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Abstract

In this study, dark and bright solitons of the (2+1)-dimensional
Kundu-Mukherjee-Naskar equation are constructed with unified solver in
terms of He’s variations method. In accordance with basic properties of
proposed technique, some dark and bright solitons are obtained. Moreover,
giving specific values to the achieved solutions, 2D and 3D graphics are
plotted with the help of software package.The unified solver technique
extract vital solutions in explicit way. It is an easy-to-use method applied
to obtain various exact solutions of nonlinear partial differential equations
arising in fluid mechanics, nuclear, plasma and particle physics.
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Oz

Bu ¢alismada, (2+1)-boyutlu Kundu-Mukherjee-Naskar denkleminin dark
ve bright soliton ¢oziimleri varyasyonel metot aracilifiyla birlestirilmis
¢oziicii teknikle inga edilmistir.  teknigin temel Ozelliklerine uygun
olarak dark ve bright soliton c¢oziimleri elde edilmigtir. Ayrica elde
edilen coziimlere spesifik degerler verilerek, coziimlerin iki ve ii¢
boyutlu grafikleri paket program araciligiyla cizilmistir. Birlesik ¢ozim
teknigi, akigkanlar mekanigi, niikleer, plazma ve parcacik fizigindeki
kismi diferansiyel denklemlerin gesitli tam ¢oztimlerini elde etmek igin
uygulanabilen kullanimi kolay bir yontemdir.

Anahtar Kelimeler: Dalga doniisiimii, birlestirilmis ¢oziicii teknik,
solitonlar

Introduction

Solitons are the solutions to a broad variety of weakly nonlinear dispersive partial differential equations

that describe physical systems. The transfer of information in optical communication lines is based on

soliton propagation in the study of Doran and Blow [1], Hausand and Wong [2]. For more than a decade

the dynamic of solitons has received considerable interest in fibers [3—5]. Kundu-Mukherjee-Naskar
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(KMN) is a significant equation that explains solitons in optical fibers and contains mixed forms of

nonlinear effects. It is provided as follows:

Wy + athgy + iBY(YE — PFihy) =0, i =V/—1, (1)

here ¢(z,y,t) is wave function in nonlinear sense for optical solitons with the independent variables
x,y and t, asterisk sign shows complex conjugation. While ¢ denotes a temporal variable,  and y
symbolize spatial variables. The parameter « represents the dispersion term while /3 ensures the presence
of the distinct cases of nonlinearity media that does not fall into any of the forms non-Kerr and Kerr
medias. This model can be used to explain the movement of oceanic rogue waves, optical fiber waves
and ion-acoustic waves in a magnetic plasma [7-9]. First time, Kundu and Mukherjee [6] presented this
equation in 2013.

In literarute Biswas,Vega-Guzman and et al. [10], Yildirirm and Mirzazadeh [11] used Sine—Gordon
equation method; Yildirim [12] used trial equation; Rizvi, Afzal and et al. [13] used tanh—coth; Al-Ghafri
[14] used the ansatz approach; Mamedov, Demirbilek and et al. [15] used improved Bernoulli sub-equation
function; Onder, Secer and et al. [16] used Sardar sub-equation; Kumar, Paul and et al. [17] used new
auxiliary equation; Giinerhan, Khodadad and et al. [18] used extended direct algebraic; Kudryashov [19]
and Petrovic [20] used the Weierstrass and Jacobi elliptic functions methods; Ekici, Sonmezoglu and et
al. [21] used extended trial function approach; Rezazadeh, Kurt and et al. [22] used functional variable
technique; Cakicioglu, Cinar and et al. [23] used modified extended tanh method; Mohammed, Al-Askar
and et al. [24] used G’/G-expansion to get optical solitons of KMN equation.

In this work, optical soliton solutions of (1) are given via unified solver technique. Considered equation
has still infant stage, therefore future research on it can focus on its potential applications in a variety of
physical fields.

In the organization of this paper, in first section, basic structure of the unified solver technique is
expressed. In second section, considered method is successfully applied to the governing model and
graphical simulations of the solutions are plotted. Finally, some important conclusions and physical

meanings of solutions are given in last section.

Essential Framework of Unified Solver Method

This section contains description of unified solver technique. Consider the nonlinear partial differential

equation (NPDE) of the following form:

F((ba ¢t7¢x7¢tt,¢xm-~)- (2)

Applying the wave transformation ¢ (x,y,t) = ¢ (£), & = kix + koy + kst, (where k; = 1,3 are

velocity of the wave ) into (2) the following equation is obtained:

N (qb’ ¢2’¢/’ ¢//7 "') = 07 (3)

here N is a nonlinear ordinary differential equation (NODE) that has partial derivatives of ¢ dependent

on £. Based on He’s semi-inverse method [25-27], the variational model for (3) can be obtained by the
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semi-inverse method [27] which reads:

16¢) = [ cae, @)
where £ is Lagrangian function connected with the derivative of ¢ given in the form:
1, .2

here () is the potential function. We look for a solitary wave solution in the form

¢ (2,y,t) = Asech (1€) , ¢ (z,y,t) = Asech® (k€) , ¢ (w,y,t) = Atanh (kf), ()

where A and p are constants to be determined later. Assume that systems of equations can be reduced to

the form:
D" + Q2¢” + Q30 =0, ©)

in which €;, i = 1, 3 are real coefficients. Multiplying (7) by ¢’ and taking integral with respect to &:

Q Q
(¢)? +w4—;1¢4+ ﬁqﬁz +Qp =0, )

N =

where () is a constant of integration. Thus (7) can be written in the form:

oQ

Brrs Q=— (126" +mé*+ ), )

¢// —

where

Qs Q3

Y2 19, 1 50, 70 0 (10)

Implementing the semi-inverse method [25-27] to solve (7) that constructs the following variational

formulation from (8):

I:/ B ()% + 726" + 10 + 70/ de. (11)

Substituting (6) into (11) then making I stationary according to A and yu:

oI oI

9L _ 0. Ly 12
B O,au 0 (12)

Solving (12), we get A and p. Thus the solitary wave solution given by (6) is well determined.

The first family

The first family of solution is as follows:

¢ (&) = Asechd, 0 = ug, 13)
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Substituting (13) into (11), we get

oo

1

/ [ A2 1%sech?6 tanh? 6 + v A\*sech®@ + v1 A2sech?d + o | db.
o

0

Taking o = 0 as an integration constant, it is obtained:
A 2 3
== [20% + 83\’ + 12712 .
124

Making [ stationary in relation to A and p results in

ol 1
ol A

Solving these equations and using (13), the solution of (9) takes the form:

6(6) = iﬁsech (£v2ne).

Using (10), the first family of solution can be written as:

B(E) =+ _éizgsech (i }i‘”’g)

The second family

The second family of solution is as follows:

¢ (€) = Asech?d, 0 = pé.

The substitution of (19) into (11) leads to

‘:\y

/ 2Au2sech40 tanh? 0 + 9 \3sech®6 + 1 Asech?d + %] do.
0

Suppose that 7y = 0 then

2\2
1054

I= [14Mp® + 247920% + 3577 .

Making I stationary in relation to A and p results in

14Mp2 + 4879\ + 3571\ = 0,
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(14)

5)

(16)

A7

(18)

(19)

(20)

2

(22)
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14Ap? — 2479903 — 35y1A = 0. (23)

Solving (22)-(23) and using (19), solutions of (9) and (7) have following format:

—-35 5
$(&) = £ 367leech2 <i 671£> (24)

Using (10), the second family of solution can be written as:

—3503 9 5Q3
=4 h* [ £4/— . 25
9(¢) 180, ¢ ( 120 > 25)
The third family

Third family of solution is as follows:
¢ (§) = Atanh (0),6 = p&. (26)

Substituting (26) into (11), we have

1
[2)\2,u2sech4¢9 + 2 tanh® 6 + 41 \% tanh? 0 + ’yo} do

==

0\8 0\8

1
[V (WV +5 u2> sech®0 — A? (29202 + 1) sechZG] do

==

1 [o.¢]
+; (’)/2)\4 + ’71)\2 + ’70) /d@.
0

Under the condition

Yo ==X (2 A +m), (27)
we find that
\2
I= = [49%\* 4371 —p*] . (28)
3p

By resolving the two requirements, the values of A and p that makes I to be stationary with respect to A

and p are found:

ol -\
— = 167222 + 67, — 2% =0 29
o\ 3M[ Y2 V1 M] ) (29)
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oI A2
o= 32 [492A% + 371 + 4] = 0. (30)

Solving (29)-(30) and using (26), solution of (9) take the form:
6(&) = £, /;%21 tanh (£/—71¢) . 31)

Resultantly, the third family of solution in (7) has the following structure:

= 03

Application of The Proposed Method

Let us take the following stance to obtain the precise exact solutions of (1):

¥ (@,y,t) = u () e, (33)
u(§), ®(z,y,t) represent the amplitude and phase portion in the order given,

§ =01z + 0oy — d3t, (2, y,1) = —mx — 2y + st (34)

where d;,n; (i = 1, 2, 3) are real parameters different than zero. Also §; and d- are the width of the soliton
along x— and y— directions respectively, whereas 3 is the velocity of the soliton. The parameters 7;
and 79 indicate the soliton frequencies in the x- and y- directions respectively, 13 represents the soliton

wave number. Taking (34) and (33) into (1) produces imaginary and real parts as:

(53 = —01(77251 + 711(52), (35)

ad1029” — (03 + amma) — 2B8mi* = 0. (36)

If we compare (36) with (7) it can be easily seen that
M = ad102, Q2 = —(n3 + ammnz), Q3 = —26n. (37)

Having described the unified solver in previous section, below the formulae can be used to provide

solutions to (1):
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The first family solution

Taking into account (18), (32) and (33) the first family solution of (1) is get as:

2 .
Y12 (,y,t) = Fiy | wj;lwsech <i a?ﬁ;z (012 + 02y — (5315)) e~ i(ma—n2y+nst) (38)

Imafry Ixey,tl]
1

Figure 1. 3D graphs of V1 (x,y,t) fora = 1; 8 = 0.5;m = 2,1 = 25,13 = 5,y = 1; 01 = 1;
09 = 2.5;03 =0.5; =5 < x < 5,—5 <t <5, 2D plot fort = 1.

The second family solution

Considering (25), (33) and (34) the second family solution of (1) is obtained as:

fd 5 5 _ 6 t t(MT—n2Y1n3 . 3
V3.4 (7,y,1) j:z\/18( )sech (i 6a5152( 12 + 02y — d3t) | € (39)

N3 + anine

e i)
1

bos

:

T M
I -0.15

Figure 2. 3D graphs of {3 (z,y,t) fora = 1; § = 0.5;m = 2;m = 2.5;m3 =5,y = 1; 61 = 1;
09 = 2.5;03 = 0.5; =5 <z < 5,0 <t <5, 2D plot fort = 1.

The third family solution

Considering (32), (33) and (34) the third family solution of (1) is obtained as:

28m B

x,y,t) = £,/ ———— tanh | £i 51 + Gy — O3t) | e ma—myFnst) 40
5.6 (2,y,1) Er— < 25,5, 1%+ 02y — 03 )) (40)
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Tmlgixa.e1]
1

-4 -3 \‘\/u *
1

Figure 3. 3D graphs of V5 (x,y,t) fora = 1; 6 = 05;m = 2;m = 2.5;m3 = 5,y = 1; 01 = 1;
09 = 2.5;03 =0.5;, =6 < x < 5,0 <t <b, 2D plot fort =1.

Conclusion

This paper finds entirely soliton solutions for governing model with the help of unified solver technique.
The acquired solutions are hyperbolic function solutions. These solutions explain some interesting
physical phenomena in applied science and physics.

The hyperbolic secant (bright soliton) arises in the profile of a laminar jet, the hyperbolic tangent (dark
soliton) arises in the calculation of magnetic moment. Indeed, the options given comprised bright
and dark as well as soliton solutions. In this sense, 11 2 (z,y,t) and 34 (z,y,t) are bright solitons,
Y56 (x,y,t) are dark solitons of the considered model respectively.

By the selection of suitable values for the model’s parameters, structures of solitons are clearly depicted.
Graphs are presented to prescribe the dynamical behavior of selected solutions. Also the obtained
solitons with special parameters in the figures satisfy the KMN equation.

In the light of this results, it seems that the unified solver method has been influential for the analytical

solutions of nonlinear partial differential equations emerging in natural science.
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