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Makine 6grenmesinin bir kolu olan denetimsiz 6grenme problemlerinde kullanilan kiimeleme algoritmalari, veri noktalarini benzer
ozelliklere sahip olan gruplara ayirmak i¢in veri noktalar1 arasindaki uzakliklari 6l¢en bir uzaklik fonksiyonu kullanir, ve bu, standart
durumda Oklid uzaklhigidir. Bununla birlikte en sik kullanilan kiimeleme algoritmalarindan k-ortalamalar (k-means) kiimeleme
algoritmasinda Oklid uzaklig1 yerine farkh uzakhk fonksiyonlar1 kullanilarak elde edilen sonuglarin karsilastirildigi [1],[2] gibi
calismalar mevcuttur. Bu calismada ise Spektral kiimeleme algoritmasi farklh uzaklik fonksiyonlar: ile ele alinarak sonuglar
degerlendirilmistir. K-ortalamalar algoritmasinin basarili sekilde ayiramadigi veri kiimeleri tercih edilmis ve spektral kiimeleme
algoritmasinda Oklid uzakhiginin yani sira farkh uzaklik fonksiyonlari da kullanarak daha iyi bir kiimeleme yapilip yapilmayacagi
incelenmistir.

Anahtar Kelimeler: Denetimsiz Ogrenme, Spektral Kiimeleme, Uzaklik Fonksiyonlari

Abstract

Clustering algorithms used in unsupervised learning problems, which is a branch of machine learning, use a distance function that
measures the distances between data points to separate data points into groups with similar characteristics, and this is known as the
Euclidean distance in the standard case. However, there are studies such as [1] and [2] in which the results obtained by using different
distance functions instead of Euclidean distance in the K-means clustering algorithm, which is one of the most frequently used
clustering algorithms, are compared. In this study, the Spectral clustering algorithm is handled with different distance functions and
its results are evaluated. The datasets that the k-means algorithm could not separate successfully were preferred and it was examined
whether a better clustering could be made by using different distance functions in addition to the Euclidean distance in the spectral
clustering algorithm.
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EXTENDED ABSTRACT

Introduction Spectral Clustering algorithms and six different distance

Spectral Clustering is a method used to categorize points with functions.

similar characteristics on a graph. This technique relies on
mathematical concepts such as graph theory and linear algebra
to sort points based on their proximity relationships in the graph.

The Spectral clustering method utilizes a Laplacian operator to
determine the positions of points in a graph. This operator
examines relationships among points and represents them as a
matrix. Subsequently, the eigenvectors corresponding to the
smallest eigenvalues of this matrix are calculated, and these
eigenvectors are employed to partition the points in the graph
into groups with similar characteristics.

Materials and Methods

In this study, the impact of different distance functions on
Spectral Clustering is explored by considering three different
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Spectral Clustering Algorithms:

Three algorithms were employed: the unnormalized Spectral
Clustering Algorithm,” "Shi & Malik's" normalized Spectral
Clustering algorithm, and "Ng, Jordan & Weiss's" normalized
Spectral Clustering algorithm. The difference between these
algorithms lies in the Laplacian matrices used. The Laplacian
matrices used in these algorithms are given as follows:

L=D-W 1
Ly = DL =1-D'Ww )
Lsym = D™Y/2LD~1/2 3)

The steps of the algorithms to be used are as follows [3]:
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Input: Similarity matrix S € R™", number k of clusters to
construct.

Step 1. Construct a similarity graph

Step 2. Compute the Laplacian matrix

Step 3. Compute the first k eigenvectors uq,u, ...,u; (the
eigenvectors corresponding to the smallest k eigenvalues).

Step 4. Let U be the matrix containing the vectors uy, u,, ..., uy as
columns.

Step 5.Fori = 1, ...,nlet y; € R* be the vector corresponding to
the i -th row of U. Cluster the points (y;);=1., with the k-
means algorithm into clusters C;, C,, ..., Cy

Output: Clusters 4y, ..., A, with 4; = {j | y; € C;}
Distance Functions:

The study employs six different distance functions:

Euclidean Distance, Manhattan Distance (Cityblock), Chebyshev
Distance, Canberra Distance, Cosine Distance, Bray-Curtis
Distance.

Results

Six distinct distance functions, as defined in section 2.2, are
employed to assess clustering performance. The "Silhouette

score," rooted in [4], evaluates the adequacy of clustered data
within clusters, with a score ranging from -1 to +1.

A score close to 1 signifies well-clustered data. Results reveal that
the Canberra distance function produced the lowest score across
all three datasets, while the Manhattan (Cityblock) distance
function consistently achieved the highest clustering success.

Conclusion

This study explores the consequences of employing different
distance functions, departing from the standard Euclidean metric
in spectral clustering, on clustering across three datasets and six
distance functions. While the Canberra distance function resulted
in the lowest score, the Manhattan (Cityblock) distance function
consistently achieved the highest clustering success.

To provide a more comprehensive perspective, expanding the
comparison to include additional distance functions and datasets
is recommended. Furthermore, a detailed exploration into the
theoretical reasons behind the superior or inferior performance
of various distance functions would significantly contribute to
advancing this field.

1. Giris

Spektral kiimeleme, bir grafikteki noktalar1 benzer o6zelliklere
sahip gruplara ayirmak i¢in kullanilan bir ydntemdir.

Bu yontem, grafikteki noktalarin komsuluk iligkilerine gore
gruplandirilmasin1 saglar ve bu gruplara ayirma islemini
gerceklestirilirken, graf teorisi ve lineer cebir gibi matematiksel
kavramlar1 kullanilir.

Spektral kiimeleme yontemi, grafikteki noktalarin konumlarini
belirlemek i¢in bir Laplasyen operatdrii kullanir. Bu operator,
noktalar arasindaki iligkileri inceler ve bunlar1 bir matris olarak
gosterir. Daha sonra, bu matrisin en kiiciik 6zdegerlerine karsilik
gelen 6zvektorler hesaplanir ve bu 6zvektorler, graftaki noktalari
benzer 6zellikleri olan gruplara ayirmak i¢in kullanilir.

2. Materyal ve Metot

Bu c¢alismada farkli uzaklik fonksiyonlarinin spektral
kiimelemeye etkisi incelenirken ii¢ farkli spektral kiimeleme
algoritmasi ve 6 farkl uzaklik fonksiyonu ele alinmistir.

2.1. Spektral Kiimeleme Algoritmalari

Bu ii¢ veri kiimesi ve farkli uzaklik fonksiyonlar1 kullanilarak,
“Normalize Edilmemis Spektral Kiimeleme Algoritmasi” ile “Shi &
Malik'in” ve “Ng, Jordan & Weiss'in” normalize edilmis spektral
kiimeleme algoritmalar1 olmak iizere ii¢ farkli algoritma ile
kiimelenerek sonuglar karsilastirilmistir. Bu algoritmalar
arasindaki fark kullanilan Laplasyen matrislerin farkli olmasidir.
Bu algoritmalarda kullanilan Laplasyen matrisler sirasiyla
asagida verilmistir;

L=D-W (1)
Ly = DL =1—-D'w (2)
Lsym = D™Y2LD™1/2 (3)

Burada W agirlik matrisi, D derece matrisidir.

Kullanilacak algoritmalarin adimlar ise su sekildedir [3]:
Girdi: S € R™ " benzerlik matrisi, k kiime sayisi olsun.

1. Adim: Benzerlik grafini olusturma

N

Adim: Laplasyen matrisini hesaplama

3. Adim: Laplasyen matrisin en kii¢iik ilk k 6zdegerine karsilik
gelen uq, u, ..., u; 6zvektorlerini hesaplama

4. Adim: Siitunlari uy, ..., u, olan U € R™¥ matrisini olusturma.

5. Adm:i=1,..,n i¢in y; € R¥, U matrisinin i.satira denk

Cy, Cy, ..., C biciminde kiimeleme.
Gikti: Ay, ..., Ay kiimeleri dyle ki 4; = {j | y; € C;}
2.2. Uzaklik Fonksiyonlari
Calismada kullanilan 6 farkhh uzaklik fonksiyonu asagida

verilmistir:

x,y € R™ i¢in Oklid (Euclidean) uzakhg:

n
d00y) = | (= y)? @
i=1
x,y € R™ icin Manhattan uzaklig1 (Cityblock):
n
d0ey) = ) ki =y ®)
i=1
x,y € R™ i¢in Chebyshev Uzakhig:
dur (3, ) = maxlx; - yil ©)
x,y € R™ icin Canberra uzaklig:
—yn oyl
dcan (x, y) = 4i=1 i+ vl (7)
x,y € R™ icin Cosine uzaklig:
n
deos(x,y) =1— o1 T (8
1, g xf 4’ e vE
x,y € R" i¢in Bray-Curtis uzakhg:
Yiza 1% — il
diray (6,Y) = S0 ©)

m, G +y)
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3. Bulgular

Bu kisimda tg¢ veri kiimesi 2.1.'de agiklanan ti¢ Laplasyen matris
(L, Lsym, Lyw) kullanilarak spektral kiimeleme algoritmasi ile
kiimelenirken 2.2’de tanimlanmis olan 6 farkhh uzaklik
fonksiyonu kullanilmistir. Kiimeleme basarisini dlgmek icin,
kiimelenen verilerin bulundugu kiimedeki uygunlugunu bulmak
icin gelistirilen ve temeli [4] makalesine dayanan "Silhoutte
skoru” kullanilmistir. Bu deger, -1 ile +1 arasinda degismekte
olup degerinin 1'e yakin olmasi verilerin iyi kiimelenmis
oldugunu gosterir.

3.1. Noisy Moons Veri Kiimesi:

Bu veri kiimesi i¢ ice iki ay seklinden olusmaktadir. K-means
algoritmasi bu kiimeyi asagidaki gibi kiimelemektedir:

190

Le 65

Sekil 1. Noisy moons veri kiimesinin k-means ile kimelenmesi
(Silhoutte skoru: 0.481737)

Figure 1. Clustering of noisy moons dataset with k-means
(Silhoutte score: 0.481737)

Bu veri kiimesi i¢in en kotii sonucu veren kombinasyon Canberra
- L kombinasyonu olmustur;

Figure 3. Cityblock - Lgy,, combination for the noisy moons
dataset (Silhoutte score: 0.99999)

3.2. icice Cember Veri Kiimesi:

i ice iki cemberden olusan bu veri setini k-means algoritmasi
asagidaki gibi kiimelemektedir:
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Sekil 4. i¢c ice cemberler veri kiimesinin k-means ile
kiimelenmesi (Silhoutte skoru: 0.291660)

Figure 4. K-means result on the nested circles dataset
(Silhoutte score: 0.291660)

Goriildigi gibi k-means ile kiimeleme yapildiginda iki cember iki
ayr1 kiime olarak kiimelenmemistir.

Spektral kiimeleme kullanildiginda ise asagidaki sonuglara
ulasilmistir:

En kot sonucu veren kombinasyon Canberra -
L, kombinasyonu olmustur;
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Sekil 2. Noisy moons veri kiimesi L

kombinasyonu (Silhoutte skoru: 0.81479)

icin Canberra

Figure 2. Canberra - L combination for the noisy moons dataset
(Silhoutte score: 0.81479)

En iyi sonucu veren kombinasyon ise Cityblock
kombinasyonu olmustur:

Lsym

oon %0008,

Sekil 3. Noisy moons veri kiimesi icin Cityblock - Lgy,n,
kombinasyonu (Silhoutte skoru: 0.99999)
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Sekil 5. I¢c ice cemberler veri kiimesi icin Canberra - L,,
kombinasyonu (Silhoutte skoru: 0.658868)

Figure 5. Canberra - L,,, combination for the dataset of nested
circles (Silhoutte score: 0.658868)

En iyi sonucu veren kombinasyon ise Cityblock Lyw
kombinasyonu olmustur:
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Sekil 6. I¢c ice cemberler veri kiimesi icin Cityblock - Ly,
kombinasyonu (Silhoutte skoru: 0.99999)

Figure 6. Cityblock - L,.,, combination for the dataset of nested
circles (Silhoutte score: 0.99999)
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3.3. Giilen Yiiz Veri Kiimesi:

Bu veri kiimesini k-means algoritmasi asagidaki gibi
kiimelemektedir:
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Sekil 7. Giilen yiliz veri kiimesinin k-means ile kiimelenmesi
(Silhoutte skoru: 0.8605798)

Figure 7. Clustering of smiley face dataset with k-means
(Silhoutte score: 0.8605798)

Bu veri kiimesi icin en kotii sonucu veren kombinasyon Canberra
- Lgym kombinasyonu olmustur;
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Sekil 8. Gillen yiiz veri kiimesi i¢in Canberra
kombinasyonu (Silhoutte skoru: 0.7969235)

Lsym

Figure 8. Canberra - Ly, combination for the smiley face dataset
(Silhoutte score: 0.7969235)

En iyi sonucu veren kombinasyon ise Cityblock Ly
kombinasyonu olmustur:
1] 'W“
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Sekil 9. Giilen yiiz kiimesi icin Cityblock - L,,, kombinasyonu
(Silhoutte skoru: 1.0)

Figure 9. Cityblock - L,, combination for smiley face dataset
(Silhoutte score: 1.0)

Sonug olarak spektral kiimeleme algoritmasi kullanilarak yapilan
kiimelemede Canberra uzaklik fonksiyonu ti¢ veri kiimesinde de
en kotii skoru vermis, Manhattan (Cityblock) uzaklik fonksiyonu
ise ii¢ veri kiimesinde de en iyi kiimeleme basarisina ulagsmistir.

Bu ii¢ veri setinin ii¢ Laplasyen matrisi ve 6 uzaklik fonksiyonu
kullanilarak kiimelenmesi sonucunda elde edilen kiimelenmis
verinin Silhoutte skorlar1 toplu olarak asagidaki tablolarda
verilmistir:

Tablo 1. Noisy moons veri kiimesi i¢in elde edilen sonuglar (Silhoutte skorlar)

Table 1. Results obtained for the noisy moons dataset (Silhoutte scores)

Uzaklik Fonksiyonu L Lsym Ly
Bray Curtis 0.9831515545901125 0.9663808194002818 0.9831515545902012
Canberra 0.8147888416594591 0.8262316211390218 0.8315216020471056
Chebyshev 0.9783271990057654 0.980107386167194 0.9783271990057086
Cityblock 0.9756451258744877 0.9999999999999978 0.9756451258744733
Cosine 0.9589796777387939 0.9498972746091934 0.9155276577911508
Euclidean 0.9999999971441901 0.9999999964387821 0.9999999974217948
Tablo 2. i¢ ice cemberler veri kiimesi i¢in elde edilen sonuglar (Silhoutte skorlari)
Table 2. Results obtained for the nested circles dataset (Silhoutte scores)
Uzaklik Fonksiyonu L Lsym Ly
Bray Curtis 0.9999999999999009 0.8384318920094864 0.9999999999999247
Canberra 0.6887746900032858 0.6712992342698152 0.6588678674039116
Chebyshev 0.9999999999999787 0.9999999999904378 0.9999999999999604
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Cityblock 0.9999999999999719 0.9999999999999792 0.9999999999999989
Cosine 0.997592801363221 0.9774739853603731 0.9822451540571193
Euclidean 0.9999999964142926 0.9999999977729033 0.9999999963393109
Tablo 3. Giilen yiiz veri kiimesi i¢in elde edilen sonuglar (Silhoutte skorlar1)
Table 3. Results obtained for the smiley face dataset (Silhoutte scores)
Uzaklik Fonksiyonu L Leym Ly
Bray Curtis 0.9999999999999711 0.9999999999999964 0.9999999999999972
Canberra 0.8031440281569725 0.7969235362610836 0.8081768659048145
Chebyshev 0.9999999999999962 0.9999999999999966 0.9999999999999974
Cityblock 0.9999999999999987 0.9999999999999964 1.0
Cosine 0.9914484450993188 0.9901801064498377 0.9901801064498377
Euclidean 0.9999999984402748 0.9999999976211893 0.9999999975880882
4. Sonuclar Kaynaklar

Bu calismada spektral kiimelemede standart olarak kullanilan
Oklid metrigi yerine farkli uzaklik fonksiyonlarinin alinmasinin
kiimelemeyi nasil etkiledigi li¢ veri seti ve 6 uzaklik fonksiyonu
lizerinden incelenmistir.

Canberra uzaklik fonksiyonu ti¢ veri kiimesinde de en kotii skoru
vermis, Manhattan (Cityblock) uzaklik fonksiyonu ise ti¢ veri
kiimesinde de en iyi kiimeleme basarisina ulasmistir.

Karsilastirilan uzaklik fonksiyonlarinin ve veri setlerinin sayisi
arttirillarak daha iyi bir bakis acgis1 kazanilabilecektir. Farkl
uzaklik fonksiyonlarinin neden daha iyi ya da daha kotii sonug
verdiginin teorik olarak agiklanmasi ise bu alana biiyiik katki
saglayacaktir.

Etik kurul onay1 ve ¢ikar ¢catismasi beyani
Hazirlanan makalede etik kurul izni alinmasina gerek yoktur.

Hazirlanan makalede herhangi bir kisi/kurum ile ¢ikar ¢atismasi
bulunmamaktadir.

Yazar katkilarinin beyani

Bu c¢alisma birinci yazarin danismanligindaki ikinci yazarin
“Spektral Kiimeleme ve Farkli Uzaklik Fonksiyonlarinin Spektral
Kiimelemeye Etkisinin incelenmesi” bashkl yiiksek lisans
tezinden tretilmistir.

Fikir olusturma ve teorik alt yapinin kurulmasinda 1. yazar,
Python ile analizlerin gergeklestirilmesi ise 2. yazar tarafindan
gerceklestirilmistir. Bu baglamda yazarlar c¢alismaya farkl
yonlerden esit oranda katki saglamislardir.
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