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*Corresponding author

Article Info

Keywords: Bisimplicial algebras,
Crossed modules, Moore complex
2010 AMS: 18G30, 55U10
Received: 5 May 2023
Revised: 19 September 2023
Accepted: 22 September 2023
First Online: 29 September 2023
Published: 30 September 2023

Abstract

A simplicial commutative algebra with Moore complex of length 1 gives a crossed module
structure over commutative algebras. In this study, we will give 2-dimensional version of
this result by giving hypercrossed complex pairings for a bisimplicial algebra and its Moore
bicomplex. We give a detailed calculation in low dimensions for these pairings to see their
role in the structures of crossed squares and bisimplicial algebras. In this context, we prove
that if the Moore bicomplex of a bisimplicial commutative algebra is of length 1, then it
gives a crossed square structure over commutative algebras.

1. Introduction

The category of simplicial groups with Moore complex of length 1 is equivalent to the category of Whitehead’s crossed
modules [6]. This structure can be considered as an algebraic model for homotopy connected 2-types. Conduché [2] has proven
2-dimensional version of this result by giving the definition of a crossed module of length 2. He proved that the category of
such objects are equivalent to the category of simplicial groups with Moore complex of length 2. The structure of a crossed
square has been introduced by Guin-Walery and Loday [4]. This structure is a model for homotopy connected 3-types. The
commutative algebra version of crossed modules has been defined by Porter in [11]. On the other hand crossed squares of
commutative algebras has been investigated by Ellis [5]. Conduché also, [3], gave the close relationships among bisimplicial
groups with crossed squares for the version of groups, and he proved that Loday’s mapping cone complex of a crossed square
gives a 2-crossed module.
Carrasco and Cegarra, [10], give a general version of the Dold-Kan theorem for the equivalence between simplicial groups and
non-Abelian chain complexes. Porter in [12] has proven the equivalence between the category of n-types of simplicial groups
and the category of crossed n-cubes. In [9], Gürmen-Alansal and Ulualan generalised these pairings for the Moore bicomplex
in bisimplicial groups. It can be seen the role of these pairings for the relations among bisimplicial groups and crossed squares.
Arvasi and Porter [13], using the Carrasco and Cegarra pairing operators for a Moore complex in a simplicial (commutative)
algebra, and they have defined the functions Cα,β functions, and as an application, they proved that the category of 2-crossed
modules of commutative algebras introduced by Grandjeán and Vale in [1] is equivalent to that of simplicial commutative
algebras with Moore complex of length 2. Of course, this is the commutative algebra version of Conduché’s result [2].
Our first aim in this work is to define the functions Cα,β for 2-dimensional simplicial algebras (or bisimplicial algebras) and
second aim is to give the relationship between crossed squares and bisimplicial algebras by use of the functions Cα,β .

2. Preliminaries

The simplicial set analogue has been studied in [8, 7, 13]. We give the following statements from [13]. Define the set P(n)
consisting of the pairs of elements in the form (α,β ) from S(n) with α ∩ β = /0 and β < α where α = (ir, . . . , i1), β =
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( js, . . . , j1) ∈ S(n). The k-linear morphisms are,

{Cα,β : NEn−#α ⊗NEn−#β → NEn|(α,β ) ∈ P(n), 0≤ n}

given by composing:

Cα,β (xα ⊗ yβ ) = pµ(sα ⊗ sβ )(xα ⊗ yβ )

= p(sα(xα)sβ (xβ ))

= (1− sn−1dn−1) . . .(1− s0d0)(sα(xα)sβ (xβ ))

where
sα = sir . . .si1 : NEn−#α → En, sβ = s js . . .s j1 : NEn−#β → En,

p : En→ NEn is given as composite projections p = pn−1 . . . p0 with

p j = 1− s jd j for j = 0,1, . . . ,n−1

and µ : En⊗En→ En denotes multiplication.
Arvasi and Porter in [13] studied the truncated simplicial algebras and their properties. By using Cα,β functions they then
proved the following result:

Proposition 2.1. Suppose that E is a simplicial algebra. We denote its Moore complex by NE. Then

NE2/∂3(NE3∩D3)
∂2 // NE1

∂1 // NE0

is a 2-crossed module of algebras with the Peiffer lifting map

{−,−} : NE1⊗NE1 −→ NE2/∂3(NE3∩D3)

given by (x⊗ y) 7→ {x,y}=C(0)(1)(x⊗ y)+∂3(NE3∩D3) = s1(x)(s1y− s0y)+∂3(NE3∩D3) for all x,y ∈ NE1.

3. Hypercrossed Complex Pairings for Bisimplicial Algebras

In this section, we define the Cα,β functions in Moore bicomplex of a bisimplicial algebra. Let ∆ be the category whose
objects are the ordered sets [n = {0 < 1 < 2 · · ·< n}] and whose morphisms are non decreasing maps between them. Suppose
∆×∆ is the product category. Its objects are the pairs ([p], [q]), the morphisms are the pairs of increasing maps. The functor
E.,. : (∆×∆)op→ Alg can be considered as a bisimplicial algebra. Therefore, E.,. is equivalent to giving for each (p,q) an
algebra Ep,q and morphisms:

dh(pq)

i : Ep,q→ Ep−1,q; sh(pq)

i : Ep,q→ Ep+1,q, p≥ i≥ 0

dv(pq)

j : Ep,q→ Ep,q−1; sv(pq)

j : Ep,q→ Ep,q+1, q≥ j ≥ 0

where the maps dv(pq)

j ,sv(pq)

j commute with dh(pq)

i ,sh(pq)

i and that the homomorphisms dv(pq)

j ,sv(pq)

j respectively for dh(pq)

i ,sh(pq)

i .
These maps satisfy the simplicial identities.
We consider of dv(pq)

j ,sv(pq)

j as the vertical operators and dh(pq)

i ,sh(pq)

i as the horizontal operators. If E.,. is a bisimplicial algebra,
an element of Ep,q can be thought as a product of a p-simplex and a q-simplex. Let BiSimpAlg be the category whose
objects are bisimplicial algebras given by the functors E.,. : (∆×∆)op→ Alg and whose morphisms are natural transformations
between the functors E.,. and E ′.,..
The Moore bicomplex for a bisimplicial algebra is

NEn,m =

(n−1,m−1)⋂
(i, j)=(0,0)

Kerdh(nm)

i ∩Kerdv(nm)

j

with the boundary homomorphisms
∂

h(nm)

i : NEn,m −→ NEn−1,m

and
∂

v(nm)

j : NEn,m −→ NEn,m−1

obtained by the maps dh(nm)

i and dv(nm)

j where 0 6 j 6 m, 0 6 i 6 n, n,m 6= 0.

We can denote this Moore bicomplex by Figure 3.1.
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�� ��
· · ·

... // NE1,2
∂ h(12)

1

... //

∂ v(12)
2
��

NE0,2

∂ v(02)
2
��

· · · // NE1,1

∂ v(11)
1
��

∂ h(11)
1

// NE0,1

∂ v(01)
1
��

· · · // NE1,0
∂ h(10)

1

// NE0,0.

Figure 3.1: Moore bicomplex

Now, we give the functions Cα,β for bisimplicial algebras.
Given k = (n,m) ∈N×N. Let S (k) = S (n)×S (m) with the partial product order. Take α,β ∈ S (k) where α = (α1,α2) , β =
(β1,β2) for α1,β1 ∈ S (n) and α2,β2 ∈ S (m). The 2-dimensional case of the Cα,β functions given for any simplicial algebra
[13] can be obtained as follows. We will need that the Pairings{

Cα,β : NEk−#α ×NEk−#β −→ NEk | α 6= β , α,β ∈ S (k)
}

are obtained by creating of the maps given in the diagram

NEn−#α1,m−#α2 ⊗NEn−#β1,m−#β2

(sα⊗sβ )

��

Cα,β
// NEn,m

En,m⊗En,m µ
// En,m

p

OO

Figure 3.2: Construction of Cα,β

where sα : sh
α1

sv
α2
, and where sh

α1
= sh

ir · · ·s
h
i1 for α1 = (ir, · · · , i1) ∈ S(n), similarly sβ : sh

β1
sv

β2
, and where sh

β1
= sh

js · · ·s
h
j1 for

β1 = ( js, · · · , j1) ∈ S(n). We can define the maps similarly sv
α2
,sv

β2
in S(m). Note that s(h,v)/0 = id is the identity map. By the

composing the projections given below, the map p is defined as

p =
(

ph
n−1...p

h
0

)(
pv

m−1...p
v
0
)

(3.1)

where p(h,v)j (x) = x− s(h,v)j d(h,v)
j (x) , and µ is given by the multiplication.

Thus for α = (α1,α2),β = (β1,β2) ∈ S(n)×S(m), it is obtained from the Figure 3.2 by composing the maps that

Cα,β (x⊗ y) = pµ(sα ⊗ sβ )(x⊗ y)

= pµ(sh
α1

sv
α2
(x)⊗ sh

β1
sv

β2
(y))

= p
(

sh
α1

sv
α2
(x) · sh

β1
sv

β2
(y)
)

for x ∈ NEn−#α1,m−#α2 and y ∈ NEn−#β1,m−#β2 , where p is given by

p : En,m → NEn,m

a 7→ ph
n−1 . . . ph

1 ph
0 pv

m−1 . . . pv
1 pv

0(a) = (1− sh
n−1dh

n−1) · · ·(1− sh
0dh

0)(1− sv
m−1dv

m−1) · · ·(1− sv
0dv

0)(a)

for all a ∈ En,m. Note that we obtain
Cα,β (x⊗ y) =Cβ ,α(y⊗ x)

for x ∈ NEn−#α1,m−#α2 and y ∈ NEn−#β1,m−#β2 .
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4. Low Dimensions Cases

4.1. The case (n,m) = (0,1) or (1,0).

Take (n,m) = (0,1) or (n,m) = (1,0). Firstly we calculate here Cα,β functions whose codomain NE0,1 or NE1,0. Let
(n,m) = (0,1). So S(n,m) = S(0)×S(1) = {( /0, /0),( /0,(0))}, α = ( /0, /0) and β = ( /0,(0)). Thus the function Cα,β given by

C( /0, /0),( /0,(0)) : NE0,1⊗NE0,0 −→ NE0,1

is obtained by

C( /0, /0),( /0,(0))(x⊗ y) = pµ(s
h

/0s
v

/0(x)⊗ s
h

/0s
v

(0)(y)) = p(id(x)s
v

(0)(y))

= xsv(00)

0 (y)− sv(00)

0 dv(01)

0 (xsv(00)

0 (y))

= xsv(00)

0 (y)− sv(00)

0 dv(01)

0 (x).sv(00)

0 (y)

= xsv(00)

0 (y) (∵ x ∈ NE0,1 = kerdv(01)

0 )

for x ∈ NE0,1, y ∈ NE0,0.
Assume that (n,m) = (1,0). After this, we take S(1)× S(0) = {( /0, /0),((0), /0)}. Let α = ( /0, /0) and β = ((0), /0). Then the
function

C( /0, /0),((0), /0) : NE1,0⊗NE0,0 −→ NE1,0

is defined as
C( /0, /0),((0), /0)(x⊗ y) = x(sh

0
(00)(y))

for x ∈ NE1,0, y ∈ NE00.

4.2. The case (n,m) = (1,1).

Let (n,m) = (1,1). Define the set

S(1)×S(1) = {( /0, /0), ((0),(0)), ( /0,(0)), ((0), /0)}.

1. For α = ( /0, /0), β = ( /0,(0)), the function Cα,β is from NE1,1⊗NE1,0 to NE1,1. The map can be defined by

C( /0, /0),( /0,(0))(x⊗ y) = xsv(10)

0 (y); x ∈ NE1,1, y ∈ NE1,0.

2. For α = ( /0, /0), β = ((0), /0). Then, the function Cα,β is from NE1,1⊗NE0,1 to NE1,1. The map can be calculated by

C( /0, /0),((0), /0)(x⊗ y) = xsh(01)

0 (y); x ∈ NE1,1, y ∈ NE0,1.

3. For α = ( /0, /0), β = ((0),(0)), the map C( /0, /0),((0),(0)) : NE1,1⊗NE0,0→ NE1,1 is given by

C( /0, /0),((0),(0))(x⊗ y) = x(sv(00)

0 sh(01)

0 (y)); x ∈ NE1,1, y ∈ NE0,0.

4. Take α = ((0), /0) and β = ( /0,(0)). Then the map

C((0), /0),( /0,(0)) : NE0,1⊗NE1,0→ NE1,1

can be calculated for any x ∈ NE0,1, y ∈ NE1,0 as

C((0), /0)( /0,(0))(x⊗ y) = pµ(sα ⊗ sβ )(x⊗ y)

= ph
0 pv

0(s
h(01)

0 (x)sv(10)

0 (y))

= ph
0

(
sh(01)

0 (x)sv(10)

0 (y)− sv(10)

0 dv(11)

0 (sh(01)

0 (x)sv(10)

0 (y))
)

= ph
0

(
sh(01)

0 (x)sv(10)

0 (y)− sv(10)

0 sh(00)

0 dv(01)

0 (x)sv(10)

0 (y)
)

= ph
0

(
sh(01)

0 (x)sv(10)

0 (y)
)

(∵ x ∈ kerdv(01)

0 )

=
(

sh(01)

0 (x)sv(10)

0 (y)− sh(01)

0 dh(11)

0 (sh(01)

0 (x)sv(10)

0 (y))
)

=
(

sh(01)

0 (x)sv(10)

0 (y)− sh(01)

0 (x)sh(01)

0 dh(11)

0 sv(10)

0 (y)
)

(∵ dh(11)

0 sh(01)

0 = id)

=
(

sh(01)

0 (x)sv(10)

0 (y)− sh(01)

0 (x)sh(01)

0 sv(00)

0 dh(10)

0 (y)
)
(∵ dh(11)

0 sv(10)

0 = sv(00)

0 dh(10)

0 )

=
(

sh(01)

0 (x)sv(10)

0 (y)
)
. (∵ y ∈ kerdh(10)

0 = NE1,0)
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5. For α = ((0), /0) and β = ((0),(0)). Then the map

C((0), /0),((0),(0)) : NE0,1⊗NE0,0→ NE1,1

can be given for any x ∈ NE0,1, y ∈ NE0,0 as

C((0), /0),((0),(0))(x⊗ y) = pµ(sα ⊗ sβ )(x⊗ y)

= ph
0 pv

0(s
h(01)

0 (x)sh(01)

0 sv(00)

0 (y))

= ph
0

(
sh(01)

0 (x)sh(01)

0 sv(00)

0 (y)− sv(10)

0 dv(11)

0 (sh(01)

0 (x)sh(01)

0 sv(00)

0 (y))
)

= ph
0

(
sh(01)

0 (x)sh(01)

0 sv(00)

0 (y)− sv(10)

0 dv(11)

0 sh(01)

0 (x)sv(10)

0 dv(11)

0 sh(01)

0 sv(00)

0 (y)
)

= ph
0

(
sh(01)

0 (x)sh(01)

0 sv(00)

0 (y)
)

(∵ x ∈ kerdv(01)

0 )

=
(

sh(01)

0 (x)sh(01)

0 sv(00)

0 (y)− sh(01)

0 dh(11)

0 (sh(01)

0 (x)sh(01)

0 sv(00)

0 (y))
)

=
(

sh(01)

0 (x)sh(01)

0 sv(00)

0 (y)− sh(01)

0 (x)sh(01)

0 sv(00)

0 (y)
)

(∵ dh(11)

0 sh(01)

0 = id)

= 0.

6. For α = ( /0,(0)) and β = ((0),(0)), the map

C( /0,(0)),((0),(0)) : NE1,0⊗NE0,0→ NE1,1

is the zero map as given in the previous step.

4.3. The case (n,m) = (0,2) or (2,0) and crossed modules

In this section, by considering (n,m)= (2,0) and (0,2), we can compute the possible non zero operators with codomain NE2,0,
NE0,2 respectively. We give an application of these operators to the crossed modules.
For (n,m) = (2,0). From the set

S(2)×S(0) = {((0), /0), ( /0, /0), ((1), /0), ((1,0), /0)},

we can choose α = ((1), /0), β = ((0), /0). Then Cα,β is a map from NE1,0⊗NE1,0 to NE2,0. This map can be given by for
y,y′ ∈ NE1,0

C((1), /0),((0), /0)(y⊗ y′) = pµ(sα ⊗ sβ )(y⊗ y′)

= ph
1 ph

0(s
h(10)

1 (y)sh(10)

0 (y′))

= sh(10)

1 (y)(sh(10)

0 (y′)− sh(10)

1 (y′)) ∈ NE2,0.

We have similarly

∂
h(20)

2 (C((1), /0),((0), /0)(y⊗ y′)) = ∂
h(20)

2 (sh(10)

1 (y)(sh(10)

0 (y′)− sh(10)

1 (y′)))

= ysh(00)

0 dh(10)

1 (y′)− yy′ ∈ NE1,0.

Now suppose (n,m) = (0,2). From the set

S(0)×S(2) = {( /0, /0),( /0,(0)),( /0,(1)),( /0,(1,0))},

we can find the functions Cα,β with codomain NE0,2. In this case, the only non zero operator Cα,β can be calculated by
choosing α = ( /0,(1)) and β = ( /0,(0)). Therefore, this is a map from NE0,1⊗NE0,1 to NE0,2. For x,x′ ∈ NE0,1, we obtain

C( /0,(1)),( /0,(0))(x⊗ x′) = pµ(sα ⊗ sβ )(x⊗ x′)

= pv
1 pv

0(s
v(01)

1 (x)sv(01)

0 (x′))

= sv(01)

1 (x)(sv(01)

0 (x′)− sv(01)

1 (x′)) ∈ NE0,2.

We have also

∂
v(02)

2 (C( /0,(1)),( /0,(0))(x⊗ x′)) = ∂
v(02)

2 (sv(01)

1 (x)(sv(01)

0 (x′)− sv(01)

1 (x′)))

= xsv(00)

0 dv(01)

1 (x′)− xx′ ∈ NE0,1.
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Proposition 4.1. Assume that E∗,∗ is a bisimplicial algebra. Consider its Moore bicomplex NE∗,∗. For p + q > 2, if
NEp,q = {0}, then the map

∂ : NE0,1×NE1,0 −→ NE0,0

given by
∂ (x,y) = dv(01)

1 (x)+dh(10)

1 (y)

for x ∈ NE0,1, y ∈ NE1,0 is a crossed module of commutative algebras. In particular, the maps dv(01)

1 and dh(10)

1 are crossed
modules.

Proof. The action of t ∈ NE0,0 on (x,y) ∈ NE0,1×NE1,0 is given by

t · (x,y) =
(
(sv(00)

0 t)x,(sh(00)

0 t)y
)
.

For this action we get

∂ (t · (x,y)) = ∂

(
(sv(00)

0 t)x,(sh(00)

0 t)y
)

= dv(01)

1 ((sv(00)

0 t)x+dh(10)

1 (sh(00)

0 t)y)

= t(dv(01)

1 (x)+dh(10)

1 (y))

= t∂ (x,y)

and this is the first axiom of the crossed module.
Now for (x,y),(x′,y′) ∈ NE0,1×NE1,0, we obtain

∂ (x,y) · (x′,y′) =
(

sv(00)

0 (dv(01)

1 (x)+dh(10)

1 (y))x′,sh(00)

0 (dv(01)

1 (x)+dh(10)

1 (y))y′
)

=
(

sv(00)

0 dv(01)

1 (x)x′+ sv(00)

0 dh(10)

1 (y)x′,sh(00)

0 dv(01)

1 (x)y′+ sh(00)

0 dh(10)

1 (y)y′
)

= (sv(00)

0 dv(01)

1 (x)x′+dh(11)

1 sv(10)

0 (y)x′,dv(11)

1 sh(01)

0 (x)y′+ sh(00)

0 dh(10)

1 (y)y′)

(∵ sv(00)

0 dh(10)

1 = dh(11)

1 sv(10)

0 ,sh(00)

0 dv(01)

1 = dv(11)

1 sh(01)

0 )

= (sv(00)

0 dv(01)

1 (x)x′,sh(00)

0 dh(10)

1 (y)y′) (∵ sh(01)

0 (x),sv(10)

0 (y) ∈ NE1,1 = {0}).

Since NE0,2 = {0}, we obtain for x,x′ ∈ NE0,1

∂
v(02)

2 (C( /0,(1)),( /0,(0))(x
′⊗ x)) = x′sv(00)

0 dv(01)

1 (x)− x′x = 0

and therefore,
sv(00)

0 dv(01)

1 (x)x′ = xx′.

Similarly, since NE2,0 = {0}, we obtain for y,y′ ∈ NE1,0

∂
h(20)

2 (C((1), /0),((0), /0)(y
′⊗ y)) = y′sh(00)

0 dh(10)

1 (y)− y′y = 0

and therefore,
sh(00)

0 dh(10)

1 (y)y′ = yy′.

Thus, we have

∂ (x,y) · (x′,y′) = (xx′,yy′)

= (x,y)(x′,y′)

and this is the second axiom of crossed module.

5. Crossed squares and Bisimplicial Algebras

If we take (n,m)= (2,1) and (1,2), we will define the possible non zero operators Cα,β whose codomain NE1,2 and NE2,1

respectively. We give an application of these operators to the crossed squares.
Assume now that (n,m) = (2,1). We think the set S(2)×S(1). We can choose appropriate pairs α,β from the set S(2)×S(1),
we can compute similarly all the non zero maps with codomain NE2,1. To get these maps, we take the possible α,β as follows.

1. α = ((1), /0), β = ((0), /0)
2. α = ((1), /0), β = ( /0,(0))
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3. α = ((0), /0), β = ( /0,(0))
4. α = ((1),(0)), β = ((0), /0)
5. α = ((0),(0)), β = ((1), /0).

For (α,β ), the necessary Cα,β functions can be given as follows:

1. Take α = ((1), /0) and β = ((0), /0), we have that the oparetor

C((1), /0),((0), /0) : NE1,1⊗NE1,1 −→ NE2,1.

This operator can be given by

C((1), /0),((0), /0)(x⊗ y) = sh(11)

1 (x)(sh(11)

0 (y)− sh(11)

1 (y)) ∈ NE2,1

for x,y ∈ NE1,1.
2. For α = ((1), /0),β = ( /0,(0)), we get the operator

C((1), /0),( /0,(0)) : NE1,1⊗NE2,0 −→ NE2,1

defined by
C((1), /0),( /0,(0))(x⊗ t) = sh(11)

1 (x)sv(02)

0 (t) ∈ NE2,1

for x ∈ NE1,1 and t ∈ NE2,0.
3. For α = ((0), /0),β = ( /0,(0)), we get the operator

C((0), /0),( /0,(0)) : NE1,1⊗NE2,0 −→ NE2,1

given by
C((0), /0),( /0,(0))(x⊗ t) = sh(11)

0 (x)sv(02)

0 (t) ∈ NE2,1

for x ∈ NE1,1, t ∈ NE2,0.
4. For α = ((1),(0)),β = ((0), /0), we get the following operator

C((1),(0)),((0), /0) : NE1,0⊗NE1,1 −→ NE2,1.

It is given by
C((1),(0)),((0), /0)(x⊗ y) = sh(11)

1 sv(10)

0 (x)sh(11)

0 (y) ∈ NE2,1

for x ∈ NE1,0, y ∈ NE1,1.
5. For α = ((0),(0)),β = ((1), /0), we obtain the following operator

C((0),(0)),((1), /0) : NE1,0⊗NE1,1 −→ NE2,1.

This can be defined as
C((0),(0)),((1), /0)(x⊗ y) = sh(11)

0 sv(10)

0 (x)sh(11)

1 (y) ∈ NE2,1

for x ∈ NE1,0, y ∈ NE1,1.

For (n,m) = (1,2), we set

S(1)×S(2) = {( /0, /0),((0),(0)),( /0,(0)),( /0,(1)),((0),(1,0)),( /0,(1,0)),((0), /0),((0),(1))}.

In the following calculations, if we take the appropriate pairs α,β from the set S(1)×S(2), we will give all the non zero maps
for NE1,2. To get these maps, we can choose the possible α,β from the set S(1)×S(2) as follows

1. α = ( /0,(1)), β = ( /0,(0))
2. α = ( /0,(1)), β = ((0), /0)
3. α = ( /0,(0)), β = ((0), /0)
4. α = ((0),(1)), β = ( /0,(0))
5. α = ((0),(0)), β = ( /0,(1)).

Now we compute the functions Cα,β for these pairings (α,β ).

1. For α = ( /0,(1)) and β = ( /0,(0)), we obtain the operator

C( /0,(1)),( /0,(0)) : NE1,1⊗NE1,1 −→ NE1,2.

This operator can be calculated by

C( /0,(1)),( /0,(0))(x⊗ y) = sv(11)

1 (x)(sv(11)

0 (y)− sv(11)

1 (y)) ∈ NE1,2

for x,y ∈ NE1,1.
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2. For α = ( /0,(1)),β = ((0), /0), we obtain the operator

C( /0,(1)),((0), /0) : NE1,1⊗NE0,2 −→ NE1,2

given by

C( /0,(1)),((0), /0)(x⊗ t) = sv(11)

1 (x)sh(02)

0 (t) ∈ NE1,2

for x ∈ NE1,1 and t ∈ NE0,2.
3. For α = ( /0,(0)),β = ((0), /0), we have the following operator

C( /0,(0)),((0), /0) : NE1,1⊗NE0,2 −→ NE1,2

given by

C( /0,(0)),((0), /0)(x⊗ t) = sv(11)

0 (x)sh(02)

0 (t) ∈ NE1,2

for x ∈ NE1,1 and t ∈ NE0,2.
4. For α = ((0),(1)),β = ( /0,(0)), we get the following operator

C((0),(1)),( /0,(0)) : NE0,1⊗NE1,1 −→ NE1,2

given by

C((0),(1)),( /0,(0))(x⊗ y) = sh(02)

0 sv(01)

1 (x)sv(11)

0 (y) ∈ NE1,2

for x ∈ NE0,1, y ∈ NE1,1.
5. For α = ((0),(0)) and β = ( /0,(1)), we get the following operator

C((0),(0)),( /0,(1)) : NE0,1⊗NE1,1 −→ NE1,2

given by

C((0),(0)),( /0,(1))(x⊗ y) = sh(02)

0 sv(01)

0 (x)sv(11)

1 (y) ∈ NE1,2

for x ∈ NE0,1 and y ∈ NE1,1.

Thus, we can give the following result.

Proposition 5.1. Let E∗,∗ be a bisimplicial algebra with Moore bicomplex NE∗,∗. If for p > 2 or q > 2, NEp,q = {0}, then,
Figure 5.1

NE1,1
∂ h(11)

1 //

∂ v(11)
1
��

NE0,1

∂ v(01)
1
��

NE1,0
∂ h(10)

1

// NE0,0

Figure 5.1: Crossed square of Moore bicomplex

is a crossed square together with the h-map

h : NE0,1×NE1,0 −→ NE1,1

given by

h(x,y) =C((0), /0),( /0,(0))(x⊗ y) = sh(01)

0 (x)sv(10)

0 (y)

for all x ∈ NE0,1 and y ∈ NE1,0, where ((0), /0),( /0,(0)) ∈ S(1)× S(1). (This result is the commutative algebra version of
Conduché’s result given in [3].)

Proof. Our purpose is to see the role of the functions Cα,β in the structure.

Since NE1,2 = NE2,0 = NE0,2 = NE2,1 = {0}, the maps ∂ h(10)

1 ,∂ v(01)

1 ,∂ h(11)

1 and ∂ v(11)

1 are crossed modules.

An action of x ∈ NE1,0 on y ∈ NE0,1 is given by x ·y = y ·x = sv(00)

0 dh(10)

1 (x)y, similarly, the action of a ∈ NE0,1 on b ∈ NE1,0 is
given by a ·b = sh(00)

0 dv(01)

1 (a)b.
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For y ∈ N0,1 and x ∈ NE1,0, we obtain

∂
h(11)

1 h(y,x) = ∂
h(11)

1 (sh(01)

0 (y)sv(10)

0 (x))

= y∂
h(11)

1 sv(10)

0 (x)

= ysv(00)

0 dh(10)

1 (x)

= y · x.

We obtain similarly for a ∈ NE0,1 and b ∈ NE1,0

∂
v(11)

1 h(a,b) = ∂
v(11)

1 (sh(01)

0 (a)sv(10)

0 (b))

= ∂
v(11)

1 sh(01)

0 (a)bx

= sh(00)

0 dv(01)

1 (a)b

= a ·b.

Now we show that h(x,∂ v(11)

1 c) = x · c for x ∈ NE0,1 and c ∈ NE1,1. For sh(01)

0 (x),c ∈ NE1,1, we obtain

dv(12)

2 C( /0,(1)),( /0,(0))(s
h(01)

0 (x)⊗ c) = dv(12)

2

(
(sv(11)

1 (sh(01)

0 (x)))sv(11)

0 (c)− sv(11)

1 (c)
)
∈ dv(12)

2 (NE1,2)

= sh(01)

0 (x)(sv(10)

0 dv(11)

1 (c)− c)

= sh(01)

0 (x)sv(10)

0 dv(11)

1 (c)− sh(01)

0 (x)c = 0. (∵ NE1,2 = 0)

Thus, we have for x ∈ NE0,1 and c ∈ NE1,1,

h(x,∂ v(11)

1 c) = sh(01)

0 (x)sv(10)

0 dv(11)

1 (c)

= sh(01)

0 (x)c (∵ NE1,2 = 0)
= x · c.

For a ∈ NE1,1 and y ∈ NE1,0, we obtain

h(∂ h(11)

1 (a),y) = sh(01)

0 dh(11)

1 (a)sv(10)

0 (y).

For sv(10)

0 (y),a ∈ NE1,1, we obtain

dh(21)

2

(
C((1), /0),((0), /0)(a⊗ sv(10)

0 (y))
)

= dh(21)

2

(
(sh(11)

1 sv(10)

0 (y))(sh(11)

0 (a)− sh(11)

1 (a))
)
∈ dh(21)

2 (NE2,1)

= sv(10)

0 (y)(sh(01)

0 dh(11)

1 (a)−a)

= sv(10)

0 (y)sh(01)

0 dh(11)

1 (a)− sv(10)

0 (y)a = 0. (∵ NE2,1 = 0)

Thus, we have

h(∂ h(11)

1 (a),y) = sh(01)

0 dh(11)

1 (a)sv(10)

0 (y)

= asv(10)

0 (y)

= a · y.

We leave other crossed square axioms to the reader.

Arvasi, in [14], proved that Loday’s mapping cone complex

K
(−γ,γ ′) // LoM

µ+µ ′ // R

of the crossed square for commutative algebras in the Figure 5.2
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K

γ ′

��

γ // L

µ

��
M

µ ′
// R

Figure 5.2: Crossed square

gives a 2-crossed module analogously to that given by Conduché in the group case [3].
Thus, we obtain the following result.
Let E∗,∗ be a bisimplicial algebra with Moore bicomplex NE∗,∗. If for p > 2 or q > 2, NEp,q = {0}, then

NE1,1
(−∂ h(11)

1 ,∂ v(11)
1 )
// NE0,1×NE1,0

∂ v(01)
1 +∂ h(10)

1 // NE0,0

is a 2-crossed module together with Peiffer lifting map

{−,−} : (NE0,1×NE1,0)⊗ (NE0,1×NE1,0)−→ NE1,1

given by
{(x,y),(x′,y′)}=C((0), /0),( /0,(0))(x⊗ yy′) = sh(01)

0 (x)sv(10)

0 (yy′)

for all x,x′ ∈ NE0,1 and y,y′ ∈ NE1,0, where ((0), /0),( /0,(0)) ∈ S(1)×S(1).

6. Conclusion

In this paper, we give the hypercrossed complex pairings for a Moore bicomplex of a bisimplicial algebra and we calculate in
dimension 2 explicitly these pairings in the Moore bicomplex to see what the importance of these relations in the structures,
for example crossed squares and 2-crossed modules. This idea can be extended to Lie algebra case. Defining these operators
for bisimplicial Lie algebras and using these pairings the connection between bisimplicial Lie algebras and crossed squares
over Lie algebras can be obtained similarly.
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