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ANALYTICAL SOLUTION OF THE TRUNCATED
INTERARRIVAL ERLANGIAN QUEUE : Eg/M/C/K WITH
BALKING AND RENEGING

A.1. SHAWKY' and A.A.BADAWY

ABSTRACT

This paper aimed to treat the analytical solution of the truncated
interarrival Erlangian queue: E/M/c/k with balking and reneging for
general values of r, ¢ and k. The discipline considered here is FIFO.
Some previously published results are shown to be special cases of the
present results.

Key Words:Balking, Reneging, Steady-state Probability, Truncated
Interarrival Erlangian Queue.

1. INTRODUCTION

Gupta [4] has emphasized that the solution of the steady - state probabilities of
the truncated Erlangian queues without balking and reneging concepts should be
numerically and computer oriented. White et al. [18] have solved some special cases
numerically for k= 1, 2 and r = 2 only but without any concept. Morse [8] treated the
non truncated case without balking and reneging. Shawky [11] treated the system of
machine interference model: M/M/1/k/k with balking, reneging and an additional server
for longer queues, in [12] he studied the system: M/M/c/k/N with balking, reneging and
spares, and also in [13] he discussed the system: H/M/c/k/N with balking and reneging.
Al-Seedy and Al-Ibraheem [1] studied the system: Ho/M/1/k+Y/k+Y with the concepts
of balking, reneging, state — dependent, spares and an additional server for longer
queues. Shawky and El-Paoumy [15] treated the queue: Hy/M/c/N with balking and
reneging, in [16] they treated the queue: H/M/2/N with balking, reneging and two
heterogeneous servers, and also in [17] they discussed the queue: M/Hy/1/N with
balking and reneging. Jain and Rakhee [5] discussed the system of N-policy for a
machine repair system with spares and reneging, Pearn and Chang [9] dealt with
optimal management problem of the N-policy M/Ey/1 queueing system with a
removable service station under steady-state condition, Sadlam and Torum [10] studied
the queueing system: M/M/2 with Poisson arrivals, two heterogeneous parallel servers
and no waiting line and Shawky [14] discussed the service Erlangian machine
interference model: M/E/1/k/N with balking and reneging.

In this paper, the truncated multi - channel queue : E,/M/c/k is treated with both
balking and reneging concepts. The steady - state probabilities of the model herein are
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In this paper, the truncated multi - channel queue : E/M/c/k is treated with both
balking and reneging concepts. The steady - state probabilities of the model herein are
derived together with some measures of effectiveness where these measures are
analytically deduced. Finally, some previously published works are shown to be special
cases of the model herein.

2. DESCRIPTION OF THE SYSTEM

Consider the multi - servers truncated interarrival Erlangian queue having r -
stages each with interarrival rate A and the service time is exponential with rate p. The
capacity of the system is k and the concepts of balking and reneging are assumed. The
queue discipline is assumed to be first come, first served.

Assume the balk concept with probability :
[ = prob. {a unit joins the queue} ,
where 0<f <1 if c<n<k and B=1 if 1<n<c.

It is also assumed that the units may renege according to an exponential
distribution, f(t) = o.e™ , t >0, with parameter 0. The probability of reneging in a short
period of time At is given by r,= (n—c) 0. At, for c<n<kand r,=0,for 0<n<c.

3. THE STEADY-STATE EQUATIONS AND THEIR SOLUTION
Let us define P, , the equilibrium probability that there are n units in the system
and j® arrival stage occupied the next arriving unit, wheren=0, 1, ..., kand j=1, 2, ...1.

Then, the steady-state probability difference equations, in the presence of
balking and reneging are :

M= Bt B L8 JST] n=0 (1)

rAR].r = ﬂF:.r' j ! 2

Rl =R SIS

(rj. + ”#)F:u — r;ujn_“ ¥ (’:I + l))u}):wl‘r ] j =4

(BrA+cp)b,, = frAP, ,, +(cu+a)P,, ,, 1<j<r G

(BrAa+c)P,, =rAP,_,, +(cu+ )P, ,, J=i s ;
[ﬂrﬂ +ep+(n— c)a']P,,J = ﬁf‘ﬂ-ﬁ_,}, +[Cﬂ +(n-c+ l)a']}:'m,; » I j<r
[Bra+cu+(n-c)alp,, = AP, +[cu+(n—-c+Valp,,,, j=r |’

c+1<n<k 4

[ﬂr/1+cp+(k-c)a]ﬂlj = Prab, ju» 1 j<r K (5)
[Bra+cu+(k—c)aP,, = PrAP_, + PrAB,,, j=r e
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Now, to solve the probability - difference equations use the iterative (recursive)

=it ==

method as follows.

From first equation of (5),

Pijun =0l Isj<r (6)
where
-E;-"-, O<sn<e
¢, =1+6,, 8, =8 (7)
M, CSnSk_
rpA

Putj=1,2,...,r-1in (6), we get
P, =¢"wP,, w=l, 1<5j<sr, (8)

Using second equation of (5) and (8) we have

By =u, Py U, =¢ -1 9)

From first equation of (4) at n = k-1,
P ju =Oabra, =0 R, , IS j<r. (10)

Forj=1,2, ..., r-1 in (10) and using equations (8) and (9),

F;_,,,=[ oy, - Gu,Z il '] e 1S )<, (11)

=1

Using second equation of (4), (8) and (11) for n = k-1, j =r we obtain

Py =t 2B, 2 =0y, —0 “;Z¢ﬂl-l M (12)

=l

Also, from first equation of (4)atn=k -2,
P j =Oalia; =0 Py Isj<r. (13)
Putj=1, 2, ..., r-1 in (13) and using the equations (9) and (12) we get

Piss = [ﬁ by =00ty 0O 40,00 3085 300 ¢]

2=ty m=ay Ay=a

ISj<r,a=l. (14)
Similarly, from equations (4), (11) and (12) at n = k-2, j =r, we have
Py =u 3B, (15)

where

r=|

Uy = Ppaltyy = O, Zﬁ’flfl 2 0,0, 1, z% Z‘ﬁﬂrﬂ' H_dl . (16)

=iy =y fty=aty
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Using first equation of (4) atn=k-3,j=1,2, ...,1-1,

Fis; = [@k{—_‘;uk-B 0,24y Z‘?’al_l ¢k_3].-ﬂl +0, 20,1y Z‘?k Z?j’k-‘al J—Z_“z

AT \=ag a3=ay
j-3
! 3=l 3=y 4 f~ 3—:13]
0, _,6,_,0,u, Z 2 z P2 z k-3 k1 (17)
ay=day a,=a, ay=ay

In general, forn =k, k-1, k-2, ...,cand j=1, 2, ..., r, we have

n; ??HJ ka2 CSHSk'! Igjsr, (18)
where
. k=n-1 2.5 ‘ j=t=1 =
??-‘?-f = ¢?{_ U, + Z{(—l) . un+f+l H n+itl z ::-*fl-i-—lﬂ ¢: . }’
=0 i=0 1 =a;
0<n<k, 1<j<r, (19)
]-7 n= k
U, =1 ¢;_1’ n=k-1
k=n-2 3 £ r—i B "
¢n+lun+] + Z( l)t+ |1+g+2 '1:.!, n+i4+2 Z¢n;fl+2ﬂ 1:_” A Py 0 S n S k == 2.

Similarly, from equations (2), (3), (18) and (19) we obtain
P.»'=ﬂ??n.j‘Pk.l’ 0<n<c, IS jsr, (20)

Equations (18) and (20) give all the probabilities in terms of Py, which itself
may now be determined by using the normalizing condition:

DA @1)
n=0 j=1
Then,
c=1 'r k r
Py =1BY D M0 + 202 M) 22)
n=0 j=l n=c j=1
hence all the probabilities are completely known in terms of the queue parameters.

Therefore, the expected number of units in the system and in the queue are,
respectively,

n=l j=1 =l j=1 n=¢ j=1

k r k r
L, = EZ(n-—c)PM = Z Z(u—c)ﬂ"‘ij'l e

n=c j=l n=c+l j=1
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and the expected waiting time in both the system and the queue are obtained by:

L L
W=— ; W,

N a =3 N =uL-L,).

EXAMPLE

In the above system : E,/M/c/k with balking and reneging, letting r = 3, ¢=5 and
k = 8, i.e., the queue : E3/M/5/8 with balking and reneging, the results are :

Ra=@By, Bs=0 B Py =m, R B;=N;R  B;=05,R,
P—l.j =ﬁn4.1%.1 ' P3.j =$8??3.j%.1‘ Pz.j =ﬂ7?2.,fﬂs.|’ PL;‘ :ﬁﬂl.j&.l’ P[L_i :ﬁ%.j 83.1! j=L23,

where
Ny, =4y = d}; -1, N, =0u,-0;, My, = ¢§u-, —05(0, +bg),
Ng; = Ug = O30, —05(07 + 0,0, +05) , Nea = Ol — 00, ,

Nes = ¢2u6 =0,u,(0 +0;)+0,0, , M5, =uy= ¢2uﬁ = 97”7(¢§ + O, + qﬁ;) +0,05(0¢ + ¢, +0g)
Nsa = Osus—Ogug , Mgy = ¢o§u5 —04us(0s+04)+00,u, ,

Ny, = Uy = O03u; =B (03 + O +05) +0,0,u, (05 + 0 + ;) — 00,04
Nys = Ou, —05us , M,y = dju, —Ou(, +05) +00,u, ,

Ny, = Uy = 030, = O5us(@F + 0,05+ 05) +0,0,u, (9, + b5+ 05) —00,0,u,
Ny =0u,—0,u, , My, = ¢§u3 =0,u,(¢,+9,) +bdﬁsu5 ;

My = Uy = O30, — 0,0, (02 + 0,0, +02) +6,0,u,(0, + 0, + ;) —0,0,0,u,
Ny =0,u, —05u, , Ny, = (I)iu2 —-0,u,(¢, +9,)+0,0,u, ,

Ny = Uy = 030, —03u5(0; + 0,0, + 03) +0,0,u, (9, +¢; +¢,) —0,0,0,u;
Mo =0, —0,u, , M, =07y, —0,u,(d,+0¢,)+0,0u, ,

Moy = Up = O, — 0,0, (07 + 0,0, +02) +0,0,u,(0, +, +¢,) —0,0,0,u,

MNo2a =W —0u, , Moz =u,—0u,(1+0¢,)+06,0,u, ,

w 21 I 41 Su S+
=—, B =— e = — , e —e—, 9 T — B = .
'3 & % A Ll Y > 3BA ° 3B

_Su+2o 8_5;1+30c
T M Tt W

Then,

¢n = 1+9u’ ns= 0(1)8’ en = 0.
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4 3 7 3
Py =1/|BY. Y M.+, ) M, +05 + O +1]-

n=0 j=1 n=5 j=1

Moreover, if we put B =0.6, =0.3, A =3 and u = 2, we get
B, =5.839039E -9, B, =1762525E 8, B, =5.320213E-8, P,, =1.547526E —7
P, =44674E~7, P,,=1288097E—6, P, =3.709194E~6, P,,=1.048036E 5
P,,=2.959376E -5, P,,=8.351262E—5, P,,=2310907E—4, P,,=6.390461E —4
P, =1.059611E~3, P,,=1908695E -3, P,,=3.348545E-3, P, =5.614978E -3,
P, =8.416421E -3, P,,=1233075E-2, P, =.01757477,  P,,=.03726447,
P, ,=.08133951, B, =.1815717, P, =.1984879, P, 5 =.1929103,
P, =.1273266, P, =.08697737, B,, = 4286894,

L=.9547255, L,=4.756249E -5, W =.5000249, and W, =2.491023E -5,

4. SPECIAL CASES
Some queueing systems can be obtained as special cases of this model.
1)If we put f=1and o =0, then we get the queue : E/M/c/k without balking and
reneging, and the results are :

n_,l nn; k.l » Osnﬁk, ]_Sjsr’

k .1
B =“ZZ’?»,; »

n=0 j=1
where
ko [N K S—
¢J ]u +Z( 'l) [} . };;ﬂ;—*—'u’”f ’ c<n<k
i=1
i = ¥ k=n-1 : ¢ j-t-1 ”
L L =l=ayyy
¢J H.' + Z{( 1) un+t+l H i+l Z¢n+r+l J }, 0$n<c
i=0 1 =0a;
1= J’ < r, a= 1 3
1’ n==~k

n=k-1

i, =1 &
Z( 1)( }ﬁ:’r !uﬂ"‘l'ﬂ’ CS?I<k—1,

k—n-2
41 wAy | grtan
¢“"’lu“"’| * Z( l) N un+{+2[n n+i+2 zgﬁn‘t‘-l‘lﬁzl i| ‘:+[ Y 0<n< c,
A=
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31—&, O<n<c
¢, =1+6,, 6,= C;f o
AT T T
2) Let j=r= 1, then we get the queue : M/M/c/k with balking and reneging, and the
results are :
(ﬁﬂ, Y c<n<k
Pn — i=n+l

ﬂ(ﬁe,.)P. 0<n<e,

i=n+l

k k-1

c=1
P =1+ Y T16,+>.T16).
=0 j=n+l i=c i=ntl
where
E, 1<n<ce
g,={ A
) M' s s n< k-
A2

Moreover, let 3 = | and o = 0, we have the system : M/M/c/k without balking
and reneging, and the results are :

k=n
(-EJ B c<n<k
P, =4 \P
n k"l'
SE)—‘ﬁfj—ﬂ. 0<n<e,
Yol
el (C) . Ck_r & [c)k—u
Bo=11 Lt + —
A [; o Z p

p=%, (k), = k(k=1)(k=2)...(k=n+1), n21, (Ko=1,

which studied by Kleinrock [6], White et al. [18], Medhi [7], Gross and Harris [3],
Bunday [2], Morse [8] and others.

5. CONCLUSIONS

In this paper, the queue: E/M/c/k is studied with balking and reneging. The
steady-state probabilities and some measures of effectiveness are derived in explicit
form. We discussed the numerical example and deduced the expected number of units in
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the system and in the queue, and the expected waiting time in both the system and the
queue.
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KUYRUGA DAHIL OLMAMA VE KUYRUGU
TERK ETME iLE BUDANMIS GELIiSLERARASI
ERLANG KUYRUK MODELI Ex/M/C/K NIN
ANALITIK COZUMU

OZET

Bu makalede kuruga dahil olmama ve kuyrugu terk etme ile
budanmug gelislerarast Erlang kuyruk modeli E, /M/c/k nin r,c ve k nmin
genel degerleri icin analitik ¢oziimii ele alimmustir. Calismada dikkate
almmig olan kuyruk disiplini ilk gelen ilk hizmet alinir (FIFO)
seklindedir. Daha evvelce yaymlanng sonuglarin, mevcut ¢alismamn
ozel durumlart oldugu da ayrica gésterilmigtir.

Anahtar Kelimeler: Budanmms gelislerarast Erlang kuyruk modeli,

Duragan durum olasihig, Kuyruga dahil
olmama, Kuyrugu terk etme.
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