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space. We rely on some arguments to present the mild solution to our problem in terms
of an @-resolvent family. Then we study the existence of this mild solution by using
Krasnoselskii’s fixed point theorem. Finally, we give an example to prove our results.

1. Introduction

Fractional calculus has been developed intensively since the first conference on this area in 1974 [1]. Then, it gained popularity and
significant consideration mainly due to the numerous applications in various fields of applied sciences and engineering. Its purpose is to
extend fractional order derivation or integration using non-integer orders. the fractional calculus has been used in mechanics since 1930
and in electrochemistry since 1960. There are some examples of current applications of fractional calculus: fluid circulation, chemical
physics, probability and statistics, viscoelasticity, dynamic processes in structures, optics and processing of signals, etc. See [2]- [5]. several
mathematicians and physicists studied differential operators and fractional order systems. In [6], the authors studied the existence and
uniqueness results to the linear and nonlinear proposed fractional differential equations involving the Atangana—Baleanu fractional derivative.
In [7], optimal control for a fractional-order nonlinear mathematical model of cancer treatment is presented and the fractional derivative is
defined in the Atangana—Baleanu Caputo sense. The advantage of the ABC-fractional derivative is that it is non-local and has a non-singular
kernel. Therefore, it has many applications to demonstrate different problems including the fractional epidemiological model [8], such
as, free motion of a coupled oscillator [9], coronavirus and smoking models [10, 11], etc. For more details on the theory of nonlinear
ABC-fractional derivative. See [12]- [16].

In what follows, we discuss the existence of the mild solution of the following Atangana-Baleanu-Caputo fractional semi-linear differential
equation

ABCDE (w(t) — Q(tAB IS w(t))) = A (w(t) — Qt B IS w(t))) + Y (¢ AB I8, w(t),t € [0,T]
(1.1)
w(0) =wgy, wp€R,

where 0 < 0 < 1, ABCD&(.) is the Atangana-Baleanu-Caputo fractional derivative of order 6, A : D(A) C X — X is the infinitesimal

generator of an 8-resolvent family {7y (¢) };>0, {Se(¢) }s>0 is solution operator defined on the Banach space (X, || . ||), 0 € C(J x X,X), and
Y €C(J x X,X).
To the best of our knowledge, this is the first time that the problem (1.1) is being studied.
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2. Preliminaries
This section will be devoted to some definitions and lemmas on which we base ourselves to study our problem.

Let J = [0, 7] be a finite interval of R. We denote by C(J,IR) the Banach space of continuous functions with the norm ||¥|| = max{|¥(¢)] :
telJ}.

Definition 2.1. [16]. Let m € [1,0) and B be an open subset of R, the Sobolev space H™ (B) is defined as
H"(B) = {cp €12(B): D’® € I2(B),V|8| < m} .

Lemma 2.2. (Holder Inequality). Let A C R and p,q > 1 with 117 + % =1 If®cLP(AR), ¢ € LI(A,R), then ®p € L' (A,R), and
[ 2o o ar) <P lrar)l @ lloar) -

Definition 2.3. [17]. The left-sided Riemann-Liouville fractional integral of order n—1 < 0 < n of a function ®, such that n = [0]+ 1 is
given by

18.0(1) = %./Ot(z — 50 1®(s)ds,

where U(.) is the Euler gamma function defined by
oo .
I'(z) :/ e 'l dt,z> 0.
0

Definition 2.4. [6]. We define the left-sided Atangana-Baleanu fractional integral of order 0 < 6 < 1 of a function ®, as follows

1-6 0
50) (1) +

ABJO (1) = BOTE) [ =9 @ (s)as,

where B(f) =1—0+ % is a normalization function such that B(0) = B(1) = 1.

Definition 2.5. [6]. Let 0 < 0 < 1 and ® € H'(0,T). We define the left-sided Atangana-Baleanu fractional derivative of ® of order 8 in
Riemann-Liouville sense as follows

4908 w0 = 2O L [y [ yta—5)°) w(s)as,

where Y = % and Eg is one parameter Mittag-Leffler function defined by [18].

Nn=—00 An

E"(’l):n;o T(n+1)

Definition 2.6. [/9]. Let0< 0 <1 and ® ¢ H! (0,T). We define the left-sided Atangana-Baleanu-Caputo fractional derivative of the
function @ of order 0 as follows

!

498 ()= 7O [ gyt —5)°) (s)as.

Lemma 2.7. [19]. Let 0 < 8 < 1, then we have
ABJO_(ABCDE (1)) = B(1) — B(0).

Definition 2.8. [20]. We denote by p(A) ={B € C;(B—A) : D(A) = X is bijective} the resolvent set. The resolvent R(B,A) :=
(B—A)~!, B € p(A), is a bounded operator on X.

Definition 2.9. [20]. We say that A is a sectorial operator if the following conditions satisfies

i) A is linear and closed operator.
ii) there exist constants M >0, v € R, and B € [%,ﬂ?], such that
E(ﬂ,v) = {k eCA#£ V,M, —V‘ < ﬁ} C p(A)
iii) | R(A,A) < 25, A € 5.0,

Theorem 2.10. [2]]. Let S be a convex, closed, and nonempty subset of the Banach algebra X. Suppose that P,F : S — X are two operators
such that:

a) Pw+FveSforallw,yeS.
b) P is a contraction on S.
c) F completely continuous on S.
Then, the operator w = Pw+ Fw has a solution in S.
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3. Main Results

In this section, we give and prove an existence theorem of the mild solution to the ABC fractional semi-linear differential equation (1.1).
The first, we give the following remark on which we will rely to prove our major results.

Remark 3.1. To give the mild solution of the problem (1.1), we rely on the same arguments that the authors used in [22], [23] to determine
the solution to the following Cauchy problem

ABCDOu(r) = Au(t) +g(t), t€[0,T],0<86<1
3.1
u(0) =up €X.

The problem (3.1) has a mild solution given by

xp(1—-9)

- (=501 L s
ule) = xTo 0o + sy [ (1=9)° " s(w)ds+ s [ 8o —)s(s)as,

o)(0) . B(6) Jo

where y and @ are linear operators such that:
— _ . B(6
x=C(CI—A)" and o = —yA(LT—A) " with { = B8) y— 0= ana

1 _ _
To(t) = Eo(— 1) = z—m/re”r(e D(e01 - p)\dt

_ 1
So(t) =1 Eao(~ 1) = 5 [

(01— @) dr,
where T is a certain path lying on £g ) and g € C(J,X). See [24].
Based on the above arguments, we give the following definition

Definition 3.2. Let Q € C(J xX,X), J=1[0,T] andY € C(J x X,X). Then the problem (1.1) admits a mild solution given by

w(t) = 2Tp() (w0 — Q(0,% 1Pwo)) + %

0x> [t
+@/0 S (1 — )Y (s, B 1%(s))ds,

/0 (= )01y (528 1O(s))ds

_ — . ]
where y = {(CI—A)"" and @ = —yA(LT—A)7! wzth{z%andy:%.
Lemma 3.3. [22]. IfA € A% (Bo,vo) then || T (1) ||[< Me'™ and || So(1) ||< Ce” (14191, for allt > 0, v > vy.

According to the Lemma above if we set L; = sup,~ || Tp (7) || and Ly = sup,~Ce" (1+19~1). We get || Tp(¢) | < Ly and || Sg(¢) || <9~ L,.
For more details see [22]. - -
Next, we introduce the following assumptions:
(A1) Both operators Ty (¢) and Sg(¢) are compact operators, V¢ € J.
(A2) There is a constant 6 such that for each p,q € X, and r € J we have: |Y (t,p) —Y(t,q)| < 8|p—¢|.
(A3) The function Y (¢,.) : X — X is continuous, for all # € J and the function Y (., p) : X — X is strongly measurable, Vp € X.
)

(A4) There exists a constant @ € (0,0] and h € La (J,RT), forall p € X, and ¢ € J we have

Y (#,p)| < h().

Define § = {v € X, ||v|| < R}, such that:

1—-6 T(H»C)(lfoc)
R=] x| <L1<|WO|+Q(O,ABIGWO>|>+<"”'<) ) ,

0(0)] +Lo | % ”)W 1Al 0]

where C = % € (—1,0).
It is easy to see that S is a convex, closed, and nonempty subset of the Banach algebra X. Define the operators P: S — X and F' : S — X, for
eacht € J by:

xe(1-0)

Pw(t) = xTo(t)(wo — Q(O,ABIGWO)) + B(O)I(0) /Ot(t —s)ele(s,ABlgw(s))ds.

() = 92 / " So(t —5)¥ (5.8 1Pso(s))ds.
B(6) Jo
We consider the mapping G : S — X defined by

Gw(t) =Pw(t)+Fw(r), tel.
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Theorem 3.4. If assumptions (A1)-(A4) hold. Then, the fractional semi-linear differential equation (1.1) admits a mild solution w € X
provided:

Iz Wl el (1—6)r°

50 <1, 3.2
IB(6)[T(6+ 1) G2

where

(1-6) T
B(6) ' T(6+1)B(6) (3.3)

Proof. To prove the Theorem 3.4 is equivalent to proving that the mapping G has a fixed point, we show that the operators P and F' satisfy
the conditions of the Theorem 2.10.
Before proceeding to the proof of the Theorem 3.4, we will need the following lemma

Lemma 3.5. If there exists a constant o € (0,0] and h € La ([0,T],RY") such that |Y (¢, p)| < h(t) for all p € X, and almost all t € [0, T],

we have the following inequality
740 (1-a)
5)0= 1y (s,AB [0
=ty A o) < T g,

Proof. Assuming that all the conditions of the above lemma are satisfied. By a direct calculation, we get (t —s)9~! € L& [0,] for ¢t € J and
o € (0, 60]. Then by using Lemma 2.2, we have

L=y 628 Pws)las < ['16-9° " In(s)las

([-otia) ()

T(1+0)(1-0)
wre=e Mg,

IN

where C = &=L € (-1,0). O
We now move on to continue the proof of the theorem, then the proof is as follows:
Step 1:
Let w,v € S, then for all # € [0, T] according to the assumptions A1, A4, Lemma 3.3, and the Lemma 3.5, we have:

|[(Pw(t) + Fv(1))]

1-6) [ _ 0x> [
:‘xTe(t)(wo—Q(O,ABlewo))—i-%/O(t—s)e 1Y(s,’wlew(s))ds-i—f);)/ So(t— )Y (s, B 1%v(s))ds
x Il e
<1 7)1 (ol 10007 o))+ 128 FEE) [ )0 52 105 s
9 x I

S [ sa0-9) 1 V62221009

<HxHL1<\WO\+|Q<0ABIGWO>\>+M/ 09 622 1w las + I [ =00 6229t s

- ’ 1B(O)IIT(6)] Jo ’ B(6

1-6) Ly | 7ot
L o486 12 llel .
<l ol + 1000 o))+ (1RO ) el U,
T(1+C)(l—a)

iy 048 10 lelG-0), ,

xl{ (ol #1004 ) + (LGP 12 1 21 ) i grra 1 g
this gives:

| (Pw(t)+Fv(r)) <R,

this implies, (Pw(t)+ Fv(t)) € S forall w,v € S.
Step 2: P is a contraction on S:
Let w,v € S, then from assumption (A, ), we have

Pw(t) — Py(1))| = ’% ./O' (1 — )0 1Y (548 19w (s))ds — % /Ot (1 — )0 1Y (5,48 19v(s))ds

M t — )Y (528 1Ov(s)) — Y (s AB 1O (s s
= T BO)Ir(O) /o(t )T (T w(s)) =X (s, v (s))|d

(1—-0)
< H?C‘l!” (PH”F o) 3/ $)0=TABIO(5)) —AB 10,(5))|ds. (3.4)
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We have

where O is given by (3.3).
Therefore

(2l el (1—6)

t
5@ w—v /tfs -1
oy 0TI,

(

(
_xlllel (1—6)r°
— [BO)[T(6+1)]

(3.4) <

60 [|w—v],

this implies that

Iz lllel(1—6)r°
| Pw(e) —Pr(e)) |< 56 [[w—v .
IB(O)|[T(6 +1)]
Then, according to the condition (3.2) the operator P is a contraction on S.
Step 3: F is completely continuous:
i) F is continuous.
Let (wy)nen be a sequence of S such that w, — w as n — oo in S. We prove that Fw,, — Fw as n — oo in S. By using Lemma 3.3, we get

|Fwy(t) — / So(t—s)Y (s AB 10w, s——/ So(t—s)Y (s, B1%w(s))ds
0
< gg L[ 150099 1 (542 P 5)) ~ V6221w s
0| x* 9 1 AB ;0 _v( AB 0
<56 Ly [0 90 (542 o s)) ~ Y (6217w s
Fs H AB 10 _v( AB 8
< B(0)| LZS:;?T]|Y(S, IPwy(s)) =Y (5,22 IPw(s))|ds.

By using the assumption Az and Lebesgue dominated convergence theorem, we get:

|[Fwp — Fw|| — 0 as n — oo,

This implies that the operator F' : § — X is continuous.

ii) F(S) = {Fw : w € S} is uniformly bounded.

Using assumptions (A} ) and (A4), Lemma 3.3, and the Lemma 3.5, for any w € S and ¢ € [0, T], we have:

2
Fuw(t)] = "’i / So(t — )Y (528 19w(s))ds

< |||B% H /‘l_se IHY( ABIO )\ds

L, ”7(”2 1+C)(1 o) N
= T BO)[(1+0) 0 0,

Therefore,

Ly ” X H2 T(1+C)(1fa)

[ Fw(t) |< |B(6)|(1+C)1-@ I A ”L% 0,4’

this proves that F(S) = {Fw : w € S} is uniformly bounded.
iii) F(S) is equicontinuous
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Lett),1, € J such that t; < 7, and w € S, then using assumptions (A|) and (4, ), we have

[Fw(t) = Fw(t)]

9% 9%2 1
‘B(e) A SG(IZ*S)Y(S7AB[9w(s))dsf@ A 59(,1,s)y(S’A319W(S))dS
< |H%9H '/“ (12— $)[|Y (s ABIe ‘dS—/ IS (t1 —5)||Y (s ABIH (s))|ds
2 f .
< :‘)!3}((6)H|L2 /0 (tzfs)e_l\Y(s7ABlew(s))\ds+/ (tzfs)e_l\Y(s7ABlew(s))|dsf/0 (t1— )" Y (2B 1Ow(s))|ds
[V & - |Ix H -
< |B(9)|L2/,1 (12_5)9 1‘y(s’AB]9w(s))\ds‘ ‘ (2 —5) (t1fs)9 1)|Y(S,ABIBW(S))|dS‘
If we set
- ./ntz(‘z—S>9*‘|Y<s/‘319w(s>>|ds :

= '/0 (2 =9)77" = (1 =) DIV (52 1Ow(s) s,

and by using the arguments of lemma 3.5 we get

= '/ (12— )~ Y (s, 1Pw(s))ds

(t2711)<'+c)(“°‘>
S T iiore 1A 40,

and

<
- (1+C)t-a
(tr _tl)(1+C)(17(x)
= arore Mgy

Then, we have

[Eal
|B(6)]
2L || %% || (12 —1y)1+O)(1—0)
- |B(6)|(1+C)1~

[Fw(t2) —Fw(f)] < Ly(I+J)

11,40

Therefore, if |t] —t;| — 0 then |Fw(t;) — Fw(t;)| — 0, this implies that F(S) is equicontinuous.

According to parts (ii), (iii), and Arzela-Ascoli theorem, it is deduced that F(S) is relatively compact. And according to the part (i) deduce
that it is completely continuous.

According to steps 1, 2, and 3, we notice that all the conditions of Theorem 2.10 hold. Then operator G admits a fixed point in S. This proves
that the problem (1.1) admits a mild solution in C(J,X). O

4. Example

This section is devoted to an illustrative example that shows the results of this work.
1 1 1 1
Let X = L2([0,1]), w(t) = w(.,1), Y (1, AP I§ w(.,1)) = 15 (1 +cos(*PI§ w(.,1)), QB 1§ w(.,1)) = 1+14PI5 w(.,1)),J = [0,1].
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We Consider the following problem

ancy} (w(x,z) -y +tABIO%+w(x,t))> —A (w(x,t) —( +tABI§+w(x,z)))

1
+%(1 +COS(ABIO2+W(x7t))7 re [0,”,)(6 [07 1} (4 1)

w(0,1) =w(l,1) =0, r€]0,1]

w(x,0) =wp(x), xe€l0,1],
1
where 48€97 is the ABC-fractional partial derivative of order %, and A : D(A) C X — X be an operator defined by
D(A) :=H?*(0,1)NH'(0,1) and Au=Au.

The operator A generates a uniformly bounded semi-group 7'(¢);>¢ in X. See [20].

Let v(r) =48 Ioaw(.,t), then Y (r,v(t)) = 1—19 (I+cos(v(z)). It is clear that

Y (t,u(t)) =Y (,v())| < %\u—v| and |Y (¢,u(r))| <1. Wetake h(t) =1, (| x Il,|l ¢ |< 1), and 6 = 1—19. then the assumptions A,, A3 and
Ay are satisfied.

Now we check for condition (3.2). Wehave T =1, 6 = %, then after some calculations, we find

Ixlllel(1—6)T° ¢ 1-3 1,%+ 1
|B(6)[[T(61 +1)] “19BHrd+1n \ B&) T B +1)

1 1 1
= B3 <B(;> *BQ)F@))
~0,114 < 1.

Then from the results above, deduce that the ABC-fractional semi-linear differential problem (4.1) has a mild solution w in C([0, 1] x [0, 1],X).

5. Conclusion

In this paper, we have studied the existence of the mild solutions of a fractional semi-linear differential equation involving Atangana-Baleanu-
Caputo fractional derivative with order 0 < 6 < 1 by using the Krasnoselskii fixed point theorem. In the end, an illustrative example is
presented to demonstrate our results.
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