. Since 6;(x) # % for any x € M, the slant function 6; is smooth (see [7]). For any X, Y € T'(T'M), we have

M?r

(VxT?)Y — (VyTHX = sin(20,)[X (0;)P;Y — Y (0;)P; X]
7=0
k
— > cos?0;((Vx PY — Vy P X) = P{(VxY — Vy X)].
7=0
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Taking into account that
k

VxPY =Y Pj(VxPY)+n(VxPY)E,
§=0

the above relation becomes

(VxT?)Y — (VyTHX =

M?r

> (sm (20,)[X(6,)Y — Y(ej)X])
k

k
Z 5 (Y cos? 0T RY = Ty PX)) + 7 Py cos0;(VxY — Yy X))
7=0 =0 j=0
k
= cos?0;n(VxPY — Vy PiX)E,
j=0

If we take X, Y € T'(D;), we obtain

(VxT?)Y — (VyTHX = sin(29-)[ (0;,)Y — Y (6;)X]

—ZP (cos 0,(VxY — Vy X ) +ZP (cos 6;(VxY — VyX))

7=0
— cos Hm(VXY — VyX)E,

and we deduce that VI? is a Codazzi tensor field on D; if and only if

$in(20,)[X (6;)Y — Y(0;)X] = 0
(cos?0; — cos? 0;)P;([X,Y]) =0 forany j #i ;
cos?0n([X,Y]) =0

hence, under the hypotheses and because ; and 6, are pointwise distinct for ¢ # j, we get the conclusion. [

Remark 3.21. A geometric interpretation of the condition from Theorem 3.20 is the following: if the slant
function 0; satisfies X (6,)Y =Y (6;,)X for any X, Y € I'(D;), and there exists X, € I'(D;) orthogonal to V6,
such that Xy (z) # 0 for any = € M, then the gradient of 6; is orthogonal to D,.

In particular, we have

Corollary 3.22. If M is a k-slant submamfold of an almost contact metric manifold, then, for 6; # 7, the distribution
D; is integrable if and only if VT? is a Codazzi tensor field on D;.

Also, from Theorem 3.20, for the invariant distribution of T M, we deduce

Proposition 3.23. Let M be a pointwise k-slant submanifold of an almost contact metric manifold. Then, the invariant
distribution D is integrable if and only if VT? is a Codazzi tensor field on Dj.
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