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ABSTRACT. The family of rings of the form
Z4 <:E) y>
(22 —a,y® —byz —zy — 2(c+ dx + ey + fay))

is investigated which contains the generalized Hamilton quaternions over Zg4.

These rings are local rings of order 256. This family has 256 rings contained
in 88 distinct isomorphism classes. Of the 88 non-isomorphic rings, 10 are
minimal reversible nonsymmetric rings and 21 are minimal abelian reflexive
nonsemicommutative rings. Few such examples have been identified in the lit-
erature thus far. The computational methods used to identify the isomorphism
classes are also highlighted. Finally, some generalized Hamilton quaternion

rings over Zps are characterized.
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1. Introduction

In recent years there has been much attention on ring properties related to com-
mutativity, namely, symmetric, reversible, semicommutative, reflexive and duo.
Cohn introduced reversible rings in [2]. A ring R is reversible if for any a,b € R,
ab = 0 implies ba = 0. Similar to reversible rings, Lambek studied symmetric rings
in [8]. A ring R is symmetric if for any a,b,c € R, abc = 0 implies bac = 0. Marks
in [9], investigated the connection between reversible and symmetric rings with and
without identity. It is easy to see that a symmetric ring with identity is reversible,
but, Marks gave the example F2Qg of a reversible nonsymmetric ring. Incidentally,
he also showed that these two properties are independent when considering rings
without identity. In [12], Szabo answered a question posed by Marks which essen-
tially asked “What is the minimal possible order of a reversible nonsymmetric ring
(with identity)?”
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Reflexive rings were first studied by Mason in [11]. A ring R is reflezive if for any
a,b € R, aRb = 0 implies bRa = 0. A similar notion is that of semicommutative
rings. A ring R is semicommutative if for any a,b € R, ab = 0 implies aRb = 0.
There is a nice connection between reversible, reflexive and semicommutative rings.
A ring is reversible if and only if the ring is reflexive and semicommutative. In
the recent paper [1], Chimal and Szabo showed that a minimal abelian reflexive
nonsemicommutative ring also has order 256. A ring R is abelian if each idempotent
of R is central. Interestingly enough, an example of such a ring is Fo Dg. Note, Qg
and Dg are the only two nonabelian groups of order 8. The mentioned results show
that F2 Dg and F2Qg are not isomorphic. Generalizations of these group rings and
their ring properties were given in [3]. A ring R is right (left) duo if for all a,b € R,
ba € aR (ba € Rb) (equivalently, every right (left) ideal of R is 2-sided and a ring
that is both right and left duo is simply a duo ring).

A taxonomy relating the ring properties mentioned thus far which also included
2-primal rings was given in [10]. For finite rings, 2-primal rings and NI rings are
equivalent. A ring is NI if its set of nilpotent elements form an ideal. The following
diagram is taken from [13] showing the various finite ring class containments. These

class containments are strict as has been shown in [1,7,9,10,12,13].

reflexive

f

commutative = symmetric —=> reversible <——= +

J

duo ——> semicommutative = abelian = NI

In both cases of the minimal rings mentioned so far, only a couple of examples

have been given. In this work, using the family of rings of the form

Z4 <J),y>
(22 —a,y? = b,yr — xy — 2(c + dz + ey + fxy))

and some computational ingenuity, many examples of these two types of rings will
be given. Notice that any element can be represented as s1 + soz+ s3y + saxy where
S1, S2, 83, S4 € Z4. This allows for the study of these rings computationally. Finding
rings with certain properties is generally an arduous task. The rings in this family
are 4-dimensional algebras over Z4, so they have a simple matrix representation
as sub-rings of My(Z,), the main fact that makes them computationally easily

treatable.
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For a ring R and a,b € R, the generalized Hamilton quaternion ring of (a,b)

a,by R(z,y)
R )  (z2—a,y?—byx+ay)

For more on these rings see [4,5,6,14]. The class of generalized Hamilton quaternion

over R is defined as

rings over Z, is contained within the family of rings we are considering. Foreshad-

owing, we point out that (325’) and (Z) are minimal reversible nonsymmetric
and abelian reflexive nonsemisommutative rings respectively. It turns out that gen-
eralized Hamilton quaternion rings of (p,p) over Z,- for an odd prime p are also
local 4-dimensional algebras over Z,s and possess other similar characteristics to
the specific case when s = 2 and p = 2. As with many other results related to
primes, there are two main cases, when p =1 (mod 4) and p =3 (mod 4). Having
a square root of —1 as usual, is the reason for this distinction playing a crucial role
in the underlying results.

Throughout, rings are assumed to be associative with identity 1 # 0. Given a
ring R, J(R) is the Jacobson radical of R, U(R) is the set of invertible elements of
R and N(R) is the set of nilpotent elements of R. In Section 2, the main family of
rings will be considered. Each ring in the family will be shown whether or not they
posses certain ring properties. Specifically, the properties considered are abelian,
commutative, symmetric, reversible, semicommutative and reflexive. In Section 3
many examples of minimal rings from the family are given. Finally, in Section 4
all generalized quaternion algebras over Z, are characterized. Furthermore, the
generalized Hamilton quaternion rings of (p,p) over Z,- for an odd prime p are also

characterized.

Zy(x,y)
—a,y2—b,yz—ay—2(ct+dztey+Ffry))

2. The ring w2

Let ay,ag,b1,bo,c,d,e, f € {0,1} C Z4, a = 2a1 + ap, b = 2by + by and
Z4 <$,y>
(22 —a,y* —byz —ay — 2(c+ dx +ey + fay))

Then with the substitutions x = u + ag and y = v 4+ by and then collecting terms,

S:

we see that the previous ring is isomorphic to

Zy {u,v)
(u? + 2(ay 4 agu),v? + 2(by + bov), vu — uv — 2(ay + fru + Y1V + d1uwv))
where a1 = ¢+ fagby + dag + eby (mod 2), 81 = d + fby (mod 2), v1 = e+ fag

(mod 2), and d; = f. In this section, we present two propositions which collectively

R =

characterize each of the rings in the form of R. First, some common calculations

are given to simplify the proofs to come.
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It can be shown that R is a Z4-algebra with basis {1, u,v,uv}. Also,
u? = —2(apu + a;) = 2(apu + a1),
v = —2(bov + by) = 2(bov + by),
vu = uv + 2(a1 + fru + y1v + d1uv),
(uwv)u = u(vu) = u(uv + 2(a1 + Bru + y1v + d1uv))
= u?v + 2(aqu + yuw)
= 2apuv + 2a1v + 2a1u + 2y uv (2.1)
= 2aqu + 2a1v + 2(ag + 71 )uv,

w(uv) = u?

v = 2a1v + 2apuv,
v(uv) = (vu)v = 2byu + 2a1v + 2(by + S1)uw,
(uv)v = uv? = 2byu + 2bguw, and

(uv)? = 20uv.

Note, u, v and uv are nilpotent. Therefore, R is local.

In the proofs we will also need the following tedious calculations multiple times.
Let ¢ = 21 + xou + 23v + z4uv,y = y1 + Yo2u + y3v + yauv € R where x;,y; € Zy.
Then

vy = r1y1 + 2(a172y2 + 1 23y2 + b173y3)+
(z2y1 + 21y2 + 2(12ay2 + B123Y2 + aoT2y2 + bi(Tays + T3y4)))ut
(z3y1 + z1y3 + 2(123y4 + 1173Y2 + boz3ys + a1(Tay2 + T2ys)))v+
(a1 + T1ya + x3Y2 + T2y3+

2(6123y2 + (@0 + Y1)Tay2 + boTays + aoxays + (bo + B1)x3ys + c1xaya))uv.

(2.2)
Swapping the roles of x and y we can calculate yx and see that
yr — xy = 201 (T2ys3 — T3Y2)+
(2B1(22y3 — T3Y2) + 201 (T2ya — Tay2))u+t 23)

(271 (w2y3 — 23Y2) + 21 (T4y3 — T3Y4))v+

(201 (w2y3 — z3y2) + 271 (T2ys — Tay2) + 281 (Tay3 — T3ya))uv.
Before proceeding, a simple result on reflexive rings is given, which simplifies the

proof of reflexivity in the coming proposition.

Lemma 2.1. A ring T is reflexive if and only if for any a,b € T, aTb = 0 implies
ba = 0.
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Proof. Let T be a ring with the property that for any a,b € T, aTb = 0 implies
ba = 0. Let a,b,7 € T such that a7b = 0. Then raTb = 0. By the assumed
property of R, bra = 0 showing bTa = 0. Hence, T is reflexive. The reverse

implication is obvious. O

Proposition 2.2. Let ag,aq,bg, b1, a1, B1,71,01 € {0,1} C Zy and

— Z4 <u,v>
(w2 4 2(ay + agu),v2 + 2(by + bov), vu — uv — 2(1 + Bru + v + Suv))

Then R is local reflexive nonsymmetric of order 256. Furthermore, R is semicom-

mutative (hence reversible) if and only if a; =1 = by.

Proof. The order and localness were shown in the discussion preceding the propo-
sitions. Notice in this proposition, the cases where a; = 1 are considered. By

Equations 2.1,

u? = 2(aou + ay),
v? = 2(1)011 + bl),
vu = uv + 2(1 + fru + y1v + duv),

wvu = 2u + 2a1v + 2(ag + 11 )uw,

w?v = 2aqv + 2apuv,

vuv = 2bju + 2v + 2(bg + B1)uv,
wv? = 2byu + 2bguv and

(uv)? = 2uw.

Note, u, v and uv are nilpotent and 2vu = 2uwv.

Since u(uv)v = 0 but (uv)uv = 2uv # 0, R is nonsymmetric. If a; = 0 then
u(u 4 2a9) = 0 and wv(u + 2a9) = wvu + 2apuv = 2u + 2yuv # 0. Hence, R
is nonsemicommutative in this case. Similarly, if b; = 0 then (v + 2bg)v = 0 and
(v + 2bg)uv = 2v + 2B1uv # 0 showing R is nonsemicommutative.

Next, we show R is reflexive. Let x = x1 + xou + x3v + z4uv,y = y1 + you +
Y3V +yauv € R where x;,y; € Z4 and assume xRy = 0. If x € U(R) then y = 0 and
yx = 0. Similarly, if y € U(R), yx = 0. So, assume = and y are not units. Then
x1,y1 € (2). So, from Equation 2.2, 0 = 22y = 22y = 2(x3y2 + x2y3)uv showing
T3Y2 + T2y3 € (2).
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By Equation 2.2 with appropriate substitutions,

xu =2(a122 + x3) + (21 + 2(x200 + L1223 + T4))u+
2(y1x3 + a124)v + (23 + 2(0123 + apzs + Y124))uv,
xv =223b1 + 2b174u + (71 + 20073)V + (T2 + 2b0T4 ) UL,

xuv =2byzzu + 2(x3 + a1x2)v + (21 + 2(x2a0 + boxs + Srxs + x4))uv.

Now again using Equation 2.2 with appropriate substitutions (remember zgys +

T2Y3 S <2>)a
0 = zuy =(2(a1x2 + z3)y2 + 2(x3y2 + biz3ys))u + (2(a1x2 + x3)ys + 2a123y2)v+

x3y1 + 2(a122 + 23)ys + 2(N123 + a174) Y2+

=(
(
(21 + 2(z200 + B123 + 24))ys + 2((ao + 71)23Yy2 + boz3ys + T3ya))uv
=(2a122y2 + 2b123y3)u + 2x3y30+

(

T3y1 + T1Y3 + 2a1(Tay2 + Taya) + 2(B1 + bo)x3y3 + 224y3)uv
and similarly
0 = zvy =2x2you + (2b1x3ys + 2a122y2)v+
(z2y1 + T1y2 + 2b1(7ay3 + T3ya) + 2(a0 + 71)T2y2 + 272ya)uv.
From the previous 2 equations, zoys2, x3ys € (2), so,
0 = zuy =(z3y1 + T1y3 + 2a1(T4y2 + T2ya) + 2z4y3)uv
0 = zvy =(z2y1 + T1y2 + 201 (T4ys + T3ys) + 2x2y4 ) uv.
This shows

x3y1 + 21Y3 + 201 (T4y2 + Toys) =224Yy3 25)
Toy1 + 21Y2 + 201 (T4y3 + T3Ys) =272Y4

Since 0 = zy, we have that z1y1 + 2(a122y2 + x3y2 + bixzsys) = 0 and since
Z1,Y1, T2Y2, T3Y3, T3Y2 + T2ys € (2), T3ya, T2ys € (2). Then using Equations 2.5,
0 = zy = 2(x4y2 + Toys)ut+
2(x4y3 + w3ys)v+
(xay1 + T1ya + T3y2 + T2y3+

2((ao + 71)xay2 + bozays + aoxays + (bo + F1)T3ys + Taya))uv.
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This shows
2(w4y2 + w2ys) =0
2(z4ys + z3y4) =0 (2.7)
(Tay1 + T1ya + T3Y2 + T2y3 + 2(V12ay2 + f123Ya + Taya) =0.

Finally, switching the roles of z and y in Equation 2.2 and applying all of the
developed relations, yx = 0. Hence, by Lemma 2.1, R is reflexive.

Assume a; = by = 1. We now show R is reversible in this case. Let x =
T1 4 ToU~+ T3V + T4u0, Yy = Y1 + You + y3v + yauv € R where z;,y; € Z4 and assume
2y =0. If z € U(R) the y =0 and if y € UR) then x = 0. In either case, yz = 0.
So, assume neither is a unit. Then x; € (2) and y; € (2). Then
O=zy = ziy1 +2(22y2 + 23Y2 + 23Y3) +

(w291 + z1y2 + 2(B123Y2 + aoTay2 + Tay2 + Tays + T3ys))u +
(z3y1 + 21y3 + 2(N173y2 + bow3ys + T3Ys + Tay2 + Taya))v +
(zay1 + 21Ya + 23y2 + T2ys + 2(ao(Tay2 + T2ya) + bo(ays + x3y4) +
B123ya + V1Z4Y2 + 6123Y2 + TaYa))uv.
First, 2zoys + 223y + 223ys = 0 showing at least one of x3, x3, yo2, or ys is in

(2). Since z1,y1 € (2), 0 = 22y = 2(x3y2 + z2y3)uv showing (x3ys + z2y3) € (2).
Thus at least two of xa, 23, ya, or y3 are in (2). If z9,y, € (2) then

2x0ys + 2w3Yy2 + 2x3y3 = 223Yy3 =0

0, x3 € (2) or y3 € (2). Similarly, if z3,y3 € (2) then 25 € (2) or yo € (2). Assume
X2, T3 € (2) but ya ¢ (2) and y3 ¢ (2). Then

O=zy = (x1y2)u+
(z1y3 + 2x4y2)v +
(x4y1 + Z3Y2 + T2y3 + T1Ya +

2(aor4y2 + NTay2 + boTays + Taya))uv.

Since y2 ¢ (2) and y3 ¢ (2), 0 = x1y2 + 21y3 + 224Y2 = 21 (Y2 + y3) + 224Y2 = 224Y>
showing x4 € (2). This shows in this case x € (2). Similarly, if ya,y3 € (2) but
xo & (2) and z3 ¢ (2) then y € (2).
Now, if za,ya, 3 € (2) then
0 = woy1 +x1y2 + 2(B123y2 + aoT2y2 + Tayo + Tays + T3Ys)

= 2x4y3
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showing xs,x3,¥y2,y3 € (2) or € (2). Similarly, it can be shown that if three of
the four members of {z3,x3,y2,y3} are in (2) then s, x3,92,y3 € (2), € (2) or
y € (2) and so this is true in any case. Since z2,%3,Y2,y3 € (2), x € (2) or y € (2),
by Equation 2.3, we have that yx = yx — xy = 0. Hence, R is reversible. (I

Proposition 2.3. Let a1, ag, b1, by, 81,71,01 € Zs and
R— Zy (u,v)
(w2 4 2(ay + agu), v2 + 2(by + bov), vu — uv — 2(Bru + Y1v + S1uv))

Then R is local of order 256.

(1) If B1 =0 and v, = 0 then R is symmetric. In addition,
(a) if 91 = 0 then R is commutative and
(b) if 61 =1 then R is noncommutative.

(2) If 1 # 0 orv1 # 0 and 51 = by and 1 = a1 then R is symmetric
noncommutative.

(3) If 1 £ 0 or y1 # 0 and 1 # by or v1 # a1 then R is nonreflexive. In
addition,
(a) if a1 = b1 =1 and ag = by then R is semicommutative and

(b) ifay #1, by # 1 or ag # by then R is nonsemicommutative.

Proof. The order and localness were shown in the discussion preceding the propo-
sitions. Notice in this proposition, the cases where a; = 0 are considered. By
Equations 2.1,

u? = 2(agu + a1),

’02 = Q(bov —+ bl),

vu = uv + 2(Sf1u + 11v + d1uv),

wvu = 2a1v + 2(ag + 1 )uv,

(2.8)

ulo = 2a1v 4 2aquv,

vuv = 2byu + 2(bg + S1)uw,
wv? = 2byu + 2bguv and
(uv)? = 0.
Note, u, v and uv are nilpotent and 2vu = 2uwv.
For use throughout the proof, let x = x1 + xou + x3v + T4uv,y = Y1 + you +
Y3V + Yauv, z = 21 + 22u + 230 + zg4uv € R\ 0 where x;, y;, 2; € Zy.
case 51 = v; = 0: Assume By = 71 = 0. As in the proof of Proposition 2.2, if
axy = 0 then x3ys + x2ys € (2) and then Equation 2.3 shows that yx = yo — zy =
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201(x2ys — x3y2)uv = 0. So, R is reversible. Assume zyz = 0. If 2 € U(R) then
zy = 0 and since R is reversible, yx = 0 so, yzz = 0. So, in addition, assume
z ¢ U(R). Then z; € (2) and so, yzz = (yz — zy)z = 201(x2ys — x3y2)uvz = 0.
Hence, R is symmetric. Clearly here R is commutative if and only if §; = 0.

case 1 = by =0and v = a; = 1: Assume 8; = b; =0 and v = a; = 1.
Assume zy = 0. Then from Equation 2.2, considering the constant term, zo € (2)
or yo € (2). Considering this in the u-term, both x5 and yo must be divisible by
2. Then using Equation 2.3, yr = yxr — xy = 0 showing R is reversible. Now,
assume instead xyz = 0. If 2 € U(R) then xy = 0 and since R is reversible, yz = 0
so, yxz = 0. So, in addition, assume z ¢ U(R). Then z; € (2) which implies
0 = 2zyz = 2(z2ys + x3Y2)z = 2(z2ys — x3y2)2z and 2uvz = 0. So,

yrz = (yr — xy)z
= (271(22y3 — w3y2)v + 2(01(72y3 — T3Y2) + 71 (T2ys — Tay2))uv)z
=0.
Hence, R is symmetric.
case ;1 = b; =1 and ~; = a; = 0: Similar to the previous case, if §; =b; =1
and v; = a; = 0 then R is symmetric.
case 1 = by =1 and 73 =a; = 1: Assume f; = by =1 and 13 = a; = 1.
As in the previous cases, we first show that R is reversible. To that end, assume
axy = 0. Again, since z and y are nonzero, x1,y; € (2). Equation 2.2 with zy = 0
shows that zoys + z3ys € (2). Since 2zy = 0, from Equation 2.2, xoys + x3y2 € (2).
If 29, 23,92,y3 € U(Z4) (2 divides none of them) then yx = (2(ys — 24) + 2(ys —
x4))uv = 0 and if x9, x3,y2,y3 ¢ U(Z4) (2 divides all of them) then yx = 0. Also, if
2 divides 3 of the four of them then it divides them all. For instance, if 2|z, 2|z3 and
2|y2 then 0 = z1y3 + x3y1 + 223y3bo + 223Y2 + 2(22y4 + T4y2) = 71y3 showing 2|ys.
Since xoya +23Yys3, ays+23y2 € (2), it cannot be the case that 2 divides exactly one
of 3, x3, Y2, y3 nor exactly one of x5, x3 and one of yo, y3. Without loss of generality
we may assume xo, 3 € (2). Then either yo,ys € (2) or ya2,ys ¢ (2). Note that in
either case y2 + y3 € (2). Fianlly, since 2(zays — z3y2) = 2(x2ys + z3y2) = 0, from
Equation 2.3,

yr=yr—ay = (2(x2ys — xay2) + 2(z3ys — Tay3))uv

= 2x4(y2 +ys)uv =0

showing R is reversible.
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Now assume xyz = 0. By reversibility, we may assume, =, y and z are not units

S0, T1,Y1,21 € (2). So, 2uvz = 0 and by Equation 2.3,

yrz = (yr —zy)z = 2(woys — w3y2)(u+v)2
= (@2ys — x3y2)2(u + v)(22u + 23v)
= (v2y3 — 3y2)2(22 + 2z3)uv.

If 25,23 € (2) or 29,23 ¢ (2), yrz = 0. Assume 2|z but 21 z3. Then

0=xyz = 2(z2y2 + r3y3)(230 + z4uv) +
(T1y2 + T2y1 + 222y2a0 + 223Y2 + 223Ys + 2T4Y3) 23UV +
(

X3y + Tays)z1uv + (T3y2 + T2ys)z3(2bguv + 2u).

So, (z2y3 + 23y2)z3 is the coefficient of u above showing (x2ys + x3y2)2z3 = 0. So,
in this case yzrz = 0. Similarly, if 21 2o but 2|23 then yxz = 0. Hence, in any case,
yxz = 0 showing R is symmetric. Hence, R is symmetric.

case 1 #0 or 71 # 0 and B; # by or v; # a1: Now, assume 31 # 0 or 1 # 0
and that 81 # by or v1 # a3.

Assume a; = 0 and v1 = 1. If ap = 0 then (wv)u = 2uv # 0 and uR(uv) = 0
and if ap = 1 then u(uwv) = 2uv # 0 and (uwv)Ru = 0. Also, u(u + 2ag9) = 0
but uv(u + 2ag) = 2uv. Then R is nonreflexive nonsemicommutative in this case.
Similarly, by = 0 and 8, = 1, R is nonreflexive nonsemicommutative.

Now, if a; =0 = 74, since f1 #0 or 1 # 0 and 51 # by or v1 # a1, by = 0 and
p1 = 1. Similarly, if b =0 = ; then a; =0 and 73 = 1. So,ifa; =0o0r by =0
then R is nonreflexive nonsemicommutative.

Assume a1 = 1 = b;. Without loss of generality, we may assume $; = 1 and
~v1 = 0. Then

(u? + uv + 2bou)R(u +v) = 0
but
(u +v)(u? + uv + 2bou) = 2uv # 0

so, R is nonreflexive in this case. If ag = 0 and by = 1 then

(2+25u+ (u+v)(ut+v) = 2u+2v+26uv+ (u+v)?
= 2u+2v+261uv + 2+ wv + 2u + uv + 261uv + 2v + 2
=0

but (2 + 261u + (u + v))u(u + v) = 2uv # 0, showing R is nonsemicommutative in

this case. Similarly, if ag = 1 and by = 0 then R is nonsemicommutative. Finally,
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we show if ag = by then R is semicommutative. So, to finish, assume ag = by (and
remember a1 = b; = f; = 1 and y1 = 0).

Assume zy = 0. Then

O=zy = ziy1 +2(z2y2 + x3y3) +
(2y1 + 21y2 + 2(23Yy2 + aoTay2 + Tays + T3ya))u +
(z3y1 + 21y3 + 2(aoT3y3 + Tay2 + T2ys))v +
(Tay1 + 21ys + 23Y2 + T2y3 +

2(z3y201 + ao(Taye + T2ys + Tays + T3Ya) + T3Ya)uv.

Similar to previous cases, we can deduce that x1,y1, Toys + 23y2, T2ys + x3y3 € (2).
If 29, 23, Y2, ys € U(Z4) (2 divides none of them) then yy +z1+2(1+ap+z4+ys) =0
and y1 + 21 + 2(ag + 24+ y4) = 0. Adding these equations gives 2 = 0. So, 2 divides
at least one of them. Since zays + T3y, Tay2 + x3y3 € (2), it cannot be the case
that 2 divides exactly one of x3, x3, Y2, y3 nor exactly one of x5, z3 and one of y, y3.
If 2 divides 3 of the four of them then it divides them all. For instance, if 2|xq,
2|lzz and 2|yz then 0 = w3y1 + z1y3 + 2(aor3ys + Tay2 + T2y4) = 1y3 showing
y3 € (2). Without loss of generality we may assume x2, x5 € (2). Then we can also
deduce that x1y2 = 2x4y3 and x1y3 = 2x4y2. Let r = ry + rou + r3v + rquv where

r1,T2,73,74 € Z4. Then xriy = rizy = 0, xryuvy = rqaxiuvy = 0,

Trouy = 7To(Ti1u + 30U + uuvu)y

(
= ro(x1u + z3uv + 24(20 + 2a9uv))y
= ro(x1u+ 2z4v + (2x400 + T3)UV))Y
(

= 1ro(2z4ys + -le?))uv =0
and

r3(21v + Touv + x4uv2)y

xr3vy
= 73(21v + Touv + 14(2u + 2a0uv))y
= r3(z1v + 2z4u + (2z4a0 + z2)uv))y

(

= r3(2z4y5 + x1y2)uv = 0.

So, zry = 0. Hence, if zy = 0, x Ry = 0 showing R is semicommutative. ([l



MINIMAL RINGS RELATED TO GENERALIZED QUATERNION RINGS 99

3. Isomorphism classes

Let
R Zy (u,v)
" (w2 + 2(ay + apu), v2 + 2(by + bov), vu — uv — 2(a + Bru + Y10 + djuv))
where

n=a1 %2 +ag* 20 + b %2> + b2  + a1 %22+ B %22+, x2+6, €N

and R = {R,|0 < n < 255}. Using Mathematica we have identified 21 non-

isomorphic reflexive nonsemicommutative rings in R and 10 non-isomorphic re-

versible nonsymmetric rings in R. By Proposition 2.2 it can be seen that for such

rings in R, a3 = 1. By Theorem 2 in [1] and Theorem 3.1 in [12] these are minimal

rings of their respective types.

Proposition 3.1. The following rings are a subset of R which are non-isomorphic

representatives of each of the isomorphic classes of reflexive nonsemicommutative

rings i R.

Z4{u,v)
(u?,v2,vu—uv—2(14v))
Z{u,v)
(u?,v2,vu—3uv—2(1+v))
Z4{u,v)
(u?,v2+42v,vu—uv—2)
4 Zg{u,v)
(u?,v2+2v,0u—3uv—2)
5 Za(u,v)
(u2?, 0242, 0u—uv—2(1+v))

1
2
3

Za{u,v)

(u?+2u,v242,vu—3uv—2)
Za(u,v)

(u2,v2 vu—uv—2)

Z4(u,v) Za(u,v)

1

(u?,v2 vu—3uv—2) (u?,v242,vu—3uv—2)
Z4{u,v)

(u?,v2+2,vu—uv—2)
Za(u,v)

(u?,v2+42,0u—3uv—2(1+v))
Z4{u,v)

(u?,v2+2,vu—uv—2(1+u))
Za{u,v)

7
8

(u24+2u,v2+2v,vu—uv—2)
Za(u,v)

(u2+2,v2,vu—3uv—2(1+u+v))
Zy{u,v)

(u?,v2+2,vu—3uv—2(14u))
Z4(u,v)

(u?,v2+42(14v),vu—uv—2)
Za{u,v)

A~ N N N N A~ N/~ —~

9
(10

(u?,v2 vu—uv—2(14u+v))
Za(u,v)

(u?,v2 vu—3uv—2(1+u+v))
Za(u,v)

(u?,v2+2(14v),vu—3uv—2)
Za(u,v)
(u?2+2u,v?2+2,0u—uv—2)

)
)
)
)
)
6) Zy (u,v)
)
)
)
)
)

(11

(u?,v242v,vu—uv—2(14v))
Z4{u,v)

(u?+2u,v24+2v,vu—3uv—2)

Proposition 3.2. The following rings are a subset of R which are non-isomorphic

representatives of each of the isomorphic classes of reversible nonsymmetric rings

in R.
1 Z4(u,v)
(u2+2,v242,vu—uv—2)
9 Za(u,v)
(u?4+2,v24+2,vu—3uv—2)
Za(u,v)

Za{u,v)

(u?+2,v242(1+v),vu—3uv—2)
Z4(u,v)

Z4(u,v)

(u24+2(1+u),v2+2(14v),vu—3uv—2)
Za(u,v)

(u?42,v242,0u—uv—2(1+v))

Z4(u,v)

A~ o~ o~~~
w
D D O —

(u2+2(14u),v2+2(14v),vu—uv—2)
Za(u,v)

(u?+42,v242,0u—3uv—2(14v))

(u?+2,v24+2,vu—3uv—2(14+u+v)
Za(u,v)

(u?4+2,v24+2(14+v) ,vu—uv—2)

(u24+2,v24+2,vu—uv—2(14+u+v)
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Here we list the precise isomorphic classes of R (along with the representative
from the list above). The subscripts are listed as a 2-digit hexadecimal so as to
make it easy to read what the precise ring is in the class. This then also shows how

closely related the classes are.

e reflexive nonsemicommutative

(1) {ROAha ROCh, ’ RlEh,a R4Eh }7 <u2’U2’v%:<Z;,U,>2(1+U)>
2 {ROBh ) RODh ) Rth7 R4Fh }7 <u2,v27vfi<31;72>72(1+v)>

3) {Risy,; Rusy, s Rsa,,, Rsc, bz i)

02420, vu—uv—2)

Zs(u,v)
4 {R19h, ) R49h; RSDha R5Bh, }7 (uz,v2+2v,7ju73uv72)

5 {R2Ah7 RSCh ) R3Eha RCEh }; (u27v2+2%}i<f;f3—2(1+v)>

Za(u,v
6 {RQBh ) R8Dh ) R3Fh3 RCFh}a <1L2,U2+2,UU—3UU—2(1+U)>

7 {RQC;H R6Eh7 RSAhj R9Eh }7 <u2’v2+2’%i<ﬁ;}372(1+u)>

Z4(u,v)
9 {R38h ’ R7Ah ’ chh’ RDch }’ (u?,02+4+2(14v),vu—uv—2)

10) {R3o,, R, Rco,, RpD, }, <u27v2+2(?i<$’,1;>u,3w,2>

Z4(u,v)
{RGS;L I’ R7C;L b RQS;L bl RDA}L }7 <u2+2u7v2+27vu_uv_2>

12 {R69h s R7p,,, Rog,,, RpB, }’ (u2+2u,v%i<;,$2—3uv—2>
13 {R08h7R1Ch,R4Ah,R5Eh}’WZ%

02 vu—uv—2)

)
)
)
)
)
)
8) {Ra2p,,, Ror,, Rsp,, Ror, }, <uz,v2+2,f$<_“9,’§3,_2<1+u>>
)
)
)
)
)
)

Za{uw,v) ~ Za(u,v)
R29h ’ R3Dh ’ RGBh ’ R7Fh ) R89h7 R9Dh7 RCB;L ) RDFh }7 W2 02 vu—3uv—2)  (uZ,0242,0u—3uv—2)

(15) {Ras,, Rsc,., Roa,, Rrp,, Rss, Rocy,, Rea,, Rop, b e o raa)
Z4(u,
(16) {RSS’I ’ RGCh ’ RgAh }’ (u2+2u,v2§§vj}3u7uv72>
(17) {Ris,,, Rep,, Ron,,
Za{u,v)

R4Dh ’ RQFh ’ RSFh }’ (u?2+2,v2,vu—3uv—2(1+u+v))

Zau,
(18) {ROEh ) Rth ’ RBEh }7 <u2,v2,vuf4u<va2>(l+u+v)>

Za{uw,v
(19) {ROF}L ? R?’Bh’ RCDh }’ (u2,v2,vu—§1<w’—>2(1+u+v)>
(20) {R1a,,R3a,,Rcc,,
Z4{u,v)

R4Cha R78;,, ) RDBh, }; (2,02 F2v,0u—uv—2(1+0))

Ly (u,
(21) {R59h ’ R79h’ RD9h }’ <u2+2u7v2i<27:,111121,73uv72)
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e reversible nonsymmetric

Za{u,v)
(1) {RA8h,a RBCh ) REAha RFEh, }7 (W2 +2,02+2, vu—uv—2)

Z4<u,v>
2) {Ra9,,RBD,,REB,, RFF, }, 20742, 00=3u0=3)
Za{u,v)
3 {RAA;L 5 RAC,L 5 RBE,L 5 REE,L}, (W2+2,02F2,0u—uv—2(1+v))
Z4<u"u>
4 {RABh ’ RADh’ RBFh ’ REFhr }’ (u?24+2,v242,vu—3uv—2(1+v))

Za(u,v)
b {RB8h ) RE8h ) RFAh ) RFC;,, }7 (W2 42,02 +2(1+v),vu—uv—2)

Z4{u,v)
7 {Rth}’ (u2+2(1+u),vz—i2(1+v),vu—3uv—2>

Z s
8 {RFsh ’ RBAh ’ RECh }’ (u2+2(1+u),v2i<;(;}>+v),'uu7uv72)

Za(u,v)
9 {RAF;L s RBB,L s RED;L }7 (u?+2,v24+2,0u—3uv—2(14+u+v)

)
)
)
)
) {Ros,  Res,, Rrs,s R, b st s
)
)
)
)

Z4{u,v)
(10 {RAE’L}7<u2+2,1)2+2,7ju—uv—2(1+u+v>
4. Generalized Hamilton quaternions over a ring Z,-

In this section we will consider generalized Hamilton quaternion rings which we

define next.

Definition 4.1. For a ring R and a,b € R, the generalized Hamilton quaternion

ring of (a,b) over R is defined as

a,by R(z,y)
R _<x2—a,y2—b,y:c+:z:y>'

We first consider the set of generalized Hamilton quaternion rings over Z4. This

is a subset of the family of rings considered in Section 2. Taking a,b € Z,4 there
are 16 rings. Using Mathematica, the isomorphism classes have been determined
while using Propositions 2.2 and 2.3 the ring types can be deduced. These results

are collected here.

Proposition 4.2. A generalized Hamilton quaternion ring over Zy is local and
there are 16 such rings contained in 7 distinct isomorphism classes. The classes

along with their ring type are

(1) {(%f) }, symmetric

2) { Ozf) 7 (327? , symmetric

) {(%). (%) (&)} symmetric

(4) {(:Z’) , reversible nonsymmetric

(5) {(1241) , (125) , (%41)}, reflexive nonsemicommutative

(6) {(%41) , (124?) }, nonreflexive nonsemicommutative

@ (). (1) () (8) ], novmeteive nonsemicommutatie
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Proof. With a = 2a; + ag and b = 2b; + by where ag, a1, by, b1 € {0,1} C Zy4, from

Section 2, we can deduce that

a, by _ R(z,y)
R ) (22 —a,y? — by + xy)

R(u,v)
(w2 4 2(ay + agu),v2 + 2(by + bov), vu — uv — 2(agb + bou + agv + uv))’
(4.1)
Then the ring types can be determined by Propositions 2.2 and 2.3. O

Next, we determine the ring type of the generalized Hamilton quaternion ring of

(p,p) over Zys i.e. (%) for any s € N and odd prime p.
P

Definition 4.3. For w € (pg’) s.t. w = ag + a1x + aoy + azxy where a; € Z define
lw|| = a§ — pai — paj + p*a3.

The next two results are well-known.

Lemma 4.4. Let w,z € (az’b). Then ||lwz| = ||w|| - ||2]-

Lemma 4.5. Let p be an odd prime. Then the only solutions of the equation

22+ y?> =0 (mod p) are x,y =0 (mod p) if and only if p =3 (mod 4).

The next five lemmas are the keys to the main results which immediately follow
them.

Lemma 4.6. Let p be an odd prime and w = ag + a1z + asy + aszy € (BL). If
|lw|| =0 (mod p?) then plag and pla? + a3.

Proof. Assume ||w|| = 0 (mod p?). Then a2 — p(a? + a3) = |Jw|| = 0 (mod p?)

which implies plag and pla? + a3. O

Lemma 4.7. Let p be an odd prime s.t. p =3 (mod 4) and w = ag + a1z + azy +
aszy € (B2).
(1) If |w|| =0 (mod p?) then ag = a; =az =0 (mod p).

(2) If |w|] =0 (mod p?) then plw.

Proof. First, assume ||w|| =0 (mod p?). By Lemma 4.6, p|ag and p|a? + a3. Since
p =3 (mod 4), by Lemma 4.5, pla; and pl|as.

Next, assume |[w|| = 0 (mod p?). This implies ||w|| = 0 (mod p?), so from
above, plag, plar and plaz. Remember, ||w| = a3 — p(a? + a3) + p*as. Since p|ag,
there exists af, € Z s.t. ag = paf,. Then p|a’ +a%. Since p =3 (mod 4), by Lemma
4.5, plas. a
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Lemma 4.8. Let p be an odd prime and w,z € (020)' Then wz = 0 (mod p) if

and only if zw =0 (mod p).

Proof. Can be verified by direct computation. O

Lemma 4.9. Let p be an odd prime s.t. p =3 (mod 4), s > 2 and w, z € (pip).

Then wz =0 (mod p®) if and only if zw =0 (mod p*).

Proof. First, w =a; + 12+ vy + d1zy and z = ag + Box + Y2y + dozy for some
a1, 81,71, 01, a2, B2, 72,02 € Z. Assume wz = 0 (mod p®). It should be clear that

plar and plas. Note, for a € (B2), if a = 0 (mod p*) then [[a]] = 0 (mod p*).
By assumption wz = 0 (mod p®), so by Lemma 4.4, |[w|| =0 (mod p?) or ||z]| =0
(mod p3) or s =2, ||w|]| =0 (mod p?) and ||z|| =0 (mod p?).

Then by Lemma 4.7, plw, p|z or we have that s = 2 and p|51, p|B2, ply1 and
p|y2. We proceed by induction. Assume s = 2. Assume plw so, w = pw’ for some
w’. Then w'z = 0 (mod p). By Lemma 4.8, zw’ = 0 (mod p) showing zw = 0
(mod p?). Similarly, if p|z, the result holds. Now assume p|31, p|B2, ply1 and p|ye.
Then

0 =wz
=(ay + b1z + 11y + d12y) (aox + Box + yoxy + doxy)
=(a162 + 01a0)xy  (mod p?),
showing a5 + d1as = 0 (mod p?) and so,
2w =(ag + B2 + 12y + S2xy) (a1 + frz + Mizy + d17Y)
E(Oé152 + (51a2):cy
=0 (mod p?).
Now, assume s > 2 and for 2 > k < s, ab = 0 (mod p¥) if and only if ba = 0
(mod p*) for a,b € (BE). Assume w = pw’ for some w' € Z from which we

have w’z = 0 (mod p*~1!). By the assumption then zw’ = 0 (mod p*~!). Finally,
zw = z(pw') = (pw')z = wz =0 (mod p*). Similarly, if p|z the result holds. O

)

Lemma 4.10. Let p be an odd prime, s > 2 and w,z € (B2). If for any r € (BE
wrz =0 (mod p®) then zw =0 (mod p®).

Proof. First, w = a1 + f1x + 71y + d1zy and z = ag + Bax + Y2y + doxy for some
at, B1,71,01, a2, B2,72,02 € Z. Assume for any r € (%) wrz = 0 (mod p®). If

w =0 (mod p®) or z =0 (mod p*) then the result holds so we assume this is not
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the case. Since s > 1, it should be clear that p|a; and p|las. Now,

0 =wz

ay + frx + 11y + hzy) (o + oz + Yoy + d2xy)

(
(crag + B1Bap +117y2p — 8102p°)+
(12 + Praz) 4+ (=7102 + d172)p)a+
(172 + m12) + (=182 + B162)p)y+
((a1d2 + d102) + (=182 + B172))vy  (mod p°)
0 =wzz
=(a1 + f17 + M1y + Szy) (ax + Bop + Y2xy + dapy)
=(aqas + B1B2p — Y172p + 102p% )+
(1 B2 + Braz)p + (1182 — 6172)p° )+
((a172 = maz) + (0182 + B1d2)p)zy+
(@102 = d1a2)p + (1182 + Br72)p)y  (mod p*)

0 =wyz

=(a1y + Brzy + mp + d1pz)(az + oz + 12y + d23y)
(arag = B152p +v172p + 010297 )y +
(a1 B2 + Braz) + (1162 + d172)p)zy+
((a172 + maz)p + (6182 — B162)p* )+
((—a1d2 + d1a2)p + (1182 + B1y2)p)z  (mod p°)
0 =wayz

=(a1zy + Bipy — M1px + 01p%) (a2 + Paz + Y2y + S21y)

(
(a1a0 — B1B2p — Y1y2p + 0162p% )y +
((—a1B2 + Braz)p + (—7102 + 6172)p°)y+
(12 — y102)p + (8182 — Bi62)p?) -+

(

(—a1d2 + 61a2)p® + (—71B2 + B172)p?)  (mod p*)
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Using sums and differences of 4.2, 4.3, 4.4 and 4.5 we can establish the following:
B1Bep =0 (mod p*)

My2p =0 (mod p*)
5109p> =0 (mod p?)
frag +0172p =0 (mod p*) (4.6)
182 +7102p =0 (mod p*)
a1y2 + f1d2p =0 (mod p*)
yiag + 6182p =0 (mod p%)

Note, for a € (B2), if a =0 (mod p®) then [la|| = 0 (mod p**). By assumption
wz = 0 (mod p*), so by Lemma 4.4, ||w| =0 (mod p?) or ||z|| = 0 (mod p?). By
(4.6), p|B1 or p|B2 and p|y1 or p|y2 and if s > 2, p|dy or p|ds.

(1) If pt B2 and pt 2 then by (4.6), p|51, p|y1 and p|d;. Hence, p|w.
(2) If pt B1 and p {1 then by (4.6), p|B2, p|y2 and p|ds. Hence, plz.
(3) Since |[w|| =0 (mod p?) or ||z|| =0 (mod p?),

(a) If p|41 and p|B2 then p|y; or p|y2 by Lemma 4.6.

(b) If p|B1 and p|ys then p|Bs or p|y; by Lemma 4.6.

)

(c) if p|B2 and p|vy; then p|ye or p|S2 by Lemma 4.6.

(d) If p|y1 and p|ys then p|B; or p|B2 by Lemma 4.6.
)

(e) If p divides exactly 3 elements of {81, 82,71,72}, then by (4.6) plw or
plz.
(f) If p divides all 4 elements of {51, B2,71,72} and s > 2, then by (4.6)
plw or p|z.
In any case, plw, p|z or we have that s = 2 and p|1, p|B2, p|y1 and p|y2. From

here the same inductive argument can be used as in the proof of Lemma 4.9. [

Proposition 4.11. Let p be an odd prime and

ZP <J}, y> .
(22,92, yx + zy)

Then R is symmetric.

Proof. Since zyr = —2%y = 0 and yay = —y?z = 0, we see that J(R)3 = 0.
Since R is local, by Proposition 2.4 in [12] we need only show R is reversible. To
that end, let a,b € R\ 0 and assume ab = 0. Since R is local, a nor b is a unit.
So, a = Sz + vy + d1xy and b = Box + 2y + dazy for Bi,71,01, B2, 72,02 € Zp.
Then 0 = ab = (B172 — 7102)xy and so ba = (y182 — B172))xy = 0. Hence, R is

symmetric. (I
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Lemma 4.12. Let s > 1, p be an odd prime and
ZPS <1’7 y>
(x2 = p,y? — p,yx + zY)

Then R is local reflexive nonsymmetric.

Proof. By Lemma 4.10, R is reflexive. Since p*~2(p+xy)y(z+y) = 0 but p*~2(p+
xy)(z +y)y = 2p° " lzy # 0, R is nonsymmetric. O

Proposition 4.13. Let s > 1, p be an odd prime s.t. p=1 (mod 4) and

ZPS <$7 y> ]
(22 —p,y? — p,yx + zy)

Then R is local reflexive nonsemicommutative.

R =

Proof. By Lemma 4.12, R is reflexive. By Lemma 4.5, there exist a,b € Zps s.t.
p1ta, pfband pla® +b% # 0. Then p*~2(az + by)? = (a® + b*)p*~t = 0 and
p*~?(azx + by)z(az + by) = p**(a’px + abpy + abpy — V?px) = (a® — b*)p*~ o +

2abp* 1y # 0. Hence, R is nonsemicommutative. (I

Proposition 4.14. Let s > 1, p be an odd prime s.t. p =3 (mod 4) and

ZPS <J}, y> ]
(22 = p,y? — p,yx + zy)

Then R is reversible and nonsymmetric.

Proof. By Lemma 4.9, R is reversible and by Lemma 4.12 R is nonsymmetric. [J

5. Computational considerations

In this section, the computational considerations are discussed to give insight into
how the isomorphism classes were found in previous sections using Mathematica.
A Mathematica notebook for the code can be found at https://oeis.org/A342305.
In this discussion, the family of rings considered is slightly larger than that con-
sidered in Sections 2 and 3. Let R be a commutative ring with identity and let
a,b,c,d,e, f € R. Throughout this section, we will denote by R(a,b, ¢, d, e, f), the
quotient ring

R(z,y)
(2?2 —a,y? —byr —c—dx — ey — fay)

Note that R(a,b,c,d,e, f) is always generated by the set {1,z,y,zy} and, con-
sequently, it has at most |R|* elements. In the case that it has exactly |R|*, every
element can be expressed uniquely in the form xg+ z1z 4 xoy + x3xy where z; € R,

i.e., it is a free algebra over R. Hence, these rings in this case, can be embedded in
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a standard way into the ring My(R) using right multiplication and the canonical

basis, {1, z,y, zy}. Moreover, given a ring R(a,b,c,d, e, f), we can define

0o 1 0 O 0 0 1 0

a 0 0 0 0 0 1
X = and Y =

c d e f b 0 0 0

ad ¢ af e 0 b 0 O

Then the set of matrices {I;, X,Y, XY} are linearly independent and Y2 = bl in
any case. If X2 =aly and YX = cly +dX +eY + fXY, the set {woly + 21X +
x2Y + 23 XY : z; € R} forms a ring which is then isomorphic to R(a,b,c,d, e, f).

As a consequence, we get the following proposition.

Proposition 5.1. Let R be a ring and a,b,c,d, e, f € R. Then the ring R(a,b,c,d, e, f)
has order |R|* if and only if

0 1 0 0 0 010
1
x_|@ 0 0 0 and V — 0 0 0
c d e f b 0 0 O
ad ¢ af e 0 b 0 O

satisfy the equations X2 =aly and YX =cly +dX +eY + fXY.

In addition to enumerating all the rings of the form R(a,b, ¢, d, e, f), we will also
seek to determine the isomorphism classes. In the cases where |R(a,b,c¢,d, e, )| =

|R|*, we used the following result which can easily be proven using Proposition 5.1.

Corollary 5.2. Let R be a ring, ay,b1,c1,dq,e1, f1,a2,ba,c0,do, €2, fo € R, Ry =
R(ahbhchdluehfl); R2 = R(a27b27027d27€27f2);

0 1 0 0 0 0 1 0
0 0 0 0 0 01
x=|" and Y =
ct di er  fi by 0 0 O
a1d1 C1 aq f1 €1 0 bl 0 0

Assume |R1| = |Rz| = |R|*. Then R1 = Ry if and only if there exist matrices
A, B € {zoly + 21X + 22Y + 23XY : x; € R} satisfying the equations A% = asly,
B? = byl and BA = coly + day A+ eaB + foAB and the set |{xoly + 11 A+ 228 +
r3AB : z; € R}| = |R|%.

Now, we turn to anti-isomorphisms. Recall that two rings R; and R, are anti-
isomorphic if and only if Ry & R5. Hence, in order to be able to use Propo-
sition 5.1 to determine anti-isomorphism classes, we need to describe the ring
R(a,b;, 8,7,0)°P. This is done in the following result.



108 GRAU, OLLER-MARCEN AND SZABO

Proposition 5.3. Let us assume that the rings R(a, b; o, 8,7,0) and R(b, a; o, v, B, 9)
are of order |R|*. Then,

R(a,b;a, 8,7,6)°7 = R(b,a; a7, B,9).

Proof. Since both rings are of order |R|*, they are free R-modules. By their
definition, we can put R(a,b;a, 8,7,9) = {xo + 12 + 22y + 232y : ©; € R}, with
2?2 =a,y? = b,yr = a+ Bx + vy + dzy and R(b,a; a,7, 3,8) = {xo + 217 + 227 +
23T : x; € R}, with 72 = 0,72 = 0,7 = a +7Z + By + 67 y. Now, if we define an
R-module homomorphism ¢ : R(b,a;a,7,5,d) — R(a,b;c, 8,7,9) by ¢(1) = 1,
d(T) =y, oY) = z, ¢(TY) = zy, it is straightforward that it induces the claimed

isomorphism and the result follows. ([

In this situation we get the following corollary, which does not require any proof.
It implies that, once when know the isomorphism classes of our family of rings, we

also know the anti-isomorphism classes.

~

Corollary 5.4. Let us assume that the rings R(a, b; «, 8,7,0) and R(a,& Q, 37 7,9)

are of order |R|*. Then, they are anti-isomorphic if and only if

-~

R(a,b; @, 3,7,0) = R(b, a; a, 7, B, ).

Algorithm 1 Isomorphy Test
1: Let Ry = R(a,b,, 3,7,0); Ry a ring of order |R|*
2: Let Q(a) ={X € Ry : X? =a} = {X1, X2,..., Xpn}
3. Let Qb)) ={X € Ry : X2 =b} = {V1,Ys,...,Y,,}
4: fori=1,2,...n do
5
6

for j=1,2,...m do
if V;X;=a+8X;+7Y;+6X;Y;and| < I,X;,Y;,X;Y; >|=|R*
then
T return True
8: end if
9: end for
10: end for

11: return False

Sometimes it is easy and fast to check that two rings are not isomorphic, just
by verifying that certain equations have a different number of solutions in each
ring. However, this approach fails in many cases, for example when the rings are

anti-isomorphic but not isomorphic. In such situations it is necessary to resort
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to the algorithm above. This is also the case if we want to prove that two rings
are isomorphic. The computational complexity of this test is easily seen to be
of order O(n®), and hence it can only be used for moderately low values of n.
The reflexibility, reversibility, semi-commutativity and abelianity tests are also of
complexity O(n®). The symmetry test is of even higher complexity, O(n'?), since
the definition of symmetry involves 3 elements.

In the case R = Z4, Algorithm 1, allows to determine that there are 97 isomorphic
classes of this family and there are 88 in the family considered in Sections 2 and 3.
The extra 9 classes that were not part of our main analysis were either nonabelian
or nonreflexive and nonsymmetric.

Algorithm 1 has also made it possible to find numerous interesting examples

using other coefficient rings. Some results are given in the following table.

R isomorphic . .- non-auto- reversible reﬂexive' abelian
classes anti-isom. nonsymm. nonsemicomm.

Fo 3 1 0 0 0

Fs 13 5 2 0 0

Fy 4 1 0 0 0

Zy 97 9 4 10 21

Fs 14 5 2

Fr 15 5 2

Fg 5 1 0

Zs 624 29 16 34 166

Fy 16 5 2 0 0

Zg 67 13 28 5 9

In all cases except for Zg in the table, all non-auto-anti-isomorphic rings are

nonreversible. In the Zg case, there are 8 reversible non-auto-anti-isomorphic rings.

6. Conclusions and challenges

In this work we have presented some novel examples of minimal reversible non-
symmetric rings and minimal abelian reflexive nonsemicommutative rings. Few
such rings have been previously presented and finding them without computational
aids is indeed a very hard task. Our computational approach has allowed us to
find 10 new minimal reversible nonsymmetric rings and 21 new minimal abelian
reflexive nonsemicommutative rings. In addition, our computations allowed us to
find examples of characteristic p? for p = 2,3,5 that led us to conjecture, and

then prove, the existence of other examples of characteristic p® for any prime and
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s > 2. To close the paper, we propose some challenges related to this work that

will hopefully foster further research.

e Find new examples of minimal nonsymmetric reversible (or abelian reflexive
nonsemicommutative) rings of characteristic 2.

¢ Find some minimal reversible nonsymmetric (or abelian reflexive nonsemi-
commutative) rings of characteristic 8, 16 and 32; or prove that such rings
do not exist.

e In [9], an example of a 13-dimensional reversible nonsymmetric K-algebra
(K afield) was given. Does there exist a family of reversible nonsymmetric
K-algebras of lesser dimension? Similarly, in [1], Example 4.2 is a 12-
dimensional abelian reflexive nonsemicommutative Fo-algebra. Replacing
Fy with K will be a K-algebra of the same type. Does there exist a family

of reflexive nonsemicommutative K-algebras of lesser dimension?
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