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ABSTRACT

The classic economic production quantity model is used to find the optimum production quantity.
One of the main assumptions of this model is that all of the products produced during the planning
period are perfect. However, this assumption is not always valid. The difficulty of managing a large
number of variables affecting production systems may cause a certain amount of defective products.
In this study, the economic production quantity (EPQ) model was proposed for a situation where
the defective ratio of the products produced is classified as uniform and normal distribution and the
defective products can be repaired, low quality and scrap, and numerical examples are given for
the proposed model.

Keywords: Economic Production Quantity, Defective Product, Rework.

Jel Codes: C61, M11

oz

Klasik ekonomik iiretim miktari modeli optimum iiretim miktarimin bulunmas: amaciyla
kullanilmaktadir. Bu modelin temel varsayimlarindan biri, planlama donemi boyunca iiretilen
tiriinlerin tamamnin kusursuz oldugu bigimindedir. Ancak bu varsayum her zaman gegerli degildir.
Uretim sistemlerini etkileyen ¢cok savida degiskenin yonetilmesinin zorlugu, belirli miktarda kusurlu
tiriin tiretilmesine sebep olabilir. Bu ¢alismada, iiretilen iiriinlerin kusurlu oraminin tekdiize ve
normal dagilim gésterdigi, kusurlu iiriinlerin tamir edilebilir, diisiik kalite ve hurda olarak
simiflandirildigt bir durum icin ekonomik iiretim miktart modeli (EUM) onerisi yapilmis ve onerilen
model igin sayisal 6rnek verilmistir.

Anahtar Kelimeler: Ekonomik Uretim Miktari, Kusurlu Uriin, Yeniden Isleme.

Jel Kodlar: C61, M11

1. INTRODUCTION

1

This study is derived from the second author’s doctoral thesis in preparation.
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Inventories are defined as the current assets of materials, semi-finished or finished products
having an economic value that will either be used in production or sold in the future (Demir
and Gumusoglu, 2003:619). Businesses need to have a sufficient amount of inventory to carry
out their activities and to respond to customer demands and requirements on time. The fact
that inventory costs account for a substantial percentage of operating costs leads business
managers to seek answers to the questions “How frequently and in what quantity should be
produced or ordered?” to minimize total costs and maximize total profits in the process of
determining and controlling the inventory level (Aydemir, 2015:98) Classical inventory
models are one of the many approaches developed to answer these questions. The basic
assumptions of these models are that the demand rate is continuous and constant throughout
the planning period, the quantity of demand is known with certainty and all units
produced/ordered are of perfect quality (Eroglu, 2002:7; Eroglu et al., 2008:923). However,
these models, in which the uncertainty is low and simplifying assumptions are accepted, are
insufficient to meet the problems in industrial life. This has led researchers to develop models
that address inflation and time value of money, learning effects, defective (imperfect)
production, and degradation (deterioration) of some of the products held in stock, quality
control, stock-outs, demand fulfillment, and changes in the demand rate. Since this study
develops a model under the assumptions of imperfect production and rework, studies that
take these assumptions into account are included in the following section of the study.

Schrady (1967) was the first to address the addition of rework and/or repair processes to
deterministic inventory models in the literature (Aydemir, 2015:104). In the study, Schrady
(1967) developed a deterministic inventory model for reworkable inventory systems and
determined the optimal production and rework quantities. Rosenblatt and Lee (1986)
examined the effects of imperfect (defective) production processes on the optimal production
cycle time. It is hypothesized that the system breaks down during the production process and
produces some defective products. The optimal production cycle time was found and it was
shown that this time is shorter than the cycle time in the classical EPQ model. Hayek and
Salameh (2001) studied the effect of defective products on the production model. They
developed a new EPQ model under the assumptions that the percentage of defective products
is a random variable and follows a known probability distribution, that defective products are
reworked into defect-free products when production stops, and that stock-outs are not
permitted. Chan et al. (2003) developed three EPQ models considering different situations
and time factors. The study assumed that manufactured products are categorized as good,
reworked to make them good, low quality, scrap, and that low-quality products are sold at
discounted prices. The basic assumption that distinguishes the models from each other is that
the sales times of low-quality products are different. Eroglu et al. (2008) extended the model
developed by Chan et al. (2003) with the assumptions of allowing stock-outs and taking
repair time into account. Sana (2010) developed an EPQ model with the assumption that the
production process goes out of control and produces defective products and that the
production rate of defective products is a non-linear function of both production rate and
production time. Sarkar et al. (2014) developed three different EPQ models for a single-stage
production system for the cases where rework, late fulfillment of demand is permitted and
the defective rate, which is a random variable, obeys uniform, triangular and beta probability
distributions. Liao (2016) examined the impact of repair and occasional preventive
maintenance on a deteriorating production system. Numerical analysis in this study showed
that increasing maintenance activities and production capacity increases product reliability,
which in turn reduces production and warranty costs. Moussawi-Haidar et al. (2016)
developed two different EPQ models for a single-stage production process that produces
defective products at a random rate. In the study, they integrated the inspection time into the
production model with rework. Oztiirk (2017) showed that some mathematical expressions
in the model developed by Moussawi-Haidar et al. (2016) for the remanufacturing process of
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defective products are not correct and obtained new optimum solutions for the numerical
example in the study. Karagul (2021), developed two different EPQ models in which quality
control, rework and stockout situations are also considered in production processes with
imperfect production. The assumptions and functioning of the second model which
Moussawi—Haidar et al. (2016) discussed in their article are discussed from a different
perspective in this study. Also, classical economic order quantity and classical economic
production quantity models were coded with SageMath software. Eroglu and Sahin (2023)
proposed a fuzzy inventory model including the recycling process that can contribute to the
maximum recovery and minimum waste strategy, which is the basis objective of the recycling
industry.

In this study, the EPQ model under quality control and rework assumptions developed by
Karagul (2021) is extended with the assumption of classification of defective products.

2. MATHEMATICAL MODEL

An EPQ model has been developed for a production system where a single item is produced
in batches. Manufactured products contain a stochastic proportion p of defective products
with probability density function f(p). Defective products are categorized as scrap, repairable
and low-quality. The scrap products are removed from the inventory at a certain cost, low-
quality products are sold wholesale, and repairable products are remanufactured into good
products. Stockout is not permitted.

2.1. Deriving the Model
Notations used in the model

B : Demand rate (quantity demanded per unit time)
a : Production rate (production quantity per unit time)
a,: Repair rate (amount of product repaired per unit time)

x : Inspection speed (amount of sorting (separation of defective and defective-free products)
per unit time)

y : The quantity of production in the cycle
p : Percentage of the defective products (random variable)
6,: Percentage of repaired products among defective products
6,: Percentage of the scraps in defective products
63: Percentage of the low-quality products in defective products (8; + 6, + 63 = 1)
¢ : Unit production cost
: Unit repair cost
: Unit inspection cost
: Cost of removing unit scrap product from inventory

: The unit selling price of the good product

CT

d

m

K : Production preparation cost

s

v : The unit selling price of a low-quality product
h

: Unit inventory cost
hy: Unit stock cost for defective products
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The changes in the inventory level during the cycle time of the developed EPQ model
including defective product, inspection and rework situations are shown in Figure 1 and
Figure 2.

Figure 1. EPQ Model for Defective Product, Inspection and Rework Cases
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During period t;,y units of products are manufactured at a production rate of a and the
products are inspected at a speed of % and defective and defective-free products are
separated. As a result of the inspection, the demand is met with the good products obtained
with a speed of B, while defective products are piled up with a % speed (% =3+ %)

(Moussawi-Haidar et al., 2016). Thus, at the end of the period t;, the number of stock of
uninspected products is z; and the number of stock of defective products is z,. For the stock
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of uninspected products to be created in period t;, the condition o — % > Qora > % must
be met. Otherwise, demand cannot be fully met in the period t;.
In line with these explanations, since y amount of product is manufactured with speed « in
period t;
y
t, = — 1
=2 ™

Furthermore, Figure 1
Zq

(¢=35)
Eq (3) is deduced from Eqgs (1) and (2).
_ B
7= (g ®

On the other hand, from Figure 2, the following amount of defective product z, at the end of
t, period

_( pB _ pBy
2= (m) b= 1-pa 2
is obtained.

In period t,, z; pcs products are inspected at speed x and defective products and defective-
free products are separated from each other. Demand is met from good products at speed f3,
and defective products are piled up at speed px as a result of the inspection.

t=n/x=(1- a(%p)) y/x )

The basic assumption here is that to fulfill the demand, the inspection speed(x), must be

greater than the inspection speed (% =L+ %) required to obtain £ quantity of good

product per unit time. In this case, the condition ﬁ < x must be satisfied. The two

conditions mentioned above can be written as a > < x. It is thus seen that there is no

@a-n)
boundary condition in the association between the production rate « and the inspection rate
x. In other words, itcanbe a < x or @ > x.

At the end of the period t,, the inspection process ends and the total quantity of defective
products is zg

z5 = py (6)

Scrap and low-quality products are removed from the defective product stock and low-quality
products are sold in bulk (in lots). In this case, the repairable product quantity is

ze = z5 — (1 = 8,)py = 8:py (7
obtained. From Figure 1;
Zy — 23
T B +px
From Eqgs (5) and (8); we get

iy

®)
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B B
Zz—(l—P—ﬁ/x)<1—a(1—_p))y C)]

At the end of the period t,, the quantity of good products is z, pcs.

During the period t3; z¢ pcs defective products are repaired with @, speed; and are deducted
from the defective product stock in Figure 2, and added to the good product stock in Figure
1.

From here we get

1)
ty =z¢/ay = 1Py (10)
aq
equation, on the other hand from Figure 1;
Z3 — 2y

t; = 11
3 al _ ﬁ ( )
equation, from Eqs (9), (10) and (11); we get

B
z=|1-p- /x)(1——)+5 1-B/a ] 12
s=|a-p-s i) e = B/a)]y (12)

At the end of the period t3, the quantity of good products is z3 pcs. z3 pcs of good products
fulfills the demand during t, with a rate § and hence from Figure 1; we obtain

=/ = [ =p = /0 (1= o)+ 8wt = /)| /8 (13)

Since the quantity of good products produced in a cycle is derived by deducting the quantity
of scrap and low-quality products from the quantity of products manufactured and the cycle
time (t) is obtained by the ratio of the quantity of good products to the demand rate; we have

. [1-(—-6)ply
B

Total cost(T'C), in one cycle

(14)

tiz t,(zy +z t3(z, + z ty,z

TC:cy+dy+m62py+cr5lpy+1(+h[%+ 2( 12 2)+ 5( 22 3)+—423]
+h tlﬁ+t2(z4+zs)+t3ﬁ
o2 2 2

=cy +dy + m&,py + ¢, 8,py + K + <M ERE)-£ ((pr)z)] L. ﬁ}

2 ala \1-p ax x ay
O TR SR M
total revenue (TR) in one cycle;

TR =s[1 - (1 - 6)ply + vspy (16)
and total profit (TP) in one cycle; we get
TP=TR-TC={s—c—d+[vé;—s(1—-8)—md, —c.b1lp}y — K
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— 202
_<Ul12—m{ﬁ[_<lz;p)_o%<(l—p)z) p paf}

h(1 1 1 1 1\ 260-6)/ p 1 -8)%p*)\ ,
+‘{E‘E+2”(1‘51)(¥+E")‘ (1) + }>y (17)

2 B aa;  \1-p B

Since the percentage of defective products (x) is a random variable obeying a certain
probability distribution, the expected total profit (ETP) in a cycle is

ETP = Fy—K — Ly? (18)
Where E[.] is the expected value operator and it can be written as follows

F=s—c—d+[vé; —s(1—8)—mb, —c.6,]E[p]

<(h12_ Qi {a [a’ [1 p] ax axl [(1 —pp)z] * ! * Sle[pZ]}

x a
-ﬂ%l_l+2u—&)(+l—ljﬂ] zﬁG_SOEL— ](1_&YEMH»

2(B B aa B
On the other hand, the expected value of the cycle time can be written as follows

_y
ﬂﬂ—ﬁ (19)

Here we have
J=1-01-6)E[p]
The expected total profit function per unit time (ETPU) is obtained as follows

ETP FB KB LBy
ETPU (y) = ST T (20)

If the derivative of the expected profit function concerning y is taken and equalized to zero,
we have

OETPU _ KB LB

——-——=0 21
ay Jyr ] D
and from here we get
- X 22
Y= (22)

the formula of the economic production quantity

J0ETPU Kf LB

——-—=0 (23)
ay ]

Taking the second derivative of the equation, it is clear that ETPU (y) is strictly a concave

function.
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0%*ETPU 2K
2(y)z_ By 24
dy Jy?
On the other hand, it would be a correct approach to obtain the solution values of the
equations mentioned above from the expected value functions. The expected value functions
of these equations can be written as follows:

bl = (1262} @
Bl = (GE [5])y 26)
£le = (122 [ ] @
E|zs] = (E[pDy (28)
Elzg] = (6:E[pDy (29)
Epﬂ={u—ﬁ/@(1—55h3)—5@]+§EE§”y (30)
s = (22 31

Elzs) = |1 - /0 (1-LE [ L)) - Bl + 2B [ + 8:ElpIL - B/a)]y  (32)

1

Elt] = [ -8/ (1-2E[Z]) - Elp) + LB [ 5] + 6,611 - B/an)| v/ (33)

a 1-p

2.2. Numerical Application

A numerical example was provided in this section to demonstrate the applicability of the
proposed EPQ model. The example application presented in the study by Eroglu and Arslan
(2022) was discussed and the repair rate was assumed to be different due to model
assumptions.

A factory manufactures a single item. The daily demand for this product is 1200 pieces, and
the factory’s production capacity is 5000 pieces per day. In the imperfect production process,
the products are inspected and separated into defective and defective-free products. The daily
capacity for inspection is 4000 pieces. The cost of a unit inspection is 1.2 TL. The percentage
of repaired products in defective products is 0.50, the percentage of scrap is 0.20, and the
percentage of low-quality products is 0.30. The daily capacity for repair is 2000 pieces. The
cost of unit repair is 10 TL and the cost of unit production is 50 TL. The preparation cost is
16700 TL, the selling price of the good product is 90 TL, the selling price of the low-quality
product is 60 TL, and the unit scrap product disposal cost is 5 TL. The cost of unit inventory
is 2 TL, and the cost of inventory of defective products is 3 TL.
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Solution 1:

An Economic Production Quantity Model With Defective Production

Assume that the percentage of defects obeys a continuous uniform distribution and the
probability density function is

o = {5

In this case, the model parameters are:
B = 1200, a = 5000, a; = 2000, x = 4000, &; = 0,50, &, = 0,20, 65 = 0,30
¢ =10, c=50, K=16700,d=12,m=5,s=90, v=60,h; =3, h =2.

0,03 <p <0,07

otherwise

Expected values are calculated as E(p) = 0,05, E[lf;p] = 0,052787, E[p?] = 0,002633,

E

[(1—pp)2
y = 5.208,20 unit

E[t;] = 1,04164 day
E[t,] = 0,97306 day
E[t;] = 0,06510 day
E[t,] = 2,15186 day

E[t] = 4,231661 day
E[z,] = 3.892,25 unit
E[z,] = 2.530,15 unit
E[z3] = 2.582,23 unit
E[z,] = 65,98 unit

] =0,055737 E[ﬁ] =1,052787 and the following solution is obtained.

ETPU = 37.830,19 TL
E[zs] = 260,41 unit
E[zg] = 130,20 unit

Solution 2:

Assume that the percentage of defect follows a normal distribution with mean ¢ = 0.08, and
standard deviation ¢ = 0.02.

In this case, the model parameters are:

B = 1200, a = 5000, a; = 2000, x = 4000, &, = 0,50, &, = 0,20, 5 = 0,30

¢, =10, c =50, K = 16700, d =1,2,m=5,s =90, v=60,h, =3, h = 2.

The expected values are calculated as E(p) = 0.08, E[l%p] = 0.08746, E[p?] = 0.00680,

B[] = 0.09567 E[-=-| =1.08730 and the following solution is obtained.
(1-P) 1-p

y = 5.252,05 unit
E[t,] = 1,05041 day
E[t,] = 0,97038 day
[
[

E[t] = 4,201638 day
E[z;] = 3.881,52 unit
E[z,] = 2.407,14 unit
E[z3] = 2.491,17 unit
E[z,] = 110,24 unit

ETPU = 37.250,72 TL
E[zs] = 420,16 unit
E[z¢] = 210,08 unit
E[ts] = 0,10504 day
E[t,] = 2,07598 day

3. CONCLUSION

Because the basic assumptions of the classical EPQ model are insufficient for expressing
real-world production environments, researchers have extended this model under different
assumptions. Thus, new models that include situations and uncertainties such as stock-outs,
demand fulfillment, quality control, rework, learning effects and inflation have better
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represented industrial problems. In this study, an EPQ model is developed for the case where
scrap products in defective products are removed at a certain cost, low-quality products are
sold at a discounted price and repairable products are reworked after production and
inspection processes for each cycle are completed. The validity of the model is demonstrated
by numerical example.

This work can be extended by assuming different demand functions and the production of
multiple products in the production process.
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