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ABSTRACT. The structures of symmetric connectedness and dually, antisym-
metric connectedness were described and studied before, especially in terms
of graph theory as the corresponding counterparts of the connectedness of a
graph and the connectedness of its complementary graph. By taking into con-
sideration the deficiencies of topological density in the context of symmetric
and antisymmetric connectedness, two special kinds of density in the theory
of non-metric Tp-quasi-metrics were introduced in the previous studies under
the names symmetric density and antisymmetric density. In this paper, some
crucial and useful properties of these two types of density are investigated with
the help of the major results and (counter)examples peculiar to the asymmetric
environment. Besides these, many further observations about the structures
of symmetric and antisymmetric-density are dealt with, especially in the sense
of their combinations such as products and unions through various theorems
in the context of Tp-quasi-metrics. Also, we examine the question of under
what kind of quasi-metric mapping these structures will be preserved.

1. INTRODUCTION

In [11], symmetrically connected and dually, antisymmetrically connected Tp-
quasi-metric spaces were described and studied in detail. These theories were espe-
cially discussed in the sense of the notions peculiar to graph theory as the
suitable counterparts of the connectedness for a graph and complementary graph
of it, respectively. In particular, it was shown that there were natural relationships

2020 Mathematics Subject Classification. 54B05; 11B05; 54E35; 54A05; 03E20; 05C38.

Keywords. Tpo-quasi-metric; connected graph; symmetrization topology; antisymmetric point;
Star space; symmetrically-dense; antisymmetrically connected; complementary graph; isometric
isomorphism; symmetric path.

1 @ nezakat.javanshir@aybu.edu.tr; © 0000-0002-1780-4684;

2 @ yfiliz@hacettepe.edu.tr- Corresponding author; © 0000-0002-2112-8949

(©?2023 Ankara University
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics

1173



1174 N. JAVANSHIR, F. YILDIZ

between the theory of symmetrically connected - antisymmetrically connected Ty-
quasi-metric spaces and the theory of connected graphs - connected complementary
graphs.

Following these theories, some new types of density specific to Ty-quasi-metric
subspaces in the asymmetric environment due to the apparent inadequacy of topo-
logical density in the transfer of properties symmetric and antisymmetric connected-
ness to the subspaces or superspaces are described in [9] under the names symmetric
density and antisymmetric density.

As for the subject of this study, we observed some combinations of symmetrically
/ antisymmetrically-dense subspaces such as products, unions and intersections in
the context of Tj-quasi-metrics. With this viewpoint, it is also natural to inquire
whether the images of symmetrically / antisymmetrically-dense subspaces under an
isometric isomorphism have the same property or not. Hereby, we will also obtain
some crucial and useful results within this framework.

In the light of all these considerations, the content of paper is as follows:

Some necessary background material for the remaining of paper is presented in
Section 2. After recalling the preliminary information, as one of the purposes of
the paper, in Section 3 we discussed some properties and new (counter)examples of
the symmetric density theory in the context of asymmetric topology. In addition,
we presented some observations about the products, unions, intersections... of the
symmetrically-dense Ty-quasi-metric subspaces and their preservation under the
specific mappings peculiar to quasi-metrics.

Following these, in Section 4 some future properties and asymmetric aspects of
antisymmetrically-dense subspaces are investigated with the help of many useful
(counter)examples. The remainder of this section is devoted to discussing preser-
vation of antisymmetric density under the specific mappings in the context of
quasi-metrics as well as some combinations such as unions, products,... of the
antisymmetrically-dense Tp-quasi-metric subspaces.

Consequently, Section 5 as the last part of the paper gives a conclusion about
the whole of the work.

2. BACKGROUND

This section will present some background material on Th-quasi-metrics and par-
ticularly, it consists of the required information related to the theories of symmet-
rically connected and antisymmetrically connected spaces as well as antisymmetric
spaces which are a kind of opposite to metric spaces.

All preliminary information presented in this section is taken from the references
[34/5H812].

To-quasi-metrics:
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Definition 1. Let X be a set and d : X x X — [0,00) be a function. Then d is
called a Ty-quasi-metric on X if

(a) d(z,x)=0

(b) d(ac,y) =0= d(y,x) = Tr=Yy

(¢) d(z,z) <d(z,y)+dy,z)
whenever x,y,z € X. Thus, (X,d) is called Ty-quasi-metric space.

Here the notation 74+ will be used to denote the topology induced by the sym-
metrization metric d* = dV d~! where d~(x,y) = d(y, z).

Example 1. On R, take
u(z,y) = max{xr —y,0}
whenever x,y € R.

It is easy to prove that u satisfies the conditions of Definition[], and u is called
the standard Ty-quasi-metric on R.

Now, let us recall some important notions and (counter)examples related to the
theories constructed in |11]:

Symmetrically connected spaces:

Definition 2. Let (X, d) be a Ty-quasi-metric space.
i) A pair (z,y) € X x X is called symmetric pair if d(z,y) = d(y,x).
i) A finite sequence of points in X, starting at x and ending with y, is called
a (finite) symmetric path P, , = (z = zo,21,...,Tn-1,Tn = y) (where
n € N) from x to y provided that all the pairs (z;,z;+1) are symmelric
where i € {0,...,n— 1}.

For a Ty-quasi-metric space (X, d), we take
Zq=A{(z,y) € X x X : d(z,y) = d(y,z)}
as the set of symmetric pairs in (X,d). Note that this relation is reflexive and
symmetric.
Incidentally, note that

d(z,y) = d(z,y) = d"*(z,y)
for (x,y) € Zy.
Also,
Za(x) ={y € X | (z,y) € Za}
is called symmetry set of x € X.
Definition 3. If (X,d) is a To-quasi-metric space and z,y € X then x € X

s symmetrically connected to y € X whenever there is a symmetric path P, ,,
starting at the point x and ending at the point y.
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Clearly, “symmetric connectedness” is an equivalence relation on X, by defini-
tion.

Definition 4. The equivalence class of a point x € X with respect to the symmetric
connectedness relation is called the symmetry component of .

More clearly, if Cy denotes the symmetric connectedness relation then the sym-
metry component of z € X is

Cy(z) = {y € X : there is a symmetric path from z to y}.
We are now in a position to recall the following crucial notion:

Definition 5. A Ty-quasi-metric space (X,d) such that Cq(x) = X for all x € X,
is called symmetrically connected.

Therefore, (X,d) is symmetrically connected if and only if for all z,y € X, x
and y are symmetrically connected by Definition [3] obviously.

At this stage, we will turn our attention to the dual counterparts of some notions
described above.

Antisymmetrically connected spaces:

Definition 6. Let (X, d) be a Ty-quasi-metric space, and z,y € X. Then
i) (z,y) € X x X is called antisymmetric pair if d(z,y) # d(y,x)
i) A finite sequence of points in X, starting at x and ending with y, is called
a (finite) antisymmetric path P, , = (z = 20,1, ...,Tn-1,Tn = y) (where
n € N) from x to y provided that all the pairs (z;,x;41) are antisymmetric
where i € {0,...,n—1}.
Definition 7. In a Ty-quasi-metric space (X, d), two points x,y € X are called an-
tisymmetrically connected if there is an antisymmetric path P, , = (=20, @1, .., Tp1,Tp, =
Y), orx =y.
Now, if we consider the relation
Ty :={(z,y) € X x X : x and y are antisymmetrically connected in (X, d)}
then T, describes an equivalence relation on X, trivially.

Let us recall some other notions from [11]:

Definition 8. i) The equivalence class of a point x € X with respect to Ty
1s called the antisymmetry component and it is denoted by
Ty(z) = {y € X : there is an antisymmetric path from x to y}.
i) If Ty(x) = X for each x € X, then the space (X,d) is called antisymmet-
rically connected.

Hence, (X,d) is antisymmetrically connected if and only if for all z,y € X, x
and y are antisymmetrically connected by Definition [7}
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Example 2. The Ty-quasi-metric space (R,u) given in Example|l| is antisymmet-
rically connected but not symmetrically connected.

Antisymmetric spaces:
The following notion is described in [11] as opposite to that of “metric”

Definition 9. [11] A Ty-quasi-metric space (X,d) is called antisymmetric if Z4 =
{(z,z) :z € X} = Ay, that is, if d(x,y) = d(y,x) then x =y, for all z,y € X.

Symmetric-Antisymmetric points:

Definition 10. Let (X,d) be a Ty-quasi-metric space and x € X.

i) x is called symmetric point if d(z,y) = d(y,x) for each y € X.
i) « is called antisymmetric point if d(x,y) # d(y, z) for each y € X \ {z}.

According to the above descriptions, the next statements will be obvious:

Proposition 1. a) A Ty-quasi-metric space which has a symmetric point will
be symmetrically connected and not an antisymmetric space.
b) A Ty-quasi-metric space which has an antisymmetric point will be anti-
symmetrically connected and not a metric space.

3. SOME FURTHER PROPERTIES AND EXAMPLES OF SYMMETRIC DENSITY

Firstly, let us recall the following notion from [9).

Definition 11. Let (X, d) be a To-quasi-metric space and A C X. If for x € X\ A,
there exists a, € A such that d(z,ay) = d(az,x) then A is called symmetrically-
dense in (X, d).

Example 3. Let us define a Ty-quasi-metric p on the set X = {1,2,3} via the
matric
0
9
0
That is, P = (p;;) where p(i,j) = pi; fori,j € X. It is easy to prove that p is a
Tv-quasi-metric on X. Specifically, now we will check the triangle inequality:
p(1,2) =9<8+1=p(1,3)+p(3,2), p(3,1) =10 < 14+ 9 =p(3,2) +p(2,1)
p(1,3) =8<9+1=p(1,2) +p(2,3), p(2,1) =9 <1+10 =p(2,3) +p(3,1)
p(273) =1<9+8= p(2a 1) +p(173); p(372) =1<10+9 :p(3> 1) +p(1’2)'
Thus p satisfies the triangle inequality.
Here also note that p(1,2) = p(2,1). Therefore, the subset A = {2,3} of X s

symmetrically-dense in X. In addition, the subset B = {1} is not symmetrically-
dense since p(3,1) # p(1,3).

9 8
P= 0 1
1 0

—_
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Proposition 2. Let (X,d) be a Ty-quasi-metric space with at least two-elements
and let x € X be an antisymmetric point. Thus, the subsets {x} and X \ {z} are
not symmetrically-dense in X.

Proof. By Definition [10]ii), we have d(x,y) # d(y, ) whenever y € X \ {z}. Then,
{z} is not symmetrically-dense in X. Similarly, y = = whenever y € X \ (X \ {z})
and since z is antisymmetric point, d(z,a) # d(a,z) for a € X \ {z}. That is,
X \ {«} is not symmetrically-dense. O

Example 4. Let Y = {0} U {5k : n € N} and define f : Y — [0,00) as follows:

lz—yl ; 2<yand (z,y) # (g1, o), IR EN
flz,y) =

2|l —y| ; otherwise
forxz,yeY.

The fact that f is a Tp-quasi-metric on'Y is proved in [5].

Also, because of the inequality f(a,0) # f(0,a) for each a € Y\ {0} the point 0 is
antisymmetric point. Thus (Y, f) is antisymmetrically connected by Proposition .
Additionally, the space (Y, f) has symmetrically-dense subsets Tf(%), Tf(%)... since
they are antisymmetry components.

At this stage, we can compute Cy(3): For eachn € N, we have that 3~ € Cy(3),
since (3=, ..., 3) is a symmetric path in (Y, f) from 5= to 4. But 0 ¢ Cy(3), since
f((),%k) = 2%, f(%i)) = ﬁ, for all k € N. Thus, Cf(%) =Y\{0} =V,
and so (Y, f) is not symmetrically connected. A similar argument shows that in V',
Cy, (x) =V for every x € V, and so (V, fv) will be symmetrically connected.

Moreover, the subsets {0} and V are not symmetrically-dense from Proposition .

Incidentally, we can recall from [9] the following characterization of the metrics
via symmetric density, in the context of Ty-quasi-metrics:

Proposition 3. Fach nonempty subset of a Ty-quasi-metric space (X,d) is sym-
metrically-dense in X if and only if d is metric.

As a result of Proposition [3] the next corollary is obvious.

Corollary 1. Let (X,d) be a To-quasi-metric space. If each nonempty subset of
(X,d) is symmetrically-dense in X then (X,d) is symmetrically connected.

The converse of Corollary [T may not be true by virtue of the following space.

Example 5. Consider the Star Space (X,d) constructed in [5, Example 2.12], as
follows:

On X =[0,00), take
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for each x,y € X. Trivially, 0 is symmetric point since d(x,0) = d(0,z) for
all x € X, according to Definition . Thus, (X,d) is symmetrically connected
by Proposition . Now consider the subset B = {1} of X. Then it is easy to
verify that B is not symmetrically-dense. Indeed, take 2 € X \ B, and note that
d(1,2) =3 #1=4d(2,1).

Incidentally, the fact that any subspace of an antisymmetric Tp-quasi-metric
space is antisymmetric is trivial by Definition [9] Nevertheless, a Ty-quasi-metric
space (X,d) may not be antisymmetric even though (X,d) has a symmetrically-
dense and antisymmetric subspace, as the following example shows:

Example 6. It can be easily shown that Star Space (X,d) given in Example @ 18
not antisymmetric by the fact that d(1,0) = d(0,1). It is also easy to see X \ {0}
is symmetrically dense since 0 is a symmetric point. Moreover, X \ {0} is an
antisymmetric subspace since x =y whenever d(z,y) = d(y,x) for all z,y € (0, 00).

We are now in a position to recall a Ty-quasi-metric function described on the
product of two Ty-quasi-metric spaces:

Remark 1. Let (X,d) and (Y, q) be Ty-quasi-metric spaces. The function defined
by

D((x,9), (a,b)) = d(z,a) V q(y,b)
for each (z,y), (a,b) € X XY gives a Ty-quasi-metric on the product set X x Y.

The fact that D is a Ty-quasi-metric can be verified since d and ¢ are Ty-quasi-
metrics.

Proposition 4. Let (X,d), (Y,q) be Ty-quasi-metric spaces and A C X, B CY.
If A is symmetrically-dense in X and B is symmetrically- dense in'Y then A x B
is symmetrically-dense in X xX Y.

Proof. Take (z,y) € (X xY)\ (A x B). Since A is symmetrically-dense in (X, d)
and B is symmetrically-dense in (Y, q), respectively there exist « € A and b € B
such that d(z,a) = d(a,x) and ¢(y,b) = q(b,y). Now by the definition of product
To-quasi-metric D on X x Y, we have

D((z,y), (a,b)) = d(z,a) V q(y,b) = d(a,z) V q(b,y) = D((a,b), (x,y))
that is A x B is symmetrically-dense in X x Y. ([
The following result will be trivial via induction by Proposition [

Corollary 2. For a Ty-quasi-metric space (X, d), the finite product of symmetrically-
dense subsets of X is symmetrically-dense.

Even though Proposition [d] we have the following example which states that if
A is symmetrically-dense and B is not symmetrically-dense then A x B may not be
symmetrically-dense.
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Example 7. Let us consider Star Space (X,d) from FEzample @ Clearly the
set A = {0} is symmetrically-dense, and the set B = {1} is not symmetrically-
dense in (X, d). If we take the product Ty-quasi-metric D given in Remark as
D((z,y), (a,b)) = d(z,a) V d(y,b) on X x X then the product set A X B is not
symmetrically-dense since D((3,5),(0,1)) # D((0,1),(3,5)) for (3,5) € (X x X)\
(A x B) and (0,1) € A x B.

At this stage, let us turn our attention to the following natural question:

Under which mappings is the symmetric density property preserved in the context
of Th-quasi-metric spaces 7

Proposition 5. Let (X,d), (Y,e) be Tp-quasi-metric spaces and f : X — Y an
isometric isomorphism. In this case, A C X is symmetrically-dense in X if and
only if f(A) is symmetrically-dense in Y .

Proof. Take y € Y \ f(A). So we have z € X \ A such that f(z) = y since f is
onto. By considering the symmetric density of A in X, there exists a € A such that
d(z,a) = d(a,x). Clearly, f(a) € f(A). Also, we have e(f(z), f(a)) = d(z,a) =
d(a,xz) = e(f(a), f(x)) since f is an isometry. Thus, f(A) is symmetrically-dense
inY.

Conversely, if a € X \ A then f(a) ¢ f(A) as f is one-to-one. In this case,
there exists b € f(A) satisfying the equality e(b, f(a)) = e(f(a),b) since f(A) is
symmetrically-dense. Thus, there exists z € A such that f(z) = b via the fact
that f is onto. Now, by considering the isometry property of f the expression
d(z,a) = d(a, z) is obtained. This shows that A is symmetrically-dense. O

Proposition 6. Let (X, d) be a Ty-quasi-metric space. If A is symmetrically dense
in X and B C X then AU B is symmetrically-dense in X.

Proof. If x € X \ (AU B) then there exists a € A such that d(z,a) = d(a, z) since
A is symmetrically-dense in X. Thus, AU B is also symmetrically-dense in X due
to AC AU B. O

As the consequence of Proposition [f] the following fact will be trivial.

Corollary 3. The union of all subsets of a Ty-quasi-metric space which has at least
one symmetrically-dense subset is symmetrically-dense.

Despite the above fact, we have:

Remark 2. The intersection of two symmetrically-dense subsets of a Ty-quasi-
metric space may not be symmetrically-dense.

Example 8. On the set X = {%, 1,2,3} consider the Sorgenfrey (bounded) Ty-
quasi-metric b: R x R — [0, 00) as

min{l,z — ;x>
b(x,y)={1 t vl .$<‘Z-
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Now let us take A = {1,1} C X. In this case, since b(z,1) = b(1,z) for each
x € X\ A the set A is symmetrically-dense in X. Similarly, b(xz,3) = b(3,z) for
each © € X \ B where B = {%,3} C X, and so the set B is symmetrically-dense in
X. But the intersection set AN B = {1} is not symmetrically-dense in X because
of the facts that b(1,3) #b(3,1) and 1 € X \ (AN B).

4. SOME FURTHER PROPERTIES AND EXAMPLES OF ANTISYMMETRIC DENSITY

Definition 12. [9] Let (X,d) be a Ty-quasi-metric space and A C X. If for
x € X \ A, there exists a, € A such that d(z,a,) # d(ay,x) then A is called
antisymmetrically-dense in (X, d).

Example 9. Consider a Ty-quasi-metric on the set Y = {1,2,3,4} by the matriz

0 8 4 1
9 0 6 7
Q= 4 6 0 5
3 7 5 0

That is, Q@ = (q;;) where q(i,7) = qij for i,5 € Y. The function g will be a
Ty-quasi-metric on Y. Indeed, it satisfies the other conditions of Definition [d], so
we will prove just the triangle inequality:

g(1,2) =8 <446 =q(1,3) +¢(3.2), ¢(1,2) =8 < 1+ 7 = q(1,4) + q(4,2)
q(1,3) =4 <8+6=¢q(1,2) +¢q(2,3), ¢(1,3) =4 <14+ 5=¢q(1,4) + q(4,3)
q(1,4) =1<8+7=4¢q(1,2) +q(2,4), q(1,4) =1 <4+4+5=¢q(1,3) + ¢(3,4)
q(2,3)=6<9+4=¢q(2,1)+4q(1,3), ¢(2,3) =6 <7+ 5=q(2,4) + ¢(4,3)
q(2,4) =7<941=¢q(2,1)+¢q(1,4), ¢(2,4) =7<6+5=¢q(2,3) + ¢(3,4)

Other cases can be shown in a similar way.

Now, let us consider the subset B = {1,2,3} of Y. It is easy to verify that B is
antisymmetrically-dense in Y : For each y € Y \ B we must find b € B such that
q(y,b) # q(b,y). Here, if y € Y \ B then y = 4, and clearly q(1,4) # q(4,1) for
1€ B.

Proposition 7. Let (X,d) be a Ty-quasi-metric space with at least two-elements
and © € X a symmetric point. Then the subsets {x} and X \ {x} cannot be
antisymmetrically-dense in X .

Proof. By the definition of symmetric point (see Definition[10]1)), d(z, y) = d(y, z)
whenever y € X\{z}. Then, {z} cannot be antisymmetrically-dense in X. In a sim-
ilar way, clearly y = « whenever y € X\ (X \{z}). Thus, d(z,a) = d(a,x) whenever
a € X \ {z} since = is symmetric point. That is, X \ {«} is not antisymmetrically-
dense. ]
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The following proposition will be very useful in this context.

Proposition 8. Let (X,d) be a Ty-quasi-metric space. If each nonempty subset
of (X,d) is antisymmetrically-dense in X then (X, d) will be an antisymmetrically
connected space.

Proof. Assume that each nonempty subset of (X, d) is antisymmetrically-dense in
X. Now we can prove that (X, d) is indeed an antisymmetrically connnected space
by showing that, for x € X, if y € X and y ¢ Ty(z) then y € X \ Ty(z) and
y # x. Thus there exists a € Ty(z) such that d(y,a) # d(a,y) since Ty(z) is
antisymmetrically-dense in X. Now, if a = x then d(y,x) # d(z,y), that is y €
Ty(x) contradiction. If a # z then x € X \ {a}. Also, note that the subset {a}
is antisymmetrically-dense by the hypothesis. Thus d(z,a) # d(a, ). In this case,
P,, = (z,a,y) will be an antisymmetric path from z to y. That is, y € Ty(x)
which is a contradiction. Finally, T4(z) = X, so (X, d) will be antisymmetrically
connected. O

The converse of Proposition [§] is not true always. Example [I0] below is a
counterexample. For it, first of all let us recall the notion asymmetric norm by

Cobzag [2].

Definition 13. Let X be a real vector space equipped with a given map || -] : X —
[0,00) satisfying the conditions:
(a) |lz| = — x| =0 if and only if x = 0.
(b) ||Az| = A||z| whenever A > 0 and z € X.
(¢) |lz+y| <||z]+ |yl whenever x,y € X.

Then ||| is called an asymmetric norm and (X, ||-|) is said to be an asymmetrically
normed real vector space. (Here, O denotes the zero vector of the vector space X.)

Obviously, an asymmetric norm induces a Ty-quasi-metric on X with the equality
d).|(z,y) = ||z — y| for each z,y € X, where (X, || -|) is an asymmetrically normed
real vector space. But, naturally some Ty-quasi-metrics may not be induced by an
asymmetric norm.

Note also that each norm is an asymmetric norm. However, the function || - |
described by the equality ||(z1,z2)| = 21 V22 V0 on R?, satisfies the above conditions
and thus, it is an asymmetric norm which is not a norm.

Example 10. Consider the plane R? with the Ty-quasi-metric d induced by the
mazimum asymmetric norm ||(z,y)] = x Vy VvV 0. It is easy to see that for each
(a1,az2) € R? the symmetry component Cq((a1,a2)) = {(x+a1, —z+az) | = € R} #
R? where d = dy.| and so the space (R?%,d) is not symmetrically connected by Defi-
nition @ In this case, (R?,d) is antisymmetrically connected from [11, Proposition
58] which states the fact that a Ty-quasi-metric space is symmetrically connected or
antisymmetrically connected by virtue of graph theory.
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Now take the subset G = {(z,—x) | = € R} CR2. Clearly, the subspace (G,dc)
is a metric space, and so symmetrically connected. But it is not antisymmetrically
connected. On the other hand, G is antisymmetrically-dense: if (x,y) € R®\ G
then (z,y) ¢ G and so y # —x, that is v +y # 0. Now, let us consider the point
(x,—x) € G. In this case d((x,—x), (z,y)) = (x—z)V(—z—y)V0 = —(2+y) V0 and
d((l‘, y)’ (33, —l‘)) = (33 - 33) v (‘r + y) \% 07 thus d((xv —Jf), (l‘, y)) 7é d((ﬂ?, y)7 (33, —33))

In addition, note that the point (0,0) is neither symmetric point nor antisym-
metric point. Morover, the singleton set {(0,0)} is neither symmetrically-dense nor
antisymmetrically-dense in R?.

It is well-known that any subspace of an antisymmetric space is antisymmetric.
Nevertheless, a Ty-quasi-metric space (X, d) may not be antisymmetric even though
(X, d) has an antisymmetrically-dense and antisymmetric subspace, as the following
example shows:

Example 11. Let us define a Ty-quasi-metric on the set X = {1,2,3} via the
matrix

W =

DN O

9
0
1

S = 0o

That is, W = (w;;) where w(i,j) = w;; fori,j € X. It is easy to prove that
w is a To-quasi-metric on X. Because of the fact that w(2,3) = w(3,2), the space
(X,w) is not antisymmetric. Consider the subset B = {1,3} of X. It is easy to
show that B is antisymmetric subspace w.r.t the induced Ty-quasi-metric wp on B.
In addition, B is antisymmetrically-dense: If take x € X \ B then x = 2. In this
case, for 1 € B we have w(1,2) =9 and w(2,1) = 7. That is, w(1,2) # w(2,1).

Incidentally, there is an extension space which has an antisymmetrically-dense
subspace not antisymmetrically connected even though the space itself is antisym-
metrically connected.

Example 12. Take a metric space (X, m) with at least two-elements. By [5, Corol-
lary 3.4], (X, m) has an antisymmetrically connected Ty-quasi-metric one-point ex-
tension (Y,v) such that Y = X U{oo}, and oo is antisymmetric point. In this case,
if we delete the added (antisymmetric) point, then the remaining metric space is no
longer antisymmetrically connected. Moreover, X is antisymmetrically-dense in Y :
ify € Y\ X then y = co. Also, because X # () there is at least a € X. Clearly,
a # 0o and v(oo, a) # v(a,00) since 0o is an antisymmetric point in'Y .
Now we can turn our attention to the following natural question:
Under which mappings is the antisymmetric density property preserved in the con-

text of Th-quasi-metric spaces 7

Proposition 9. Let (X,d), (Y,e) be Tp-quasi-metric spaces and f : X — Y an
isometric isomorphism. Then A C X is antisymmetrically-dense in X if and only
if f(A) is antisymmetrically-dense in'Y.
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Proof. If y € Y\ f(A) then there exists € X \ A such that f(x) = y since f is
onto. On the other hand, there exists a € A such that d(x,a) # d(a,z) since A
is antisymmetrically-dense. Clearly, f(a) € f(A). Also, we have e(f(x), f(a)) =
d(z,a) # d(a,z) = e(f(a), f(x)) as f is an isometry. Thus, f(A) is antisymmetrically-
dense in Y.

Conversely, if a € X \ A then f(a) ¢ f(A) as f is one-to-one. In this case,
there exists b € f(A) satisfying the inequality e(b, f(a)) # e(f(a),b) since f(A)
is antisymmetrically-dense. Thus, there exists z € A such that f(z) = b via the
fact that f is onto. Now, by considering the isometry property of f the expression
d(z,a) # d(a, z) is obtained. This shows that A is antisymmetrically-dense. O

In contrast to Proposition [ we have the following remark for antisymmetric
density:

Remark 3. For any Ty-quasi-metric spaces (X,d), (Y,q), the product of any
antisymmetrically-dense subsets of X and Y may not be antisymmetrically-dense

mX xY.
Actually, we have a counterexample:

Example 13. Consider the standard Ty-quasi-metric space (R, u) where u(x,y) =
max{x — y,0}, given in Example 1| and the Ty-quasi-metric space (R, d) with the
function

0 ;<
d((E,y):{ 1 .y<?;

on R.

If we take the subset A = {0} of R then A is antisymmetrically dense in (R, )
because of the fact that u(z,0) # u(0,z) whenever x € R\ A.
Similarly, let us take the subset B = {1} of R. Clearly, B is antisymmetrically
dense in (R,d) since the inequality d(x,1) # d(1,x) holds whenever x € R\ B.

On the other hand, by taking into consideration the definition of product Ty-
quasi-metric D given in Definition [1| we have the following fact:

If we consider the product Ty-quasi-metric space (R x R, D) then for (1,0) €
(R x R)\ (A x B) we have the equality

D((1,0), (a,b)) = u(1,a) Vd(0,b) =1V 0 =1 = u(a, 1) vV d(b,0) = D((a,b), (1,0))

whenever a € A, b € B, that is a =0 and b = 1. It means that the subset A x B is
not antisymmetrically-dense in (RxR, D) even though A is antisymmetrically-dense
in (R,u) and B is antisymmetrically-dense in (R, d).

Proposition 10. Let (X, d) be a Ty-quasi-metric space. If A is antisymmetrically-
dense in X and B C X then AU B is antisymmetrically-dense in X.
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Proof. Take x € X \ (AU B). So, by the antisymmetric density of A, there exists
a € A such that d(z,a) # d(a,z). Thus, AU B is antisymmetrically-dense in X as
well, since A C AU B. O

Hence, the following result will be trivial as a consequence of Proposition

Corollary 4. The union of all subsets of a Ty-quasi-metric space which has at least
one antisymmetrically-dense subset is antisymmetrically-dense.

Despite the above result, we have:

Remark 4. The intersection of two antisymmetrically-dense subsets of a Ty-quasi-
metric space may not be antisymmetrically-dense.

There is a counterexample:

Example 14. On the set X = {1,2,3,4,5} consider the Sorgenfrey Ty-quasi-

metric as
r—y ;y<zw
S(x,y)={1 ysz

Now let us take A = {1,5}. In this case, since s(3,1) # s(1,3), s(1,4) # s(4,1)
and s(2,5) # s(5,2), the set A is antisymmetrically-dense in X. Similarly, the set
B = {1,4} is antisymmetrically-dense in X. But the intersection set AN B = {1}

is not antisymmetrically-dense in X because of the facts that s(1,2) = s(2,1) and
2e€ X\ (AN B).

5. CONCLUSION

As opposed to the negative result ( |5, Example 2.11]) which occurs in case
Tqs-density, a Tp-quasi-metric space which has a symmetrically connected and
symmetrically-dense subspace will be symmetrically connected by [9, Theorem
2.15]. That is, it is possible to carry the symmetric connectedness of the subspace
to the space, provided that the subspace is symmetrically-dense in the space.

However, we have a counterexample in [9] showing that “any symmetrically-
dense subspace of a symmetrically connected space need not be symmetrically
connected”. Similarly, in this paper we have an example which shows that “any
antisymmetrically-dense subspace of an antisymmetrically connected space need
not be antisymmetrically connected”.

In the light of above considerations, for future work, let us state a few new
questions using the notions introduced in [6] and [12], as follows.

If (X,d) is locally symmetrically connected and it has a symmetrically-dense
subset A, then is the subspace (A4,d4) locally symmetrically connected? If (X, d)
has a symmetrically-dense and locally symmetrically connected subspace then is
the space (X, d) locally symmetrically connected?
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