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1. Introduction

The category of simplicial groups with Moore complex of length 1 is equivalent to the category of Whitehead’s crossed
modules [6]. This structure can be considered as an algebraic model for homotopy connected 2-types. Conduché [2] has proven
2-dimensional version of this result by giving the definition of a crossed module of length 2. He proved that the category of
such objects are equivalent to the category of simplicial groups with Moore complex of length 2. The structure of a crossed
square has been introduced by Guin-Walery and Loday [4]. This structure is a model for homotopy connected 3-types. The
commutative algebra version of crossed modules has been defined by Porter in [11]. On the other hand crossed squares of
commutative algebras has been investigated by Ellis [5]. Conduché also, [3], gave the close relationships among bisimplicial
groups with crossed squares for the version of groups, and he proved that Loday’s mapping cone complex of a crossed square
gives a 2-crossed module.

Carrasco and Cegarra, [10], give a general version of the Dold-Kan theorem for the equivalence between simplicial groups and
non-Abelian chain complexes. Porter in [12] has proven the equivalence between the category of n-types of simplicial groups
and the category of crossed n-cubes. In [9], Giirmen-Alansal and Ulualan generalised these pairings for the Moore bicomplex
in bisimplicial groups. It can be seen the role of these pairings for the relations among bisimplicial groups and crossed squares.
Arvasi and Porter [13], using the Carrasco and Cegarra pairing operators for a Moore complex in a simplicial (commutative)
algebra, and they have defined the functions Cy g functions, and as an application, they proved that the category of 2-crossed
modules of commutative algebras introduced by Grandjedn and Vale in [1] is equivalent to that of simplicial commutative
algebras with Moore complex of length 2. Of course, this is the commutative algebra version of Conduché’s result [2].

Our first aim in this work is to define the functions Cy, g for 2-dimensional simplicial algebras (or bisimplicial algebras) and
second aim is to give the relationship between crossed squares and bisimplicial algebras by use of the functions Cy, g.

2. Preliminaries

The simplicial set analogue has been studied in [8, 7, 13]. We give the following statements from [13]. Define the set P(n)
consisting of the pairs of elements in the form (a, ) from S(n) with a N B =0 and B < o where o = (i;,...,i1), B =
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(Js,---5J1) € S(n). The k-linear morphisms are,
{Cop : NE, 40 @NE,_4g — NE,|(t,B) € P(n), 0 < n}
given by composing:
Cap(Xa®yp) = pl(sa®sp)(xa®yp)

= P(Sa(xa)sﬁ(xﬁ))
= (I=sp1dp-1)-.-(1=s0do)(sa(xa)sp(xp))

where
Sa = Si, - --Siy :NE, 40 — Ep, S = Sjs---Sj) ZNEn,#[; — Ep,

p: E, — NE, is given as composite projections p = p,_1 ... po with
pPj= l—dej forij,L...,n—l

and U : E, ® E, — E, denotes multiplication.
Arvasi and Porter in [13] studied the truncated simplicial algebras and their properties. By using C,, g functions they then
proved the following result:

Proposition 2.1. Suppose that E is a simplicial algebra. We denote its Moore complex by NE. Then

NE»/d5(NEs D) —2> NE, — = NE,
is a 2-crossed module of algebras with the Peiffer lifting map
{—=,—}:NE\®NE|, — NE»/d3(NE3 N D3)
given by (x®y) — {x,y} = C0)1)(x®y) + 5(NE3 N D3) = 51 (x)(s1y — soy) + d3(NE3 N\ D3) for all x,y € NE).
3. Hypercrossed Complex Pairings for Bisimplicial Algebras

In this section, we define the Cy g functions in Moore bicomplex of a bisimplicial algebra. Let A be the category whose
objects are the ordered sets [n = {0 < 1 < 2--- < n}| and whose morphisms are non decreasing maps between them. Suppose
A x A is the product category. Its objects are the pairs ([p], [g]), the morphisms are the pairs of increasing maps. The functor
E :(AxA)°P — Alg can be considered as a bisimplicial algebra. Therefore, E._ is equivalent to giving for each (p,q) an
algebra E, ; and morphisms:

h(pa) . n(pa) R
di " i Epq—Ep 14 si tEpg— Eprig p=i=0

v(Pa) . v(pPa) .
dj " 1Epg— Epg-1; sj Epg—Epgr1,  q2j=20

" respectively for @i, 1"

(pq) hpa

commute with df’<pq> , 8" " and that the homomorphisms djv-(pq) ,8"

(rpa)  y
where the maps d ", s’ i }

These maps satisfy the simplicial identities.

We consider of d]V.W) 7s;(M) as the vertical operators and dlh(pq) 5" as the horizontal operators. If E__ is a bisimplicial algebra,

»Si
an element of E, , can be thought as a product of a p-simplex and a g-simplex. Let BiSimpAlg be the category whose
objects are bisimplicial algebras given by the functors E__: (A x A)°? — Alg and whose morphisms are natural transformations
between the functors E. and E’ .

The Moore bicomplex for a bisimplicial algebra is

(n—1,m—1)
NE, ,, = ﬂ Kerdf’wn) N Kerdjv»(
(1,/)=(0,0)

nm)

with the boundary homomorphisms

o

l

nm)
:NE, ;, — NE, 1 n

and

nm

" NEym — NEym_1

J

obtained by the maps dih(nm) and d;<nm) where 0 < j<m, 0<i<n, nm#0.

We can denote this Moore bicomplex by Figure 3.1.



Fundamental Journal of Mathematics and Applications 179

NEi, ah(:m NEy»
212 ! oy
NE171 ah(“) NE()J
a0 : oy
NE1 o NEqy.

Figure 3.1: Moore bicomplex

Now, we give the functions C,, g for bisimplicial algebras.

Given k = (n,m) € NxN. Let S (k) = S (n) x S (m) with the partial product order. Take a, B € S (k) where o = (¢, %), f =
(B1,B2) for a1, Bi € S(n) and @z, B € S (m). The 2-dimensional case of the C,, g functions given for any simplicial algebra
[13] can be obtained as follows. We will need that the Pairings

{C%E : NEj_#q X NEj_yp — NE | 0 # B, a.p € S(k)}

are obtained by creating of the maps given in the diagram

Cap
NEnf#a] m—#op ®NE"—#51M—#I32 _— NEn,m

(Sg®sg ) p

En,m 2 En,m

En.m

Figure 3.2: Construction of Cy g

where sq : s’&] Sg,» and where sgl = s?r . -s?l for ay = (ir,- -+ ,i1) € S(n), similarly Sp sgls;}z, and where sgl ="

Js
Bi = (js, -+, Jj1) € S(n). We can define the maps similarly s(vxz,s;32 in S(m). Note that sé,h’v) = id is the identity map. By the

composing the projections given below, the map p is defined as

h
s, for

p= (pﬁflmp'é) (Ph_1-+-Pb) 3.1)
ﬁh’v) (x) =x— s(-h’v)d;h’v) (x), and u is given by the multiplication.

where p
J
Thus for & = (o1, 2), B = (B1,B2) € S(n) x S(m), it is obtained from the Figure 3.2 by composing the maps that

Coap (*®y) = pU(sa®sp)(x®Y)
= PH(sg, S, () @ 55,55, (7))

h h
HEEACE D)
for x € NE, sy m—#o, and y € NE, _4p ,,_4p,, Where p is given by
P Eyw — NE,
— h hoh_ v v V():(l—h dh )_“(1_hdh)(1_v v )(l—vdv)()
a Pn—1---P1P0Pm—1---P1Po\a Sn—14n—1 Soo Sm—1%m—1 Sodo)\d

for all a € E, ,,. Note that we obtain
Cop(x®y) =Cpa(y®x)
for x € NE,_#a, m—#a, and y € NE, 45, m—#p,-
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4. Low Dimensions Cases
4.1. The case (n,m) = (0,1) or (1,0).

Take (n,m) = (0,1) or (n,m) = (1,0). Firstly we calculate here Cy g functions whose codomain NEy; or NEjo. Let
(n,m) = (0,1). So S(n,m) = S(0) x §(1) = {(0,0), (0, (0))}, & = (0,0) and B = (0,(0)). Thus the function C, g given by

C(0,0),(0,(0)) : NEo1 ® NEgg — NEp

is obtained by
Cl00).0.0)(x®y) = plt S(os@( )®s@s ( )= p(id(X)szm )
) sy "y (usty <m
o) — sy ()5 ()
(y) (' x€NEy; =kerd)")
forx € NEy 1,y € NEy.

Assume that (n,m) = (1,0). After this, we take S(1) x S(0) = {(0,0),((0),0)}. Let & = (0,0) and B = ((0),0). Then the
function
C0.0),((0),0) : NE1o®NEp o —> NEi o

is defined as
Co0),((0)0)(x®y) =x(s5% (v))
forx € NEL(), y € NEy.

4.2. The case (n,m) = (1,1).
Let (n,m) = (1,1). Define the set

S(1) x 8(1) = {(0,0), ((0),(0)), (0,(0)), ((0),0)}.
1. For o = (0,0), B = (0,(0)), the function Cy g is from NE,; ® NE o to NEy,1. The map can be defined by

(10)
C0.0),(0,00)(x®y) =xs5  (y); xENE1 1, y € NEj 0.

2. For a = (0,0), B = ((0),0). Then, the function Cq g is from NE; ; @ NEy | to NE| ;. The map can be calculated by

(on)
C(Q)’@)’((())?@) (x®y) = xsg (y); x€ NE; 1, y€ NEy;.
3. For a = (0,0), B = ((0),(0)), the map Cg,0) ((0),(0)) : NE1,1 @ NEogp — NE| 1 is given by

»(00) p(01)
C(@@) ((0),(0 ))(x®y)—x( g (y));xENELl, yENEQ)O.

4. Take o = ((0),0) and B = (0,(0)). Then the map
C((0),0),(0,(0) : NEo,1 ©NE 0 = NE|

can be calculated for any x € NEy 1,y € NEj o as

Cl0)0)0.0)F®y) = ph(sa®sp)(x®y)
= ppb(st” ()5 )
= (" @ 0 - 8" s o)
_ (s;(;(m)(x)s(v)(m)( )— 0<10) h<00>d0<01>( s 0<10>( ))
= A" 0" 0)  Corekerdy™)
- (58(01)(X)S8(10) () — hm a’o(ll (50(01)( )50(10) (J’)))
= wm@mwow%muw”%mﬁmm)< sl >=w
= (" @0 " @A ) cody sy =" ™)
= (4" @) (oyekerd"” =NEy)
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5. For o = ((0),0) and B = ((0),(0)). Then the map
C((0),0).((0),(0)) : NEo,1 @ NEgo — NE |

can be given for any x € NEy 1,y € NEy as

C(0)0).((0).0)(*®Y) = PH(sa ©5p)(x@Y)
= phrb(sh” st V““”(y))
= ph(sh" st s <y>—so ‘”<s3“’”<x>s'a<°”so<”°><y>>)
_ g(h(()l)( ) 8 v(00>(y) 11) 15(01)( ) V(lo)dv(ll) h(Ol)sg(OO) (y))
_ pg (sg(m)(x) 801 V(O())(y)) ( xekerdv( ))
= (" s 5™ ) = bl (o st 5y <y>>)
= (s’a“”)<x>s’5(°”s5<°°><y>—s’a””(x)sé( 570) Cods =id)
= 0.

6. For o = (0,(0)) and B = ((0),(0)), the map
C(0.00)).((0).(0)) * NE1,0® NEg,o — NE11
is the zero map as given in the previous step.
4.3. The case (n,m) = (0,2) or (2,0) and crossed modules

In this section, by considering (n,m)= (2,0) and (0,2), we can compute the possible non zero operators with codomain NEj o,
NE) » respectively. We give an application of these operators to the crossed modules.
For (n,m) = (2,0). From the set

5(2) x8(0) = {((0),0), (,0), ((1),0), ((1,0),0)},
we can choose a = ((1),0), B = ((0),0). Then Cq g is a map from NE| o @ NE| o to NE; 9. This map can be given by for
.y € NE1g
C1),0),(000®y) = PN(Sa®Sﬁ)()’®y/)
h (10)

= b sk o)

1(10) #(10) (10)
= S 05 O —s () €NExp.

We have similarly

(20) (20) (10) (10) 1(10)
5 (Cyoa®Y) = 5 (06 ) =5t 0))

(10)
= ysg di ()= €NEpp.

Now suppose (n,m) = (0,2). From the set

5(0) x5(2) = {(0,0),(0,(0)),(0,(1)),(0,(1,0))},

we can find the functions Cy, B with codomain NEp». In this case, the only non zero operator Cy, B can be calculated by
choosing & = (0, (1)) and B = (0, (0)). Therefore, this is a map from NEy; ® NEo 1 to NEq . For x,x' € NEy 1, we obtain

Co.),0,0)(x@X) = pl(se®sp)(x®x)

H(01)

= i s ()

= $" " () - s () € NEgo.

We have also

(o1)

Wl »(02) - ,(01) v »(01)
B CompooyEex)) = B @y o) - ()
L00) 01)

= xs5 di (¥)—xx' €NEp;.
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Proposition 4.1. Assume that E, . is a bisimplicial algebra. Consider its Moore bicomplex NE, .. For p+q > 2, if
NE, , = {0}, then the map
) :NEy | X NE1g — NEy

given by
(10)

I(xy) =" o)+ " (y)

. . . 01 10
or x € NEy 1,y € NE| g is a crossed module of commutative algebras. In particular, the maps dv( ) and dh< ) are crossed
1Y , 8 p ps d 1
modules.

Proof. The action of r € NEy on (x,y) € NEg; X NE| g is given by

(00) (00)
r-(x,y) = ((sg 1)x, (s t)y) .
For this action we get
(00) (00)
At () = 9 ((sh" 1) (sl t)y)

(01) (00
= et

= 1@ @ +d"" )
= 1d(x,y)

0)

1)y)

and this is the first axiom of the crossed module.
Now for (x,y), (+',y) € NEy,1 x NE| o, we obtain

01)

Axy)- () = ) +dl" st (@™ )+t o))

(5™ (@™ ()
_ (s Oo)df(m)(x)x v(OO)dh (y)x /’Sg(OO)dY(Ol)(x)y/+s16(00)d{z(10) (y)y/)

(00

(00 01
s )(d‘f( )
1

) (oD (1) _ylon 00 j10)
= (s dv (o +™ sy ) @y sl )y
( .S dh(l()) _dh |0 h(()())di)(() _dvll) h(()l))
00) (0D e PN
= (o di (0, dh '0)) €5 (.55 (v) € NEyy = {0}).

Since NEj, = {0}, we obtain for x,x’ € NEy |

L(02) L(00) 1 (01)
35 (Clo,1y,0.0) 0 ®@x) =x'sy di T (x) —x'x=0

and therefore,

V(oo ,(01)

dy (x)x = xx'.
Similarly, since NE, o = {0}, we obtain for y,y’ € NE| o

(20)

h (00) 1 (10)
95 (Ciy o) (0 @) =Vstdi () —Yy=0

and therefore,
00) 1,(10)
dy )y =y
Thus, we have
Ixy)-(y) = ()
= (),

and this is the second axiom of crossed module. O

5. Crossed squares and Bisimplicial Algebras

If we take (n,m)= (2,1) and (1,2), we will define the possible non zero operators Cy g Whose codomain NE) > and NE |
respectively. We give an application of these operators to the crossed squares. B

Assume now that (rn,m) = (2,1). We think the set §(2) x S(1). We can choose appropriate pairs ¢, § from the set S(2) x S(1),
we can compute similarly all the non zero maps with codomain NEj ;. To get these maps, we take the possible a, 8 as follows.

I a=((1),0), B=((0)0)
2. a=((1),0), B=(0,(0)
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3 Q:((0)7m)7 = @7( ))
4. a=((1),(0)), EZ(( ),0)
5. a=((0),(0)), EZ(( ),0).

For («, ), the necessary unctions can be given as follows:

Cop fu
1. Take o = ((1),0) and B = ((0),0), we have that the oparetor
C((l),@),((o),@) :NE||QNE|| — NE» 1.

This operator can be given by

(an an (1)
Ci1)0),(00(x®y) =51 (X)(s§ () —s (y) € NE,

forx,y € NEL].
2. For a = ((1),0),8 = (0,(0)), we get the operator
C((1).0),(0,0)) * NE11 @ NEy g — NEp

defined by
A0, (02)
Cl1).0),0,0)(x@1) =5 " (x)sy () € NE,
forx € NE171 andr € NE, .
3. For a = ((0),0),8 = (0,(0)), we get the operator
C((0).0),0,0)) : NE11 @ NEy 0 — NE3

given by
(1, 02
Cl(0)0).0.0)(x®1) =55 (x)sp (1) € NEz,
forx € NEy 1,1t € NEy.
4. For a = ((1),(0)),8 = ((0),0), we get the following operator
C((l),(O)),((O),@) : NE|70 ®NE],] — NE27] .

It is given by
(11) ,,(10) (11)
Cl1),(0).(0).0)(x@Y) =5t sy (x)s6 (y) € NE;
forx € NE1o,y € NE 1.
5. For o = ((0),(0)),B = ((1),0), we obtain the following operator
C(0),0)).((1).0) : NE1o®@NE | —> NE3 1.
This can be defined as o) o
Clo).0)()0)x®Y) =56 so (x)s] " (y) € NEy,

forx € NEI,(), yeE NE171.
For (n,m) = (1,2), we set

S(1) x 8(2) = {(0,0),((0),(0)),(0,(0)),(@,(1)),((0),(1,0)),(0,(1,0)),((0),0), ((0), (1))}
In the following calculations, if we take the appropriate pairs ¢, 8 from the set S(1) x S(2), we will give all the non zero maps
for NE . To get these maps, we can choose the possible a, 8 from the set S(1) x S(2) as follows

La=(0,(1)), B=(01(0))
2. a=(0,(1)), B=((0),0)
3. a=(0,(0), B=((0),0)
4. a=((0),(1)), B=(0,(0)
5. 2=((0),(0), B=(0,(1)).
Now we compute the functions C g for these pairings (¢, B).

1. For oo = (0,(1)) and B = (0, (0)), we obtain the operator
Co.(1))0.0)) : NE11 @ NE1 | — NE| 5.

This operator can be calculated by

L) L)

v(ll) K
Clo,1)).0,0)(x@y) =51 (x)(s5 () —s7 () ENE1

for x,y € NEy .
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2. For a = (0,(1)),B = ((0),0), we obtain the operator
C(@.’(l)),«o)’@) :NE| 1 ®NEy, — NE;»

given by

(02)

e
Clo,(1),(0)0)(x®1) =s]  (x)s¢  (t) €NE1,

forx € NEyj andt € NEy,.
3. For a = (0,(0)),B = ((0),0), we have the following operator
C(@.(O)),((O),@) :NE| 1 ®NEy, — NE|»

given by
(02)

e
Co,0)),(0)0)(x®1) =s§  (x)s¢  (t) €NEi,

forx € NEjjandt € NEp;.
4. For o = ((0),(1)),B = (0,(0)), we get the following operator
C(0),1)),(0,(0)) : NEo, g @NE1 ) — NEj»

given by

11)

2(02) 01,
Cl0),(1)).0.0)x®Y) =56 57 (x)sh  (v) € NEy,

forx € NE()J7 yeE NE171.
5. For o = ((0),(0)) and B = (0,(1)), we get the following operator
C((0),(0),(0,(1)) : NEon ® NE1,) — NE 5

given by
©@) 01, \
Cl(0),(0)),0.01)(x®Y) =56 sy (x)s} (v) € NEi,
forx € NE()’l andy e NE1’1.

Thus, we can give the following result.

Proposition 5.1. Let E. . be a bisimplicial algebra with Moore bicomplex NE, .. If for p > 2 or g > 2, NE,, , = {0}, then,
Figure 5.1

Figure 5.1: Crossed square of Moore bicomplex

is a crossed square together with the h-map
h:NEy; xNE1 o — NE|

given by
H(10)

(o)
h(x,y) = C((0)0),0,0)(x®Y) =55 (X)s§ ()

forall x € NEy and y € NE| o, where ((0),0),(0,(0)) € S(1) x S(1). (This result is the commutative algebra version of
Conduché’s result given in [3].)

Proof. Our purpose is to see the role of the functions Cy, g in the structure.
Since NEj » = NEyo = NEy» = NE,; = {0}, the maps 9", 9/"*", 9/""" and 8}""" are crossed modules.
Anaction of x € NE| g ony € NEo is givenby x-y =y -x = S(V)(OO) d{’(lo) (x)y, similarly, the action of a € NEy; on b € NE| ¢ is

givenbya-b= sg(oo)d‘{(m) (a)b.
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For y € No,1 and x € NE o, we obtain

(11) (11) (o1) (10)
H'"hiyx) = I (” sy (x))
= " )
(00) (10)
o di (%)
= y-Xx

We obtain similarly for a € NEy; and b € NE] ¢

(o1)

(@sy " (b))
a)bx

= h< " (@)b
= a-b.

(91V(U)h(a,b) _ av(ll)( h
v(”) h(m)(

Now we show that h(x,alv(”)c) =x-cforx € NEy and c € NE ;. For 58(01) (x),c € NE; 1, we obtain

W(12) (o1) S(12) J(11) oD (1D (1) S(12)
dy " Co. .00 (56 (x)®c) = db (( st(so (0)sy (c) =y (C)) €dy (NEi)
1, (01)

= b '°>dv<” (c)—c)

5,(01) (11)

(01)
= S5 (x) dl (©)—s¢ (x)c=0. (.NE;»=0)
Thus, we have forx € NEy 1 and ¢ € NE| |,
Neh) (o1) (10)
ooy = s sy (o)
= sg(m)(x)c ("NE;»=0)
= x-c.

Fora € NE; 1 and y € NEj o, we obtain

(10)

(11) (o1) p(1n)
h@ (@) y) =55 di - (a)sy ().
For s{)(lo) (v),a € NE| 1, we obtain
(21 (10) (1) ,(10) (1) (11) 21
d™ (cmomotazs ) = a7 (6" D66 @ =54 @) € b NE2)
,(10) (1) (11
= sp 66 df (a)-a)
»(10) (01) (10)
= s 0" " (@) =5t ()a=0. (. NEy =0)
Thus, we have
(11) 01) p(11) »(10)
h@r (a)y) = o di (@)sy ()
(10)
= asp ()
= a-y
We leave other crossed square axioms to the reader. O

Arvasi, in [14], proved that Loday’s mapping cone complex

— !
O A SN VO e

of the crossed square for commutative algebras in the Figure 5.2
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K—'>1L
y l“
M ——R

i

u

Figure 5.2: Crossed square

gives a 2-crossed module analogously to that given by Conduché in the group case [3].
Thus, we obtain the following result.
Let E, . be a bisimplicial algebra with Moore bicomplex NE, ,. If for p > 2 or ¢ > 2, NE, ;, = {0}, then

11 11 ,(01 10
() gD 210 gp10

NE; | — % NEy; x NE; g ————— NEg

is a 2-crossed module together with Peiffer lifting map
{—, —} : (NE()_l X NEL()) X (NE()J X NELQ) — NE171

given by
10)

O, o
{(x,), (& Y)} = Cop0).0.0) x@¥Y) =56 (x)s5 ()
for all x,x’ € NEy; and y,y’ € NE| o, where ((0),0), (0, (0)) € S(1) x S(1).

6. Conclusion

In this paper, we give the hypercrossed complex pairings for a Moore bicomplex of a bisimplicial algebra and we calculate in
dimension 2 explicitly these pairings in the Moore bicomplex to see what the importance of these relations in the structures,
for example crossed squares and 2-crossed modules. This idea can be extended to Lie algebra case. Defining these operators
for bisimplicial Lie algebras and using these pairings the connection between bisimplicial Lie algebras and crossed squares
over Lie algebras can be obtained similarly.
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