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been recently studied by Gokge and Sarigdl [1] and A is one of the well-known spaces
€0,¢,1w,14(g > 1). Also, we obtain necessary and sufficient conditions for each matrix
in these classes to be compact establishing their identities or estimates for the Hausdorff
measures of noncompactness.

1. Introduction

The summability theory is one of the most important field in mathematics specially analysis, applied mathematics, engineering sciences,
quantum mechanics and probability theory, therefore, it has been chosen as the subject of study by many authors. The theory of sequence
space, which is one of the main topics of the summability theory, is mainly about generalizing the concepts of convergence-divergence
for sequences and series. In this context, the primary aim is to assign a limit value for non-convergent sequences or series by using a
transformation given by the most general linear mappings of infinite matrices. So, several studies can be traced in the literature dealing with
characterization of matrix transformation between special sequence spaces. To mention few of them are [2-6]. On the one hand, from a
different perspective, using the notion of absolute summability, a lot of new spaces of series summable by the absolute summability methods

and ‘E’ ,‘E’)
) ([l [

,A) have been characterized with operator norms,

.
Ey

’

have studied and introduced by authors (see [1,7-14]). In recent paper [1], the infinite matrix classes (‘E,’l

,A) and (|,
q

where ] <g<wand A € {c, €05 loo, lq}. Besides, establishing their identities or estimates for the Hausdorff measures of noncompactness,
the necessary and sufficient conditions for each matrix in these classes to be compact have been investigated .

have been investigated. In the present paper, the matrix classes (‘E,:

A linear subspaces of , the set of all sequences of complex numbers, is called a sequence space. Let A,I" be any subspaces of @ and
U = (upy) be any infinite matrix of complex components. The transform of a sequence 8 = (§,) € o is the sequence U(8) deduced by the
usual matrix product and its terms are written as

Un(é) = Z ”11j6j7
=0

provided that the series converges for all n > 0. Then, U is called a matrix mapping from the space A into the another spaces I, if the
sequence U (8) exists and U(6) € I for all 6 € A. The collection, containing all such infinite matrices, is denoted by (A,T).

A triangle matrix U is given as up, 7# 0 for all n and u,; = 0 forn > j.

The concept of domain of an infinite matrix U in the A is described by

Ay =1{8=(8)cw:U(&) eA} (1.1)
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and also the B-dual of the sequence space A is given by the set

AP = {y : Z vy 0, converges for all § € A} .
v=0

If A C w is a Frechet space that is a complete locally convex linear metric space, on which all coordinate functionals r,(8) = §, are

continuous for all n, then it is said to be an FK space; an FK space whose metric is given by a norm is called a BK space.

BK-spaces have a significant role in summability theory. For instance, the matrix operators between BK-spaces are continuous and when A is

a BK-space, the matrix domain Ay is also a BK-space, and also its norm is given by

181la, = 1U(8)lla-

A BK-space A D ¢ is said to have AK property if, for all sequence 8 = (8,) € A, there is a unique representation § = ¥, 8,e(") where (e(*))
v=0
is the sequence whose only nonzero term is 1 in v-th place for v > 0 and ¢ is the set of all finite sequences. For example, while the space /.

does not have AK property, the sequence space I, has AK property in respect to its natural norm where g > 1.

Let A and I" be two Banach spaces. The set of all continuous linear operators from A into I' is represented by %(A,T") and, for U € (A1),
the norm of U is stated by

U]l = sup [[U(8)]r-
SESA

If y e wand A D ¢ is a BK-space, then

Y yide

k=0

[¥l3 = sup
SESA

I

and it is finite for y € AP, Here, S, is the unit sphere in A.

Throughout this study, u = (u,) is any sequence of positive real numbers, U = (u,;) be an infinite matrix of complex components for all
n,j > 0and ¢g* is the conjugate of ¢, thatis 1/¢g+1/¢* =1forg > 1,and 1/¢g* =0 for g = 1.

Let Y & be an infinite series with partial sums s, and (i) be a sequence of positive terms. The series Y 6, is said to be summable |U, ;|
1 < g < oo, if (see [15])

q’

Y 1l U () = Up1 ()19 < o5, (1.2)
n=0

where U_; (s) = 0.

Point out that the method includes certain well known methods. For instance, for Cesaro matrix with i, = n and the weighted mean matrix,
it reduces to the absolute Cesaro summability due to Flett [7] and the absolute weighted summability given by Sulaiman [6], respectively.
For more applications, we refer readers to ( [1,8-10, 12]).

Also, if we choose the Euler matrix E” = (e},;) instead of U, the summability |U, u,
of order r. Here the terms of the matrix E" = (e/,) is given by

is reduced to the absolute Euler summability |E", u,

ly lg

;o ('i')(l—r)”*"r"7 0<i<n
“ni = 0, i>n
foralln,i>0and 0 < r<1,[I].
The spaces of all series summable by the methods [E”, ity |, , 1 < g <o, and |E”, i,
as follows:

have recently been introduced by Gokge and Sar1g6l [1]

|oo

=

- {6 —3): Y T (@)()] <w}
n=1

Bl|, = {5 @) suplr () 9)] <=
where Tij (¢)(6) = & and

@®) = mT L ()i, (13)

Also, with the notation of domain, we can state ‘E ,’L v j

. (Ig)1r(q) and ‘Eﬁ,q‘w = (lo)7r(q), if we define the matrix T"(q) = (1, ;(q)) by

ron L=t 1<i<n
lni(q)_ 0 i>ln

The inverse transformation of 7, (¢) can be written as

no -1 .
5=y (1 -1 o), o

i=1

[1].

Now, we list some known lemmas:
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Lemma 1.1 ([1]). Let 1 < g < . The spaces ‘E,:

. and Eﬁ"q’m are BK-spaces with the norms ”6H|E,’l|q = ||Tr(q)(5)||lq and HSH‘ELJ;L =

IT"(q)(8)llo- Also, these are linearly isomorphic to the space l; and lu, respectively.
Lemma 1.2 ([16]). The following statements hold:

1. U € (I,c) iff (i) limuy,j exists for all j > 0, (ii) sup |u, ;| < oo,

" n,j
€ (I, L) iff (ii) holds.
2. If1 < q < oo,then,U € (ly,c)if and only if (i)holds, (iii) sup ¥ |unj|7 < o,
n j=0
U € (Ig,1e)iff (iii) holds.
3. U e (l,cp) iff (iv) limu, ; = 0 for all j >0, (ii) hold.
n
4. If 1 < g <oo,then,U € (ly,co) iff (iii) and (iv) hold.
5. U € (I, ) iff (i) holds, (v) ¥ |upj| < eo uniformly in n,
j=0

U € (loo, loo) iff (vi) sup Y, |uyj| < ee.
n j=0

6. U € (leoyco) iff (vii) lim ¥ [1tyj] = 0.
n j:0

o q
7. If 1 < p <oo, then U € (lo,ly) iff (viii) sup ¥, < oo,

K n=0

Y Un j
kekK

Lemma 1.3 ([17]). Let 1 < g < oo. Then, U € (1) iff

n=0

o 1/p
U1l 1, = su,p{ Y !unj!q} < oo,
J

Lemma 1.4 ([16]). Let 1 < q < oo. Then, U € (I,,1) iff

7 1/q*

o

U, 1) = sup
(e NexT jgb

.
Y unj

neN

< oo

where ¥ stands for the collection of all finite subsets of N.
It is difficult to apply Lemma 1.4 in applications. The following lemma presents to us an equivalent applicable norm.
Lemma 1.5 ([18]). Let 1 < g < oo. Then, U € (Iy,1) iff

«y 1/q*

P . q
Wiy -1 3 (z |un,fr) e

Jj=0 \n=0

Since HUHU(’J) < HU”(I{,J) < 4||U||(lq,l) , there exists § € [1,4] such that ”UH(lml) =¢ HU”(I,,,Z)-

Using the Hausdorff measure of noncompactness y introduced in [19], characterizations of compact operators on great number of sequence
spaces are investigated by many researchers. For instance, to characterize the class of compact operators on several spaces, the Hausdorff
measure of noncompactness method have been used by Malkowsky and Rakocevic in [20], Mursaleen and Noman in [21, 22], (see
also [1,23-26]).

Let (A,d) be a metric space and Q be a bounded subset of A. Then,  and the number

x(Q) =inf{e > 0: Q has a finite £ —netin A}

are called the Hausdorff measure of noncompactness and the Hausdorff measure of noncompactness of Q, respectively.
Suppose that S is a linear operator between the Banach spaces A and I" such that S : A — I'. Then, it is said that § is compact if its domain is
all of A and, for every bounded sequence (J,) in A, the sequence (S(5,)) has a convergent subsequence in I".

Lemma 1.6 ([27]). Let Q C A be a bounded set where A is one of the normed spaces co or lg for 1 < q < eo. If R, : A — A is the operator
defined by R:(y) = (yo,¥1,.--¥r,0,0,...) forall y € A, then

x(Q) = lim (Sup I(IRr)(y)|> :
5eQ

Let 1, x> be Hausdorff measures on A and I. If S(Q) is a bounded subset of I and there exists M > 0 such that x; (S(Q)) < My (Q) for
each bounded subset Q of A, then the linear operator S : A — I is called (1, x2)- bounded. If an operator S is ()1, X2 )- bounded, then the
number

81l ¢, o) =1nf{M > 0: %2 (S(Q)) < My (Q) for all bounded sets Q C A}

X122

is called the ()1, x2)-measure noncompactness of L. Also, in case of | = x» = ¥, itis written by |[S|, ., = [IS][, -
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Lemma 1.7 ([28]). L€ #(A,T) and S = {3 € A: ||8]| < 1} be the unit ball in A. Then,
811, = x (5 (S5))

and
S is compact < ||S||, = 0.

Lemma 1.8 ( [29]). Let T = (tny) be an infinite triangle matrix, A be a normed sequence space and Xr and Y stand for the Hausdorff
measures of noncompactness on Ma, and My, the collections of all bounded sets in At and A, respectively. Then, x7(Q) = x(T(Q)) for
each Q € My, .

Lemma 1.9 ([22]). Let A =l or A D ¢ be any BK-space with AK property. If U € (A,c¢), then
r}g{}ounk = A exists for all k,
A= (M) € AP,
sup [Un — Ay <=

lim U,(8) = Z A Oy for each & = (&) € A.

n—oo =0

Lemma 1.10 ( [22]). Let A D ¢ be a BK-space. Then,
(a) IfU € (A, cq), then

1Lyl = lim <i‘i€‘|Un|‘A> :
(b) If the space A has AK or A=l and U € (A,c), then

1

—lim [ sup ||U, =4[5 | < ISull, < i Uy — A

5 lim (gl n A> < lISully < lim (fg;ll w—AllA
)

where A = () defined by A, = ILm Uk, for alln € N.
n—seo
(¢) If U € (A,lw), then

0< 50, < fim (supli3).
*° \n>i

2. Matrix and Compact Operators on the Spaces |E}, \q and |E}, |

In this part of the study, firstly, by computing operator norms we obtain some characterizations of infinite matrix classes (

(I
u
matrix in these classes to be compact establishing their estimates or identities for the Hausdorff measures of noncompactness.

.
Ey

, A) and
q

,A), where A is one of the spaces ¢, ¢, lw,l; and 1 < g < eo. Moreover, we search the necessary and sufficient conditions for each

Lemma 2.1. Let 1 < g < . Then,
()10 = ()  {
(i) i u = () € {

B
} | then, {9 = (lZ\(;q)) € ly forall § €
q

Er
'uq

E }B, then, i) = (@) € L. for all § € |E],

(i) If u = (uy) € { E;,q’m}ﬁ, then, @9 = (@\7) € I for all § € Eﬁg’m

and the equality
Y wdv=Y a?y, @1
v=0 v=0

holds, where y = T"(q)(98) is T"(q)-transformation sequence of the sequence 8 = (5,) and

! = Hvil/q* Yy <n B 1) (r— l)"ivr’"un,ﬁéq) = up.

n=v \V 1

.
Ey

B
} . Considering (1.4) the equation (2.1) is obtained immediately. Also, it follows from Theorem 1.29
q

-

As (ii) and (iii) can be proved with similar lines, these parts are left to reader. O

Proof. (i) Letu= (u,) € {

Ey

in [30] that a9 e Iy~ whenever u € {
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b B
Lemma 2.2. Let 1 < g < oo. Then, we have ||ul|{,,, = HIZ@H Sforallue f ullier = Hﬂ( I forall ue { f } and
|Eu‘q Igx q |Eu‘ L
* _ B
ey, =} soratte {{egd]
p B
Proof. Take u € { Ej } . Since I = I+, we get i e lg+. Also, it follows from Theorem 1.29 in [30] and Lemma 2.1 that
q
||ue H‘E,| = sup = sup Z”V Yy —H D =z .
yESI, |v= ly Ly
|Eu‘ !
q
B B - .
Foru € { E ﬁ } and u € { E L’q’ } , the proofs are similar, so the proofs are omitted. O
Theorem 2.3. Let 1 < g < co. Further, let W = (w,,;) be a matrix satisfying
1/q* 1l n—1 I
w7y ) a g 22)
i=1

Then, U € (A,

"l‘ ) equals toW € (Aly), and U € (A, Eﬁq’ ) if and only if W € (A, lw).
q ’ =)

Proof. Let take A € A. Then, considering (2.2) it can be written that
1 n—1 _ >
Z wnj8; = /q Z (v— 1)(1 -V Z ujy8;,
v=1 Jj=0

which implies that W, (8) =T,/ (¢)(U(8)). This shows that U,(5) € ‘E,:

the first part of the proof of the theorem.
The remaining part of the proof is omitted, as it is similar. O

when & € A if and only if W(§) € I, when & € A, which completes
q

Theorem 2.4. Assume that 1 < g < oo and A is arbitrary sequence space. Then, U € ( A) if and only if for alln > 0

n,
v € (14,¢) and 09 € (1,,A),

ve(

Eﬁg)m ,A) if and only if for alln > 0

V) € (l,c) and U9 € (L., A).

Here the matrices U and V™ are described as

—1/p g (V1 kv
A v;{<k_1>(r71)v iy

and
Uno, k = 0
Ry B
v,ﬁfﬁ =93 M e Zk o) =D i, 1<k <m
V=
07 k> m.
Proof. We only demonstrate for U € (EL ,A) to avoid repetition. Assume that U € (EL ,A). Given § € |Ej,| . Since |Ej| =
q q q q
(Ig) 70> it follows from (1.4) that, for n,m > 0,
): Ui & = Z vy (2.3)

So, we get that, for all § € ‘Eﬁ , U8 is well defined iff V(") e (Ig,c). Also, letting m — oo, gives (2.3) that U = U(")y. Since UJ € A,
q

U@y is also in A, and so U € (I,,A).

B
On the contrary, let y) ¢ (lq,c) and U@ ¢ (lq,A). Then, by (2.3), we have U, € { EL } for all n, which gives that U exists. Also, by
q

7A). O
q

U@ € (I;,A) and (2.3), by letting m — oo, we get U € (‘Eﬁ

We present the following tables and conditions:
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From To c o loo 1 L(p>1)

‘Eﬁ 1,3,12,14  2,3,12,14 3,12,14  4,12,14 -
q

‘E,: 1,6,11,14  2,6,11,14 6,11,14 5,11,14 5,11,14

Ehg 170304 81314

10,13,14  9,13,14 9,13,14

Table 1: From Absolute Euler spaces to {lm,co,c7 1 l,,}

From To Cs by
‘E[L 1,3,12,14  3,12,14
q
‘Eﬁ L6,11,14 611,14
Epg| 170304 101314
1. lim 12@ exists forall j € N
n—oo J
=g :
2. ,}E}c}ouﬂj =0forall je N
[=<] q*
3. sup Y ﬁ,(ﬂ) < oo
n j=0
o
4. supy | ¥ ﬁ,(? < o0
N Vv |neN
p
5. sup) 12,(5-)’ <oo, (1 <p<oo)
j n
6. sup ﬁﬁlq)’ < oo
n,j /

7. % |ﬁzl\ < oo uniformly in n
=

Ly 1| —
8. 11'511j)£,0|unj\ =0

p

v 4
Y Uy;
keK

9. sup Y,
K n=0

10. sup ¥, |11Zj\ < oo
n j=0

11. sup‘v,(:])»’ < oo
m,j

12. sup Y, VE:]) < oo

m j=0

3.} |v£:j)| < oo uniformly in m
=

14. lim v<"j). exists forall j,n e N

m—soo 1M

We obtain following by Theorem 2.4.

< oo, (1< p<oo)

Table 2: From Absolute Euler spaces to {c;,bs}

Theorem 2.5. Let 1 < p,q < oo. Then, Table 1 presents us the necessary and sufficient conditions for U € (1,A), where 1 is one of absolute

Euler spaces and A € {c7co,loo,l,lp}.

Take the matrices 7j = () ;) and T = (2 ;) as

/| 7{ 1,0<j<n

nj 0, j>n
and
1, n=j
t,%j: -1, n=j+1

0, otherwise.
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Then, since by = {lw}7,, ¢s = {c}1, and by, = {lq}T , characterization of the matrix classes (1], ®) can be obtained immediately as follows,
where © € {cs, bx,bvq} and 7 is one of the any absolute Euler spaces.

n ~
Corollary 2.6. Let’s take u(n, j) = Y. u;j instead of u,; in the matrices vy = (vg,ﬁg) and OP) = (u,,v ) for all n, j > 0. Then, Table 2
i=0

presents us the necessary and sufficient conditions for U € (n,0), where ® € {cs,bs} and 1 is one of the absolute Euler spaces.

Corollary 2.7. Put byj = unj — uy 1, j instead of uy,j in the matrices v ang @ for alln,j > 0. Then,

Ue (‘Eﬁ‘ ,bv,,) iff the conditions 5,11, 14 hold,

ve (

E{l’q’ ,bvp) iff the conditions 9,13, 14 hold.

Theorem 2.8. (i) Let 1 < g < ooand A € {cg,c,le}. Then,

Ue ( 0,5‘””1 = sup (i
o \y=0

*

~(q)

A Va
q>

7/\) = ISyl = sup |
q n

E, fpy
U e (|ER]A) = sl =sup [0, =supalt
oo n,y
Ue ( Ey. ,A) = ISyl = sup‘ U,E‘”Hl =sup Z ﬁ%)
e n noy=(

(if) Let 1 < g < co. Then, there exists € [1,4] such that

e
c ‘E ‘ lq)¢||SUH*HU H”)sgp{f‘b
1)

U,EUH(H> :supi (1)
Epg|_+la) = ISull = |09

«y 1/q*

1 >"

qJ) ~lsull =z o], , = 7 3 (i

v=0 \n=0

—(q)

Uny

.
Ey

1
(1) 4}"

Uny

=

E

Uny
vV n=0

U e

(
ve(
(

(lrly)

ve(

Big| 1) = IS0 = HU@H(M)'

Proof. The theorem can be easily proved by using Lemma 1.3, Lemma 1.5, Lemma 2.2 and Theorem 1.23 in [30], so it have left to
reader. O

Theorem 2.9. Let 1 < g < oo.

(a) IfU € (E[l ,C()), then
q
(a) =)
S _ q ‘ — 1 ~q ,
Sull, = Nim sup <VZE) ity
and )
q
Ly is compact iff lim sup Z u,w) =0.
=% p>ry=(0
() IfU € (E[l ,c), then
q
! v |0 |7 v SIFGE v
- il — i < < li il — i
5 }er;ililz <VZE) oy — y ) <|[ISull, < rlggilirr) (126 oy — Gy )
and
q
Su is compact iff lim sup Z u,,v) —i,| =0, whereii, = lim iy, foralln € N.
=% p>ryp=(0 n—eo
() IfU € (E[l ,loo), then
q

o N Ve

. q
OSSullxérlggosgp<Z i) > ;
n>r \ y=0

and

if lim sup of,

T=®p>ry=0

*

q .
ﬁn? =0, Sy is compact.
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B
Proof. (a) LetU € (’E[l or, equivalently Uy, = {upn }g € {’Eﬁ‘ } . So,
q

700). Then, the series Y, up,A, converges for all A € )E[l ,
q n=0 q

it follows from Lemma 2.2 that HU,1||TE,‘ = ”0"H1 _. Also, by Lemma 1.10 (a), we have
wly q

ISully = lim sup |0

Hence, the compactness of Sy is immediate by Lemma 1.7, which completes the proof of (a).
(b) Let take the unit sphere ' 5| in ‘Eﬁ) . From Lemma 1.7 it follows that
wlg q

ISull, = 2(U(S{y )

Further, since ’E L

~,,Uc (’Eﬁ ,c> equals to U € (I4,c) , and
q q

ISull, = (U (S] )) = 2O (T (S]gy ) =185

which implies, by Lemma 1.10 (b),

! tim (supHUrum ) < lLoll, < lim (’sg;}|l7rﬁ||;‘q>, (2.4)

r—yeo

where i}, = lgn iy, for all k > 0.
fraresy
Considering Theorem 1.29 in [30], it can be easily written that Hﬁn — 12||;F = ||(7,, — 12“ 1. - The last equality and (2.4) complete the first part
q P
of the proof of (b). Also, the compactness of Sy is concluded by Lemma 1.7.
(¢) can be proved by similar way, so it is omitted. O

By following the above lines,the proof of the following theorems also can be obtained immediately. Therefore, we just give the statement of
the theorems.

Theorem 2.10. (a) IfU € (‘E” ,co). Then
ISull, = lim sup’ V|| = tim supsup|ay)
X e,y "ol e n>r v "
and
Sy is compact iff lim supsup IZ,(.,‘I,) =0.
r=®p>r oy
() IfU € OE[L 70), then
1 () _ A
lim supsup |y’ — iy | < ||Sull, < 11m supsup iy — iy
2roepsy y x=
and
Sy is compact tﬁ hm 0 supsup u,(ﬂl,) —i,| =0
rl>r v
where @i, = lim iy, for all v € N.
n—oo
(o) IfU € (‘Eﬁ ,lm>, then
0< [ISull, < lim supsup |y |,
r=®p>r v
and
Sy is compact if lim supsup uw =0.
I sy
Theorem 2.11. Let 1 < g < co.
(a) IfU € (’Eﬁq‘ ,co>, then
Sull, = H = lim su u(q> ,
1ol = Jim sup -
and
Su is compact iff lim sup Y, ﬁ,%) =0.
=% p>ry=0

b)IfU € (}Eﬁ,q ,c), then
1 _ . SIFO
}L%jglij )~ i) < Sull, < Jimsup Y., |

v=0
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and

Sy is compact iff lim sup Y, 125,(5) =0

=% p>ry=0
where i, = lim iy, for all v € N.
n—roo

() IfU € (‘Eﬁyq‘w,lm), then

_ﬁv

~(q)
Uny' |

0 < Sylly < Jim sup Y
n erO

and

Sy is compact if lim sup Y, 12,(1?,) =0.

=% p>ryv=0

Theorem 2.12. (a) IfU € (‘Eﬁ

7lq>, 1 < g < oo then

_(1)

. g 1/q
ISull, = Jim sgp( Z+1 ) ,
n=r

Uny

and

()9
Gy

=0.

Sy is compact iff lim sup Y,
r=ee y p—pt1

(b) IfU € (‘Eﬁ

,l), 1 < g < oo, then there exists § € [1,4] such that
q

| - - ¢\ Ve
ISyl = 5 lim 2( Y a&@) :
x Cr*)m v=0 \n=r+1
and
o @ q
Sy is compact iff lim Y, ( Y |ad ) =0
r=ey,—0 \n=r+1

3. Conclusion

One of the most important subjects in summability theory is the theory of sequence spaces which concerns with the generalization of the
concept of convergence for series and sequences. In this sense, the primary aim is to assign a limit value for divergent sequences or series by
using transformation which is given by the most general linear mappings of infinite special matrices. So, there has been a large literature,
concerned with characterizing completely all matrices which transform one given sequence space into another. Besides this, the literature has
been also grown up in terms of the studies of many sequence spaces defined as domain of special matrices and related matrix operators (see,

|z q) and (‘E[l E]

,A) have been characterized where 1 < g < oo. Also, in case

for instance, [1-4,6-12]). For a recent paper [1], the infinite matrix classes (‘E [1 ) have been introduced. In

,A) and ( ‘E L
q

A is one of the spaces ¢y, ¢, =, l;, the necessary and sufficient conditions for each matrix in these classes to be compact have been obtained
and certain identities or estimates for the Hausdorff measures of noncompactness have been established.

)
q

this study, estimating the operator norms, the classes (‘E [1
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