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Abstract

In this paper, we consider the constructive equations of the fractional second-grade fluid. The considered fluid model is described
by the Caputo derivative. The problem consists to determine the exact analytical solution using the Laplace transform method. The
influence of the order of the used fractional operator has been presented in this paper. We also analyze the influence of the Prandtl
number in the dynamics of the temperature distribution according to the variation of the order of the Caputo derivative. The impact
of the second-grade parameter and the Grashof number in the dynamics of the velocity has been presented and discussed. The
influences of the parameters used in the modeling have been interpreted in terms of a fractional context. In general, it is shown
that the order of the fractional operator influences the diffusivity of the considered fluid. This influence can cause an increase or
decrease in the temperature and velocity distributions. The main findings of the paper have been illustrated using the graphical
representations of the considered distributions according to the order of the fractional operator.
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1 Introduction

The field of fractional calculus and its application has grown many attractions these last decade. There exist nowadays many theories and
applications related to the field of fractional calculus [1]. The attraction of this new field is due to the memory effect and the heredity noticed
in the fractional operators. We have many fractional operators as the Caputo derivative and the Riemann-Liouville derivative which are
known as the fractional derivative with singular kernels [2, 3]. We have also the so-called Atangana-Baleanu fractional operator and the
Caputo-Fabrizio derivative which are known as the fractional operators with non-singular kernels [4, 5]. These singular and non-singular
derivatives appear in many papers with applications to physical modeling [2, 6, 7], biological modeling (8, 9, 10, 11, 12, 13, 14], sciences
and engineering modeling [15, 16, 17, 18, 19], mathematical physics modeling [20, 21, 22, 23, 24, 25, 26], physics modeling [24, 27] and
others domains [28, 29, 30, 31, 32]. The field of fractional calculus is interesting but there also exist many questions without responses.
The following questions are asked in the field of fractional calculus: what is a fractional operator, why fractional operators, what are the
advantages, and the motivations of using the fractional operators? Some of these questions have responses but some of them are still
without concrete responses. Modeling fluid, and nanofluid with fractional operators have attracted many authors these last decade. The
investigations related to modeling fluid and nanofluid with the fractional operators can be found in the following papers [20, 33, 34].

The literature concerning the fluid and second-grade fluid models with fractional operators is long. In this part, we recall the literature
review. In [33], the authors have proposed a model related to free convection flow near a vertical plate described by Caputo derivative and
have considered its solution via Laplace transform method. In [20], the authors have taken into account the analytical solutions via Laplace
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transform for a fractional double convection problem of fractional viscous fluid particularly described by a Caputo fractional operator. Ali
etal. in [35] have proposed the exact analytical solution of MHD free convection flow of generalized Walters’-B fluid model described by
new fractional operator namely Caputo-Fabrizio derivative. In [36], the authors have obtained a solution for the free convection flow of
generalized Jeffrey fluid described by the Caputo-Fabrizio fractional. In [15], the authors have used the Laplace transform to get the exact
analytical solution of the MHD flow of water-based Brinkman type nanofluid. In [37], the authors have used the Caputo derivative to model
heat and mass transport of differential type fluid and have examined the exact analytical solution using the Laplace transform method.
In [38], the authors have studied the unsteady MHD free convection flow of Casson fluid past over an oscillating vertical plate embedded in
a porous medium, the Laplace transform has been used in such paper to get the analytical solutions. In [21], the authors have proposed a
comparative study between the Caputo-Fabrizio derivative and Atangana-Baleanu derivative in modeling the generalized Casson fluid
model with heat generation and chemical reaction. In [28], Tahir et al. have proposed the analytical solution of the heat transfer flow of
Maxwell fluid described by Caputo-Fabrizio time-fractional derivative. In [39], the authors have studied the MHD flow of a Casson fluid
over an exponentially shrinking sheet, the analytical solution of the proposed model has been proposed via the Adomian Decomposition
Method. In the same direction of investigations related to the determination of the analytical solution using Laplace transform for the
models with integer-order derivative see in [40].

In this work, we focus on the analytical solutions of the constructive equations of the second-grade fluid model described by the Caputo
fractional operator. We use in this paper the Laplace transform method for getting the analytical solution. The advantages of the present
investigations are we use the resolution of second-order differential equations which are not difficult to be performed. The second advantage
of the present paper is the analytical solutions can be rewritten using the exponential function, the Mittag-Leffler function, the wright
functions, and the Gaussian error function. The memories effect present in the Caputo derivative will also be an advantage in the present
paper because the order of the Caputo derivative will play accelerations or retardation effect on the dynamics of the velocity and the
temperature distribution of the considered model.

The contents of the present paper are structured as follows. In Section 2, we try to recall the fractional operators most used in the literature
of fractional calculus. It will permit the readers to be familiarized with the fractional operator. In Section 3, we describe the fractional model
using the Caputo derivative. In Section 4, we give the approaches to get the analytical solutions using the Laplace transform method. Note
that the Laplace transform of the Caputo derivative will be frequently used. Discussion and the interpretations of the influences of the
parameters utilized in the modeling have been provided in Section 5. We finish the paper with final remarks in Section 6.

2 Fractional operators

This section is devoted to giving the definitions of the fractional operators and the functions which will be used in this investigation. For
present works, we need the Caputo fractional operator, the Riemman-Liouville integral, the derivatives with son singular kernels, the
Mittag-Leffler functions, the wright function, and others. We also will recall the Laplace transform of the Caputo derivative because this
tool is fundamental in our investigations regarding the method utilized in the present paper. The Riemann-Liouville integral is described
in the following definition.

Definition1 [2, 3] The representation of the Riemann-Liouville integral of a considered function g : [0, +oo[— R can be expressed as the
following form

t
(1%g) (1) = ﬁ jo (t - 5)* L g(s)ds, )

the I'(...) denotes the Gamma function and with order « verifying the condition that « > 0.

The Riemann-Liouville integral has its associated fractional derivative known as the Riemann-Liouville derivative. We give its definition in
the following definition. This definition can be found in many papers in the literature.

Definition 2 [2, 3] The representation of the Riemann-Liouville derivative of the considered function g : [0, +oo[— R, of order « as the form

dt _
D%g(t) = ﬁ a L) g(s) (t —s)~ % ds, )

thetimet > 0, is the order of the operator and satisfies the condition that « € (0,1) and I'(...) represents the Gamma Euler function.

The Riemann-Liouville derivative has an increasing reputation in the problems related to the existence and the uniqueness, the stability
analysis of the fractional differential problems. In modeling real words problems the initial condition makes this operator very limited
because the real-world problems’ initial conditions are not compatible with the Riemann-Liouville derivative. Therefore this derivative
is not used in modeling biological models, fractional chaotic systems, and other real applications. The Caputo derivative is adequate in
modeling real word problems and is defined in the following definition.

Definition 3 [2, 3] We denote the Caputo fractional derivative with the considered function g : [0, +co[— R, of order « as the following
representation

o« 1
D%g(t) = -

tdg —a
WJO E(t—s) ds, (3)

witht > 0, and the order of the derivative obeys to the assumption that o € (0,1) and I'(...) is the Gamma Euler function.

The Caputo derivative is the most used derivative in the literature of fractional calculus. The motivation is due to the fact that this derivative
is compatible with the initial conditions used in modeling real word problems. In this paper the Laplace transform method is used for
getting the exact analytical solutions, therefore we define in the following line the Laplace transform of the Caputo derivative. We have the
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following representation (2, 3]
£{(D&g) ()} =s*£ {g(t)} —s*"(0). ()

with the order « satisfies the condition that « € (0,1). The symbol £ denotes the Laplace transform. The Laplace transform in Eq. (4) will
play a fundamental role in the present investigation.

Before closing this section, we recall the definitions of the fractional operators with non-singular kernels. These derivatives have many
applications these decades and many papers have been written to illustrate the applications of these derivatives in modeling physics, biology
models, science, and engineering.

Definition 4 [5] We represent by the following equation of the Caputo-Fabrizio derivative of the function g : [0, +co[— R, of order o in the

following term

x t X
Dx%Fg(e) = D [ g5y exp (- (t- 9)) s, (5)

1—«x 0

where the following the conditiont > 0, the order of the fractional derivative obeys to « € (0,1) and CF(...) denotes the normalization term and
respects to the condition CF(0) = CF(1) = 1.

Definition 5 [4] The definition of the Atangana-Baleanu derivative of the function g : [0, +oo[— R, of order «, that is

t
D~ABg(t) = MJ g'(S)Ea (—%(t—s)“) ds, (6)

1—a Jo

respecting the condition thatt > 0, the order of the fractional derivative « € (0,1) and AB(...) is the normalization term and obeys to the condition
AB(0) = AB(1) = 1.

We finish this section by recalling the special functions which are used to express the analytical exact solutions in this paper. We have the
Mittag-Leffler function and the wright function represented in the following expressions [33],

) k
_ X
E"‘uﬁ (X) - é F(ock+ B)y (7)

with « > 0, 3 € Rand x € C, and we define the Wright function [33] with three parameters as the following

Xn

¢(ﬁ,—U:X):’;m: (8)

with the following conditions o € (0,1), 3 € Randx € C.

3 Fractional model under Caputo derivative

This section is devoted to the presentation of the second-grade fluid model subject of our investigations. To arrive at our end, we describe
the following procedure. The sketch of modeling can be found in the literature in the following papers [20, 33], the significant difference in
the model is the initial condition which play important role in the form of the analytical solutions. We take the plate vertical at x-direction
and we take y-direction perpendicular to the plane generated by the plane. We consider that at the initial time, then the fluid and the plate
are at rest to the constant temperature To.. At starting time, we suppose that the heat transfer from the plate to the considered fluid is
proportional to a local surface temperature denoted by T. For the rest of our modeling, we consider the use of the Boussinesq approximation
and then we get the following partial differential equations

ou o« 0\ 0%u B

3 (VJ'?a) TJ/Z“LQB(T Too), (9)
37T = Lﬂ (10)
at  ~ pcp 9y’

The initial and boundary conditions adopted in this present investigations are described as follows

v(w,0) = 0, T(x,0) =T, (11)

T(0,f) = 0, T(0,6) = Too + [Tw — Too] [H . (12)
0

The problem consists to get the exact analytical solutions of the model (9)-(10), and then we need more simplifications of the previous
model. Therefore we introduce the following changes variables

=3 tE—g—, W=—7fg—, U= ) (13)

2
Gr=pTe, Pr="22 B*=ﬁ(ﬁ). (14)
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We use the dimensionless variable described in Eq. (13) and Eq. (14) into Eq.(9) to Eq. (12), we get a more simplified form of the fluid model
considered in this paper, it is represented by the following

du _ d%u d3u

o T oy FPamyr O )

op 1%y

o T Proy (16)

with initial and boundaries dimensionless conditions given

u(y,0) = (y,0)=0, (a7)
u(o,t) = o, (18)
w(o, ) = t (19)

Replacing the integer-order derivative by the Caputo derivative in Egs. (15)-(16) due to the memory effect and the heredity of the Caputo
derivative and the generalization of the integer-order derivative to non-integer partial differential equations, we get the following model
which will be the subject of our investigations

d2%u 22%u
Dfu = 2 + D% <3T’2> +Gry, (20)
wy . 109%
DIy = broy? (21)

As initial and boundaries conditions which the velocity and the temperature satisfy, we consider the following relationships

uy,0) = w¥(y,0)=o0, (22)
u(o,t) = o, (23)
P(o,t) = t (24)

Furthermore, we add the supplementary conditions that both the temperature (1) and the velocity (v) converge to zero when the y tends to
infinity. In the following Table 1, the names of the parameters used in our modeling described in this Section 3 are provided.

Table 1. Parameter descriptions

Parameters  Descriptions

Pr Prandtl number
Gr Grashof number

Cp Heat at a constant pressure

g Acceleration constant

B Volumetric coefficient of thermal expansion
v Kinematics viscosity of the fluid

K Thermal conductivity of the fluid

o Second grade parameter

p Fluid density

4 Analytical approaches

In this section, we consider the initial and boundary conditions in Egs. (22)-(24) to give the analytical solution of equations (20) and (21)
via the Laplace transform method. The basic tool here is solving the second-order differential equations via the Laplace transform. The
sketch of the proof consists in first getting the exact analytical solution of Eq. (21) and using this solution to determine also the analytical
solution of Eq. (20).

Here we begin with Equation (21) under initial and boundary conditions described in Egs. (22)-(24). Applying the Laplace transform to
both sides of Eq. (21), we have that

T cx—1 _ 1 624)
TP — s Pp(y,0) = Pr oy’
wi _ 1%
SR T
S I
oy2 Prs“yp = o. (25)

Before continuing the resolution we also apply the Laplace transform to the boundary condition (24), we get that ¥ (0, s) = 1/s2. Then the
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analytical solution of the second-order differential equation (21) in terms of Laplace transform is given as the following form
B exp [—varS“}
b)) = —5—— (26)

The determination of the inverse of the Laplace transform needs to use the called wright function. This function is recalled to the preliminary
section. Then the inverse of the Laplace transform given by Eq. (26) is given by

P (x,t) = t (2, —«f2, —x\/Frt‘“”) ) 27)

We now consider a special case obtained when the order of the Caputo derivative converges to one, that is « = 1. We repeat the procedure of
the solution with Eq. (25). Let consider this equation with the case « = 1, we have the following relationship

exp | —xvPrs
P (x,8) = % (28)

The final step of the resolution consists to apply the inverse of the Laplace transform to both sides of Eq. (28), it yields that

_ (x®Pr xvPr xv/Prt x2Pr
w(x,t)_< > +t>erfc<2ﬂ>—2ﬁ exp<—7>. (29)

The second step of the determination of the exact analytical solution of our model will finish with the resolution of Eq. (20). The method is
similar to the procedure previously applied with the temperature distribution. In the step of the determination of the velocity, we apply the
Laplace transform to both sides of equation (20), we get that

s*u—s*"tu(y,0) = (1+BsY) 2% +Gr
) axz )
_ 021 -
s = (1+Bs%) e +Gry,
32 & Gr €XD [—x\/Prst]
— 7] = — . (30)
oy2 1+ s« 1+ pBsx 2

The solution in terms of the Laplace transform of the second-order differential equation (30) with initial and boundary conditions taken
into account is given by the following relationship

Qs = C exp [—x\/IW} _exp [—xq/lfﬁ% 7 (31)

sx sx

where C is given as

(32)

-2 -2
C=—Gr S _ Prs .
1+ p3sx  PBPrs*x+Pr—1

To get the analytical solution, we have to apply the inverse of the Laplace transform to both sides of Eq.(31) and use the convolution product
properties. We have the following analytical solution

t
U, t) = L a(t - 7) (b(x, 7) - c(x, 7)) dr. (33)

For obtaining the form of function, we apply the inverse of Laplace transform of the function C, we need to utilize the Mittag-Leffler
function. That is

1+ —
a8 = =T (B (~51) ~Eapen (~Tp ) |- (34)

We continue with the inverse of the Laplace transform of the function represented as the following form

b (X, 5) = M, (35)

sX
which needs some manipulations. The inverse of the Laplace transform is given by the following relationship

b(x,1) =t (o, ~axf2, ~yv/Pr= ). (36)
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We finish this procedure of inverse of the Laplace transforms by inverting the function defined as the form

exp | X,/ Srex
E(x,5) = % 37)
and then propose the analytical solution of the Eq. (20). The inverse of the Laplace transform to both sides of Eq. (37) is given by the
following representation

€0 = | m,ue (0, —ec,ut™) du, (38)
where
2 (™ sin(yu) —u?ut d
m@,u) =1 ﬂ\/EJO u(u2+1/\/ﬁ) P (B(u2+1/\/g>> " 9

We now consider a special case obtained when the order of the Caputo derivative converges to 1 that is « = 1, and the parameter 3 = 0. Note
that the parameter (3 is zero when «; = 0 in Eq. (14). In this case, we consider the Laplace transform described in Eq. (31) with the previous
assumptions, there is

_ _ Gr |exp[-xv5] €XP [—x\/PT's] (40)
txs) = s3 s3 ’ 4
We now apply the inverse of the Laplace transform, which is given by the following analytical form
_ Gr (t X
u(x,t) = o1 .[o (t—)erfc (ﬁ) dt (41)
Gr [t xvPr
- Pr_ljo (t— yerfc (2ﬁ>d7. (42)

Before closing this section it is important to mention the method to get the Nusselt number. This number is obtained with the temperature
distribution by the following formula

_ _p,r1 : a&J (X,S)
Nu=-¢ L&m T} . (43)

5 Discussion on the findings

In this section, we discuss the findings of the paper. We analyze the impact of the Caputo order derivative in the dynamics of the temperature
and the velocity distribution. The impact of the Prandtl number, Grashof number, time, and second-grade coefficient will be discussed in
terms of the variation of the Caputo derivative in detail.

The temperature distribution

We begin the discussion with the temperature distribution. In this part, the fractional-order and the Prandtl number will be analyzed in
terms of their impacts on the dynamics of the temperature distribution. In this section, we consider Eq. (27) in the graphical representations.
We fix the time t = 0.6 for Figures 1a, 1b and t = 10 for Figures 2a, 2b, and also we consider different values of the order of the Caputo
fractional operator. We have the following graphical results: We now analyze the behaviors of the dynamics presented in the previous
figures. Let the time t less than one, this assumption corresponds to Figures 1a, 1b. We observe that when the order of the Caputo derivative
increases with the increase of the state y, we note that, the temperature distribution decreases. These dynamics can be explained by the
fact for a short time the accumulation of the memory and heredity affects the diffusivity of the considered model. The increase in the order
increases the diffusivity which generates a decrease in the temperature of the fluid. The second conclusion concerns that when the time is
greater than 1, see Figures 2a, 2b, in this case, the accumulation of the memory effect and heredity makes the system more diffusive which
affects the temperature distribution 2a, 2b and causes its increase. In the considered cases in this part, we note that the Caputo derivative
plays an acceleration effect in the dynamics of the temperature distribution.

Let us now analyze the impact of the Prandtl number in the dynamics of the considered fluid particularly on the temperature distribution.
We take two different times t = 0.6 for Figures 3a, 3b, and t = 10 for Figures 4a, 4b, different orders of the derivative have been considered
and we increase the values of the Prandtl number. We have the following graphical representations:
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—e—0-025
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] 0.5 —e—0=075| |
2=0.95
1 04l 1
1 = 031 1
1 02t 1
1 0.1+t 4
0 . . ; I
2 0 02 04 06 08 1 12 14 16 18 2
Y
@) (b)
Figure 1. Temperature distribution for different values of the order o with Pr = 6 (a) and Pr = 12 (b).
—e—0-025| | —e—0-025] |
——0-05 —®—a=05
——0-075| | —e—0=075| |
2=0.95 a=0.95
25 3 35 4 2 25 3 35 4
@) (b)

Figure 2. Temperature distribution for different values of the order « with Pr = 6 (a) and Pr = 12 (b).

(b)

Figure 3. Temperature distribution for different values of the Prandtl number with « = 0.75 (a) and « = 0.95 (b).
The graphical representations 3a, 3b, 4a, 4b inform us that when the values of the Pr increase then temperature distribution decreases as

well. These behaviors can be explained by the fact when the order of the fractional operator increases and the Prandtl number increases
then the diffusivity of the system is reduced, thus its impact on the temperature distribution decreases. Let us now see what happens
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(a) (b)

Figure 4. Temperature distribution for different values of the Prandtl number with « = 0.75 (@) and « = 0.95 (b).

with the temperature distribution when the time varies significantly and the Prandtl number increases. We have the following figures

——pr=6 | |
——pr=12
—o—pr=18| |

Pr=24

(a) (b)

Figure 5. Temperature distribution for different values of Prwith t = 5(a)andt = 10.

(a) (b)

Figure 6. Temperature distribution for different values of Pr with t = 15 (a) and t = 20 (b).
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Comparing the Figures 5a, 5b, 6a, 6b, we can observe that when the Pr number increases, then the temperature distribution decreases.
In conclusion, the time does not play a role if the Prandtl number increase. For all considered times the increase of the Prandtl number
generates a decrease in the temperature distribution.

The velocity distribution

In this sub-section, we try to explain and interpret the dynamics generated by the velocity. We first consider analyzing the influence of
the fractional-order in the dynamics. In this section, we condition Eq. (33) in the graphical representations. In the second part, we will
analyze the influence of the parameters as the Grashof number Gr and second-grade coefficient 3. Let us represent the dynamics of the
velocity for different values of the Caputo fractional order in the following Figures 7a, 7b, 8a, 8b. Let that t = 5, we have the following
graphics 7a, 7b, 8a, 8b for the velocity The influence of the order of the fractional derivative is analyzed in terms of the variation of the

3r ——0-025 181 —8— =025
—e— =05 —e— =05
—— =0.75 |
«=0.95

@) (b)

Figure 7. Velocity distribution for different values of the order « with Pr = 5 (a) Pr = 10 (b).

1.4 E 7 T T T T T T T m| 7 T T T T T T T

—8— 0=0.25 —— =0.25
—— =05 1r —— =05 |-

——=0.75| 7 —— =0.75

=0.95 «=0.95
- 1

6 7 7

Y
@) (b)

Figure 8. Velocity distribution for different values of the order o with Pr = 15 (a) Pr = 20 (b).

Prandtl number. We observe that when the order of the Caputo derivative increases, the velocity increases. Thus, the fractional-order has
an acceleration effect in the present case. We also notice that when the Prandtl number increase, the velocity decreases, as well. The Prandtl
number has the same influence on the temperature distribution and the velocity. We now consider a second case where the time is greater
than 1 (t = 10) and the variation of the Grashof number is assumed. We have the following graphical representations 9a, 9b, 10a, 100b We can
observe that with the previous figures the increase in the order of the Caputo derivative generates an increase in the velocity. The increase
in the velocity is due to the fact when time is greater than 1, the Caputo derivative generates accumulation in the memory which causes an
increase in the value of the velocity. Here, the order of the Caputo derivative has an acceleration effect. We analyze the impact of the Grashof
number Gr, we can do it by analyzing the previous Figures 9a, 9b, 10a, 10b. Comparing the Figures 9a, 9b, 10a, 10b, we can observe that
when the Grashof number increases, it generates an increase in velocity. This increase in the velocity is explained by the fact that when the
Grashof number increases then we have increased in the thermal buoyancy force. Let us now analyze the second-grade parameter. We have
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25

@)
Figure 9. Velocity distribution for different values of the order « with Gr = 5and Gr = 10.
e —e—0-025] | —— =025
——0-05 —e—0=05 | |
——0-075 50 ——0-075
35- 2=0.95] | a=0.95
)
@) (b)

Figure 10. Velocity distribution for different values of the order « with Gr = 15 and Gr = 20.

the following graphical representations 11a, 11b, 12a, 12b, when the value of the second-grade parameter increases When we compare the

6l —8—=0.25| | 4 —8— =025
—.— =05 —.— =05
—8— =075 12 —— =075 |

14 @=0.95| =095

(a) (b)

Figure 11. Velocity distribution for different values of the order « with g = 0 (a)and g = 0.5 (b).

values of the velocity in Figures 11a, 11b, 12a, 12b, we notice when the values of the second-grade parameter increase, then the velocity
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—— 0025 8r ——0-025
9r ——0-05 | | —— =05

—e— =075 7t —— =075 |
8r a=0.95| 2=0.95

@) (b)

Figure 12. Velocity distribution for different values of the order « with § = 0 (a)and g = 0.5 (b).

decreases as well. This behavior is explained by the fact that in general the increase of the thickness of the boundary layer is caused by the
decrease of the second-grade parameter. The present investigations are similar to the investigations provided by Shah et al in [41]. In [41],
the authors consider the same model addressed in this paper with the fractional derivative with the exponential kernel. The main findings
in [41] and the results in the present paper are in good agreement. One of the main advantages of the present investigations regarding the
investigations existing in the literature is here we use the Caputo derivative which the application of the Laplace transform and its inverse
is trivial and the expressions of the exact analytical solutions of the considered fluid model can easily be expressed via Gaussian function,
exponential function, and Mittag-Leffler function.

6 Conclusion

In this paper, we have discussed the exact analytical solutions of the second-grade fluid model described by the Caputo fractional operator.
After modeling the fluid model via Caputo derivative, we have used the Laplace transform method to get the analytical solutions of the
fluid model considered in this paper. Many results have been proposed in our present paper. As the first finding, the order of the fractional
operator accelerates the diffusion or can have a retardation effect, that depends on the considered time. We noticed that with the increase of
the Prandtl number for a specific order of the Caputo derivative then the temperature distribution of the considered fluid decreases as
well. This behavior is due to the reduction of the diffusivity as previously mentioned in the paper. Note that with the increase of Grashof
number Gr then it generates an increase in the velocity distribution of the considered fluid. For the future direction of researches, the same
second-grade fluid model can be described by non-singular fractional operators as the Atangana-Baleanu derivative and Caputo-Fabrizio
derivative, and getting the exact solutions with the Laplace transform constitutes an open problem and can be focused on in the future.
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