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ABSTRACT. In a Jy-space Ty = (2, J), the g-topology I : & () — & ()
can be characterized in the generalized sense by the novel g-T -derived, g-% -
coderived operators g-Derg, g-Cody : & () — & (Q2), respectively, giving
rise to novel generalized g-topologies on €. In this paper, which forms the
third part on the theory of g-T -operators in Tg-spaces, we study the es-
sential properties of g-Dery, g-Cod, : & (Q) — £ (Q) in Jy-spaces. We
show that (g-Derg, g-Cody) : 2 (Q) x 2(Q) — £ () x £ (Q) is a pair
of both dual and monotone g-Tg-operators that is (0,), (U,N)-preserving,
and (C, 2)-preserving relative to g-%;-(open, closed) sets. We also show that
(g-Derg,g-Cody) : 2 () x 2 () — 2 (Q) x £ () is a pair of weaker and
stronger g-Tg-operators. Finally, we diagram various relationships amongst
derg, g-Derg, codg, g-Cody : & (Q) — £ (£2) and present a nice application
to support the overall study.

1. INTRODUCTION

The ordinary and generalized derived operators as well as their duals, called
ordinary and generalized coderived operators, respectively, in ordinary (a = o) or
generalized (a = g) topological spaces (T,, g-T,-derived and T, g-T,-coderived
operators in Jy-space) can all play very important roles, yielding to nice charac-
terizations in J,-spaces. For instance, ordinary and generalized characterizations
of 7 : Z(Q) — £ (Q) of a Ty-space Ty = (2, T) can be realized by specifying
either the T,, g-T,-derived operators dery, g-Der, : &2 () — 7 () or the T,
g-%,-coderived operators codq, g-Cod, : & (2) — £ (), respectively. In actual
fact, g-%,-(derivedness, coderivedness) are the generalization of ¥y-(derivedness,
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coderivedness) in J;-spaces while the latter are the generalization of R-(derivedness,
coderivedness) in R, respectively.

In contrast to (derq, codq), (g-Dery, g-Cod,) : Z () x 2 (Q) — 2 (Q)x P ()
in J,-spaces, (derg,codg) : Z (R) x £ (R) — Z (R) x & (R) in R is the oldest
concept. If one year can be specified as the time when (derg,codg) : & (R) x
ZR) — Z(R) x Z(R) in R was first introduced and considered, that year
should probably be 1872, the year in which Georg Cantor [1, 2] investigated the
convergence of Fourier series. Thereafter, various Mathematicians have introduced
and considered some types of T,, g-T -operators in J,-spaces and other abstract
spaces, and other types left untouched [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16,
17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28].

Cenzer and Mauldin [6] have discussed some properties of the T,-derived opera-
torder, : & (Q) — () in a F,-space. Caldas, Jafari and Kovér [5] have studied
some properties of the g-% -derived operator §-D : & (Q) — £ (Q) (6-derived op-
erator). Devamanoharan, Missier and Jafari [7] have investigated some properties
of the g-T-derived operator D, : & (Q) — £ () (p-derived operator). Missier
and Raj [17] and Modak [18] have discussed some properties of the g-% -derived
operator Dy : Z(Q) — Z(Q) (A-derived operator) in a J,-space. Rodigo,
Theodore and Jansi [22] have investigated some properties of the g-%,-derived op-
erator Dg« : Z(Q) — P (Q) (B*-derived operator). Rajendiran and Thamil-
selvan [21] have considered the g-T,-derived operator g's'D : £ (Q) — £ (Q)
(g*s*-derived operator) for the study of g*s*-derived sets in a J,-space. Sekar
and Rajakumari [25] have studied some properties of the g-%,-derived operator
Dogrp : Z(2) — Z(Q) (ag*p-derived operator) in a F,-space. Lei and Zhang
[16] have presented alternative axiomatic definitions for the g-%,-derived and g-%,-
coderived operators g-Der,, g-Cod, : &Z () — & (Q) in a J,-space.

In view of the above references, no Mathematician has studied g-%4-derived and
g-T4-coderived operators in Jg-spaces, though few Mathematicians have studied
g-%,-derived and g-%,-coderived operators in J;-spaces. In this paper, we study a
new class of g-Ty-derived and g-T4-coderived operators in J-spaces.

Hereafter, the paper is structured as thus: In § 2, the preliminary and main
concepts are described in §§ 2.1 and §§ 2.2, respectively. The main results are
reported in § 3. In § 4, the various relationships amongst the T, g-%,-derived
and ¥,, g-¥,-coderived operators in Z;-space are diagrammed in §§ 4.1, and a nice
application supporting the overall study is presented in §§ 4.2. Finally, the work is
concluded in § 5.

2. THEORY

2.1. Preliminary Concepts. The standard reference for notations and prelimi-
nary concepts presented herein is the Ph.D. Thesis of Khodabocus, M. 1. [38] (CF.
[31, 32, 33, 34, 35, 36, 37]).

The topological structure T, = (Q, ;) denotes a J,-space on which no sep-
aration axioms are assumed unless otherwise mentioned [36, 37, 38]. By conven-

tion, the relation (o, ag,...)R.@ X o X -+ means ay R, as R, ... where
R =€, ¢, D, .... The pairs (IS,I;Q) C ZY x Z* and (Igo,Igo) ~ 2% x 7%

are pairs of finite and infinite index sets, respectively, [37, 38]. The relations

rcQ 6, € I, H € T, def {Ji/a . Lo () € ﬂa} and ¥, C ¥, state
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that I, 04, #, and ¥, are a Q-subset, Ty-open set, Ty-closed set and T,-set, re-
intg, clyg: Z(Q) — 2(Q)

Sy > inty (L), clq ()
are the T,-interior and T,-closure operators, respectively [37, 38]. The class

spectively [37, 38]. The operators

d £
L[] = {opa L= (opa s —|0pa’l,) : v eI}, where
<0pa’l,: v E I3> = <inta, clq oint,, int, oclg, ClaOintaocla>,
<—\0pa7,,: 1/613> = (cla, intqoclg, clqointy, intqoclgointy),

is the class of all possible pairs of compositions of these ¥ -operators in €,. Then,
Sy C Ty is called a g-T4-set if and only if there exist (04, %) € Ty x 7T, and
op, € %, [Q] such that the following statement holds:

21)  (B)[(€ € F) A ((Fa C0pa (o)) V (Fa 2 —0p, (Ha)))]-

The derived class g-v-S [Ta] = U g—V—E[fa] is called the class of all g-%,-sets
Ee{O,K}

of category v € IY (briefly, g-v-Tq-sets) in T, [37, 38]. Accordingly, the class of all

g-%,-sets [38] are

o= ovs[3] = U grE[T]= | oE[T].
vell (v,E)eI{x{O,K} Ee{O,K}
(2.2)
Evidently, S[%,] = U g-v-E[T,] = U E[%4] is the class of all
(v,E)e{0}x{O,K} Ec{O,K}

Ta-sets in Ty 37, 38].

Definition 2.1 (g-v-%,-Interior, g-v-%4-Closure Operators [31, 32]). In a F,-space
To = (Q,9,), the one-valued maps

(2.3) g-Int, , : ZQ) — 29
Sy U O,
Oq ecEl b O[(sn][y ]
(2.4) ¢Cl,,: 2(Q) — 2(Q
S —> n Ky
Ha€CO Kz g1l
def def

where CZI-IE-O[I[,] BA {0 € g-O[Ta] : Ou C S} and C;uSKT [l =
{Jif € g-v-K [Q ] D Ky 2 S } are called g-v-%,-interior and g-v-%,-closure oper-
ators, respectively. Then, g-1[T def {g Int, , : v € Ig} and g-C[%T def {g Cl, :
vell } are the classes of all g- T -interior and g-%,-closure operators respectively.

Definition 2.2 (g-v-%,-Vector Operator [31, 32]). In a F-space T4 = (2, T), the
two-valued map

(2.5) glc, , : Z (Y xZ(Q) — Z(Q)xZ(Q)
(Za, Sa) — (Q‘Inta,u (%) ,9-Cla, (ya))
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def

is called a g-v-T,-vector operator. Then, g-IC [¥ {g Ie,, = (g—Intu,,/,g—ClaW) :

ve Ig} is the class of all g-%T,-vector operators

Remark 2.3. For every v € I3, g-Ic, , = icq def (mta,cl ) if based on O [To] xK [Tq).
ica: Z2(Q)xZ(Q) @() x Z(Q
Th ¢

o (Ba, Sa) > (inta (Za)
in a J-space T, = (Q, Ty).
Definition 2.4 (Complement g-%4-Operator [31, 32]). Let T, = (2, Z4) be a Fy-
space. Then, the one-valued map
(2.6) g-0py 5, : Z2(Q) — Z(Q)

yu — Cg}u (ya) s

where 0z, : & (Q) — 2 (Q) denotes the relative complement of its operand with
respect to Zq € g-S [Tq], is called a natural complement g-%4-operator on & (2).

( )) is a T4-vector operator

For clarity, the notation g-Op, 5. = g-Op, is employed whenever #Z, = 2 or Z,
is understood from the context. When g-Op, 5 : & () — & (1) is with respect
to Zq € S[T.], the term natural complement Tg-operator is employed and it stand

for Op, %, : Z () — Z(Q).

2.2. Main Concepts. The main concepts underlying the g-%T,-derived and g-%,-
coderived operators in J,-spaces, a € {0, g}, are now presented.

Definition 2.5 (g-v-%,-Derived, g-v-%,-Coderived Operators). Suppose g-Int, ,,
g-Cl,, : Z(Q) — Z(Q), respectively, denote the g-v-T,-interior and g-v-T,-
closure operators and, g-Op, : & () — & (1) denote the absolute complement
g-Tq-operator in a Jy-space Ty = (2, ;). Then, the one-valued maps of the types
(2.7)  g-Der,,: 2 (Q) — Z(Q)

So — {£€Ta: £egCl,,(FLNgOp, ({E))},
(28) ¢-Cod,,: Z() — Z(Q)

Fo — {(€Ta: (e g-Intcw(ﬁﬂCl u{¢})}

on & (Q) ranging in & () are called, respectively, a g-%,-derived operator of
category v and a g-T,-coderived operator of category v. The classes g-DE [T,] def

{g Der,,: ve Id} and g-CD [T dCf {g Cod,,: vel } are called, respectively,
the class of all g-%,-derived operators and the class of all g-T,-coderived operators.

Remark 2.6. If the notations g-Der, (§; %) and g-Cod, ((;-74), respectively, des-
ignate a g-T,-derived point £ € T, and a g-T,-coderived point ( € T, of some
0 € Z(Q), then

(2.9) g-Dery (Fa) ' {g-Dery (&%) : € €Ty,
(2.10) g-Cod, (F) = {g-Cod, (G;-%a) : & € Tal,
respectively, denote the g-%,-derived set and g-%-coderived set of #y in T,.

It is interesting to view g-Der,, g-Cod, : & (2) — & (Q) as the components
of some so-called g-T,-vector operator, and the definition follows.
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Definition 2.7 (g-%,-Vector Operator). Let T, = (2, ;) be a J,-space. Then,
an operator of the type
(2.11) g-Dey, : Xoer; 7 () — X Z(Q)

a€cls
(%CU ya) — (g_Dera,v (‘%Cl) 7g_COda,v (yﬂ))

on X, ey 2 (2) ranging in X, I Z (Q) is called a g-F,-vector operator of category

v and, g-DC[%T,] et {g-Dc,, = (g-Der, ,,g-Cod, ) : v € I9} is called the class

of all such g-%T,-vector operators.

Remark 2.8. For every v € I3, g-Dc, , =dcq def (derg, codg) if based on (clg, intg).
Then deg: () xZ(Q) —2(Q)xZ(Q)

’ (%o, Sy) — (deI‘a (%,) ,cod, (Ya))
tor in a J-space T4 = (2, Ty).

Of the notations T, = (2, %,) and ¥ = (Q,.7), either the first will be used
instead of the second, or both will be used interchangeably.

is a ¥4-vector opera-

3. MAIN RESULTS
The main results of the study of the essential properties of the g-Ty-(derived,
coderived) operators (g-Dery,g-Cody) : 2 (Q2) x 2 (Q) — 2 () x Z(Q) in
Jy-spaces are presented below.
Theorem 3.1. If g-Dc, € g-DC[Z] be a given pair of g-T4-operators g-Der,
g-Cod, : Z(Q) — Z () and dcy € DC[T] be a given pair of Ty-operators derg,
codg : Z () — Z(Q) in a Ty-space Ty = (Q, Ty), then:

1. (VZ € 2 (Q))[g-Der, (%) C dery (%))
~ 1. (V. € 2(Q))[g-Cod, () 2 cody ()]
Proof. Let Ty = (2, 7;) be a Jy-space. Suppose g-Dc, € g-DC[T,] and deg €
DC[Ty] be given and (%y,-5) € Xoep; & () be arbitrary. Then,
g-Der, : Zy +—— {€eg,: €€ g-Cl (%4 N g-Op, )}
C {€eT: cecy(Zn g-Op, ({€})} — derg (%)
g-Codg : S — {CeTFy: (eglnt (FU{C}H)}
2 {CeTy: (€inty(SNg-Opy ({¢})} < codg (H)
Thus, (g-Der, (%) ,cody (73)) C (derg (%) ,9-Cod, () for any (%4,.7;) €
Xaers 2 (9). The proof of the theorem is, therefore, complete. O

Remark 3.2. 1f g-Der, 3 derg and g-Cod, 2 codg stand for g-Der, (-75) C derg (74)
and g-Cod, () 2 codg (F), respectively, then the outstanding facts are: g-Der :
P (Q) — & (Q) is coarser (or, smaller, weaker) than derg : & () — & (Q) or,
derg : Z () — Z(Q) is finer (or, larger, stronger) than g-Dery : & (Q) —
2 (Q); g-Cody : Z(Q) — P (Q) is finer (or, larger, stronger) than cody :
P Q) — Z(Q) or, codg : Z(Q) — P (Q) is coarser (or, smaller, weaker)
than g-Cod, : & (Q) — 7 ().
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Proposition 1. If g-Dc,; € g-DC[T] be a given pair of g-Tg-operators g-Derg,
g-Cod; : Z(Q) — Z () and g-Op, : Z(Q) — Z(Q) be the natural comple-
ment g-Tg-operator of their components in a Jy-space Ty = (2, Fy), then:

(V.7 € 2(Q))[(9-Dery () < g-Op, 0 g-Cod 0 g-Op, (L))
(3.1) A(g-Cod, () «— g-Op, o g-Der 0 g-Op, (7)) ]

Proof. Let g-Dcy € g-DC[T,] be a given pair of g-Tg-operators g-Dery, g-Cod, :
Z(Q) — P (), respectively, and let g-Op, : & () — & (Q) be the natural
complement g-T4-operator of their components in a Jg-space Ty = (2, 7). Then,
for a Z, € & () taken arbitrarily, it follows that

g-Op, 0 g-Cod, 0 g-Op, (Zq)

!

g-Opy ({€ € Ty ¢ € € g-Inty (g-Opy (%) U{E})})

l

{€¢ €Ty : e g-OpyogInt, og-Op, (%, Ng-Op, ({£}))}

[

{f €%y §egCly (%g N g-Op, ({f}))}
g-Der, (%)

Thus, g-Der (#;) < ¢-Op, 0 g-Cod 0 g-Op, (%) for every Z, € & (12). For a
Ty € & (Q) taken arbitrarily, it follows that

g-Op, o g-Der 0 g-Op, (F)

!

g-0p,({€ € Ty : € € g-Cly(g-Op, (F) Ng-Op, ({€1)) })

[

{¢eTy: €€ g-Op,og-Clyog-Op, (S U{E})}

[

{€eTy: cegnt,(FU{})}

!

g-Cod, () -
Hence, g-Cod, (/) <— g-Op, o g-Der, 0 g-Op, (#;) for every 7 € &2 (Q2). The
proof of the proposition is, therefore, complete. (Il

Lemma 3.3. If (g—Der;37 g—Codg) € g-DE [T,] x g-CD [Z] be a pair of g-T ;-derived
and g-%;-coderived operators g-Dery, g-Cod, : 2 (2) — & (Q), respectively, in a
Tg-space T4 = (Q, Fy) then:
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— L %y C Sy € P(Q) — g-Dery (%) C g-Der, (F)
— 1L %y C Sy € P (Q) — g-Cody (%) C g-Cod, (S)

Proof. Let (g-Derg, g—Codg) € g-DE [T,] x g-CD [T,] be a pair of g-T-derived and
g-T-coderived operators g-Dery, g-Cod, : & (Q) — £ (Q), respectively, and let
(%g,S5) € Xaery Z (1) be an arbitrary pair such that %Z; C ., in a J-space
Ty = (9, ;). Then, since Zy C .7, it results that

g-Dery : Zy +—— {f €%y £egCly (%’g N g-Op, ({f}))}

- {5 €%y £€gCly (5”9 N g-Op, ({f}))} «— g-Dery (&)
g—Codgl Ky — {C €%y: C€ g—Intg(%g U {C})}

c {(e%: Ce g-Int, (S Ui} «— g-Cod, ()

Hence, for every (#Zg,-%;) € X,epy & () such that #Zy C 75, g-Derg (%) C
g-Der, () and g-Cod (%) C g-Cod, (#5). The proof of the lemma is, therefore,
complete. [l

Theorem 3.4. If g-Dc, € g-DC[T,] and g-Ic, € g-1C [Ty] be given pairs of g-Tg-
operators g-Dery, g-Cod, : Z (Q) — £ (Q) and g-Int, g-Cl; : & () — Z(Q),
respectively, in a Tg-space Ty = (0, Ty), then:

-1 (VI € 2(Q)[g-Cly (F) +— FUg-Der, (F)]

~ 1. (V% € 2(Q))[g-Int, (F) +— S5 Ng-Cod, ()]

Proof. Let g-Dc, € g-DC [Ty] and g-Ic, € g-IC[T] be given pairs of g-T4-operators
g-Dery, g-Cod, : & (Q) — Z(Q) and g-Inty, g-Cl; : & (Q) — F (), respec-
tively, and suppose 7y € & (2) be arbitrary in a Jy-space Ty = (2, ;). Then:

— 1. Therelation .7 C g-Cl, (/) € g-K [T4] holds. Consequently, g-Der, (.75) C
g-Der, 0g-Cl, () C g-Cl; () implying, g-Cl, () 2 S5 U g-Dery (7). But,
Sy € SyUg-Dery () € g-K[T,] holds and consequently, .7y C g-Cl, (75) C SU
g-Der, (.#;). Therefore, g-Cl, (75) C .73 Ug-Der, (.-75) and hence, g-Cl; () <—
Sy Ug-Dery () for all 75 € 2 (Q).

— 11. The relation . 2 g-Int, () € g-O [T4] holds. Therefore, g-Cod, (#5) 2
g-Cod o g-Int; () 2 g-Int, (-#y) implying, g-Int, (7;) € #;Ng-Cod, (7). But,
Sy 2 Sy N g-Cody () € g-0O[F] holds and consequently, 5 2 g-Int, (F) 2
S5 N g-Cody (S). Therefore, g-Int; (/) 2 F4 N g-Cod, () holds and thus,
g-Cl, () «— S Ug-Dery () for all 4 € & (Q). The proof of the theorem is,
therefore, complete. O

Proposition 2. If T, = (22, ;) be a strong J;-space, then:
(3.2) (Vg-Dc, € g-DC[T,]) [g-Dc, : (0,2) — (0,9)]

Proof. Suppose g-Dc; € g-DC[%,] be a pair of g-Ty-operators g-Dery, g-Cod, :
Z(Q) — Z(Q) in a strong Jy-space Ty = (2, .T,). Then, since Ty is a strong
Ty-space, (0,9Q) «— (g-Cl, (1), g-Int, (Q)) € g-K[T,] x g-O [T,4]. Consequently,

(0 U g-Der, (0), 22N g-Cod, () «— (g-Cly (0), g-Int, (2)) <— (0,9)
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Hence, g-Dc; : (0,Q) — (0,Q) for any g-Dc, € g-DC[T,]. The proof of the
proposition is, therefore, complete. ([

Remark 3.5. Relative to the Jy-space T4 = (2, F5), {£} € P (Q) is a g-T4-closure
unit set of Sy € &2 (Q) if and only if {£} is a Ty-unit set or a g-Ty-derived unit
set of Sy; {&} € Z(Q) is a g-T4-interior unit set of /y; € () if and only if,
relative to the Jy-space Ty = (R, ), {£} is a Tg-unit set and a g-T4-coderived
unit set of .7;. Relative to the J-space T = (Q,.7), {{} € & (Q) is a g-T-closure
unit set of .7 € &2 (Q) if and only if {£} is a T-unit set or a g-T-derived unit set
of & {¢} € 7 (Q) is a g-T-interior unit set of #; € & (Q) if and only if {{} is a
T-unit set and a g-T-coderived unit set of .7.

Corollary 3.6. If g-Dc, € g-DC[%] be a pair of g-T4-operators g-Dery, g-Cod,;
P () — Z(Q) and, {g-Dery (&%) : € € Ty} and {g-Cody (¢; %) : ¢ € Ty},
respectively, be the corresponding collections of g-Ty-derived and g-T4-coderived
points of some Xy € P (Q) in a Ty-space Ty = (2, Ty), then:

~ 1. (3g-Dery (&%) € g-Dery (%)) [9-Der, (&; %) ¢ 2y

—11. (Vg-Cod, (¢; %) € g-Cod, (%)) [9-Cod, (¢; Zy) € ]

Proposition 3. If g-Dc, € g-DC[T,] be a given pair of g-Tg-operators g-Derg,
g-Cod, : Z(Q) — Z(Q) in a Fy-space Ty = (2, ), then:

(33) (V& € 2(Q))[F Ng-Cod, (L) C .Sy € Sy Ug-Dery (7))

Proof. Let g-Dc; € g-DC[Ty] be a given pair of g-Tg-operators g-Dery, g-Cod, :
Z Q) — Z(Q) in a Ty-space Ty = (Q, 7). Then, for all & € Z(Q), S U
g-Dery () «— ¢-Cl; () and 7 N g-Cod, (F) <— g-Int, (). But, for all
S € Z2(Q0), ¢-Cl, (S) 2 S, and g-Int, (F) C 7. Hence, for all & € & (Q),
S5 Ng-Cody (S) C Sy C Sy Ug-Dery(F). The proof of the proposition is,
therefore, complete. (Il

Corollary 3.7. If g-Dc, € g-DC[T,] and deg € DC[T,] be given pairs of g-Tg-
operators g-Dery, g-Cod, : 2 (Q) — £ (Q) and dery, cody : & (Q) — £ (Q),
respectively, in a Ty-space Ty = (2, Ty), then the following logical implication holds
for any Sy € Z(Q):

Sy Ng-Cod,y (F) C Sy C Sy Ug-Dery (S)
(3.4) l
Sy Necody (L) C Sy C Ly Uderg (H) -

Proposition 4. If g-Dc, € g-DC[T,] be a pair of g-Tg-operators g-Dery, g-Cod,, :
Z Q) — Z(Q), and (%, 75) € 9-0[Fy] x g-K[T4] be a pair of g-Tg-open and
g-T4-closed sets, respectively, in a Jg-space T4 = (€, F;), then:

-1 (V% € Z2(Q) [g—Derg (F) C Vg +— F3 C Y]

—11. (V%y € 2 (Q))[9-Cod, (%) D Uy «— Ry 2 Uy)

Proof. Suppose g-Dc; € g-DC[T,] be a pair of g-Tg-operators g-Dery, g-Cod, :
P Q) — Z(Q), and (%, 7;) € 9-0[Ty] x g-K[T4] be a pair of g-Tg-open and



PART III. g-T4-DERIVED AND g-T-CODERIVED OPERATORS IN 73;-SPACES 191

g-Tg-closed sets, respectively, and let (%, %) € X, Iy Z (Q) be arbitrary in a
Tg-space Ty = (Q, Ty). Suppose (¥, Zy) 2 (Fy, %), then

(g_Derg (7/9) I g'COdg ('@g» 2 (g'Derg (yg> 79'COdg (%9))

But (%, 75) € 9-0 [%4] x g-K[T,] implies (”//g,g—Codg (%g)) D (g—Derg (”I/g),?/g)
and consequently,

(74,9-Cod, (%)) 2 (g-Der, (%), g-Cod, (%)) 2 (g-Dery (L) , %)

Hence, g-Der () C ¥4 and g-Cod, (%) 2 %,. The proof of the proposition is,
therefore, complete. O

Theorem 3.8. If g-Dc, € g-DC[T] be a given pair of g-T4-operators g-Der,
g-Cod, : Z(Q) — P (), respectively, in a Ty-space Ty = (Q, Ty), then:

1. (V% € P () [g-Dery (%o) C By —— Zy € 0K [T,
1. (V% € 2 (9))[5-Cod,y (%) 2 Fy — Sy € g-0[T]]

Proof. Let g-Dc, € g-DC[T,y] be a given pair of g-T4-operators g-Dery, g-Cod, :
Z () — P (Q), respectively, and let (%, 7;) € Xaer; & (Q) be arbitrary in a
Tg-space Tg = (Q, J). Then:

— Necessity. Suppose (g—Derg (Zq) 75”9) - (%g, g-Cod, (5’9)) hold, then %4 U
g-Dery (#y) +— %4 and 73 N g-Cod, (F) «— S But, Z, U g-Der (%) <—
0-Cly (%) € 9-K[Ty| and 73 N g-Cod, (S) +— g-Int, () € g-O[T,]. Hence,
(Zg, 7y) € 9-K[Ty] x g-O [T4]. The conditions of ITEMS I, II. are, therefore, nec-
essary.

— Sufficiency. Conversely, suppose (Zg,-%3) € g-K[%4] x g-O [T,] holds. Then,
Ry +— 9-Cly (%) and Sy < g-Int (F). But, g-Cly (%Z,) +— Z3Ug-Der (%)
and g-Int () <— #3 N g-Cod, (). Consequently, Zy <— %4 U g-Dery (%)
and .7y +— 3 N g-Cody (F). Thus, (g-Dery (%y),-%3) C (%4, 9-Cod, (H)).

The conditions of ITEMS I., 1I. are, therefore, sufficient. The proof of the theorem
is, therefore, complete. ([l

Proposition 5. Let g-Dc, € g-DC [T4] be a pair of g-Tg-operators g-Derg, g-Cod,; :
P (Q) — Z(Q) in a Tg-space Ty = (2, Ty), and let g-Dc (%, 7;) € -0 [T4] x
g-K [T4] holds for some (%, 7y) € Xoepy & (2). Then:

— 1. g-Dery (%) € g-O[T,] «— g-Dery (%,) C g-Cod, o g-Der, (%)

— 1. g-Cod, () € ¢-K[T,] +— g-Cod, () 2 g-Der, o g-Cod, (75)
Proof. Suppose g-Dc; € g-DC[T,] be a pair of g-Ty-operators g-Dery, g-Cod, :
Z Q) — Z () in a Tg-space Ty = (2, F;) and, let it be supposed that the condi-
tion g-Deg (%, -75) € 8-0 [T4] x g-K [T4] holds for some (%, 75) € Xoepy 7 ().
Then:

— 1. Since g-Dery (%,) € g-O[T,], g-Int, o g-Dery (%,) 2 g-Dery (#,), where
g-Int, : 2 (Q) — £ (Q) is the g-Ty-interior operator in Ty. But,
g-Int, o g-Der, (%) <— g-Dery (%) N g-Cod, o g-Der, (%)
C  g-Codgog-Der, (%)
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Thus, g-Dery (%) € g-O[Ty] <— g-Dery (%;) C g-Cod o g-Der, (%)
— 1. Since g-Cod, (#5) € g-K[T,], g-Cl; 0 g-Cod, (#5) C g-Cod, (), where
g-Cly : Z(Q) — Z () is the g-T4-closure operator in Ty. But,
g-Cly0g-Cod, () «— ¢-Cod, () U g-Dergog-Cod, ()
2 g-Deryog-Cod, ()
Hence, g-Cod, () € g-K[T,4] «+— g-Cod, (F) 2 g-Deryog-Cod, (7). The
proof of the proposition is, therefore, complete. ([
Theorem 3.9. If g-Dc, € g-DC[Z,] be a pair of g-Ty-operators g-Dery, g-Cod,; :
Z(Q) — Z(Q) in a Ty-space Ty = (Q, Ty), then:
— L g-Dery (%, U%;) «— U g-Der (%)
Us=Rg, s
— 11 g-Cody (%, N.7) «— () o-Cody (%)
Vo=Rg,5s
Jfor any (Zy,53) € Xoery 7 ().
Proof. Suppose g-Dc; € g-DC[%,] be a pair of g-Ty-operators g-Dery, g-Cod, :
Z(Q) — Z(Q), and let (Zy, Sy) € X,ep; () be arbitrary in a Jy-space Ty =

(2, 7). Then, since (% U #5) N g-0p, (1€1) < Uz, 7. (% 113-Op; ({€1)
and (Zy N.Ly) U{E} «+— ﬂ%:@gﬂg (75 U {€}), it results that

0-Cly : Unyep, o, (% No-Opy (163)) —  |J  ¢-Cly(% ng-Op, ({¢}))

Us=Rg, s
g-Inty - Ny _p. o, (uied) — m g-Intg (75 U {¢})
V=R, S
Consequently,
gDery: By USy +—> {5 €Ty: €€ g-Clg<( U %) N g-Op, ({5})>}
Ug=Ry, Sy
«— U {f €%, §egCly (%g N Q'Opg ({5}))}
Uy=R g,
— U g-Der (%)
Uy=Ry, S
and

g-Cody : By NSy +—> {g €%,: €€ g—Intg(< N %) U {g})}
Vo=Ry,5y

— ﬂ {€€T,: €egnty (YU{E})}
Vo=Rg,S

— ﬂ g-Cod,, (74)
Vo=Rg, s
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Hence, it follows that g-Der, (#, U.%;) and g-Cody (%4 N .7;) are equivalent to
U%;@g 7, g-Der, (%) and ﬂn,/g;@g’yg g-Cod (%), respectively. The proof of
the theorem is, therefore, complete. ([

Corollary 3.10. If g-Dc, € g-DC[%] be a pair of g-T4-operators g-Der, g-Cod,; :
Z(Q) — Z(Q) in a Ty-space Ty = (R, Ty), then:

— L g-Dery (%, U.%,) C U g-Der, (%)
Uy=R o, S

— 1. g-Cody (%, N.75) 2 [ 8-Codg (%)
Vo=Rg, Ty

for any (%g, 3) € Xoer; & (Q).

Theorem 3.11. If g-Dc, € g-DC[%,] be a pair of g-Tg-operators g-Der, g-Cod,; :
P Q) — Z(Q) in a Ty-space Ty = (Q, Fy), then:

({¢}.{¢}) C o-Dey (Z4,-74)
(3.5) I
({€}.{¢}) C g-Dey (%4 N g-Op, ({£}) .73 U{C})
for any (Zq,-74) € Xoers 2 (9).

Proof. Suppose g-Dc; € g-DC[%,] be a pair of g-Ty-operators g-Dery, g-Cod, :
Z(Q) — Z(Q), and let (%, ;) € Xyepy & () be arbitrary in a Jy-space

Ty = (2, 7). Then, since 74 N g-Op, ({€}) «— (#5 N g-Op, ({€})) Ng-Op, ({¢})
and .7y U {¢} «— (S U {€}) U{&}, it results that

({‘f} ) {C}) C g-Dcy (%4, 75)

!

({€}.{¢}) C g-Derg (%3 N g-Opg ({€1)) x g-Cody (S5 U {¢})
({6} . {¢}) € 9-Dey (%5 N g-Opg ({€1) . S U{CH)

holds for any (%Zy,-%5) € Xaers # (). Hence, ({€}.{C}) C g-Dey (%y, ) +—

({f} , {C}) C g-Dc, (%g N g-Op, ({¢}), 74 U {(j}) The proof of the theorem is,
therefore, complete. O

Corollary 3.12. Ifg-Dc, € g-DC[T] be a pair of g-T4-operators g-Der;, g-Cod,; :
Z Q) — Z(Q) in a Ty-space Ty = (Q, Ty), then:

({&}.{¢}) ¢ 9-Dey (Zq, )
(3.6) I
({6} :{¢}) < (9-Cody 0 g-Opg (%) , g-Dery 0 g-Opg ()
for any (B, Sa) € Xoers 2 ().
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Proposition 6. If g-Dc, € g-DC[%,] be a pair of g-Tg-operators g-Der, g-Cod,, :
Z Q) — Z(Q) in a Fy-space Ty = (Q, T), then:
(3.7) g-Dc, (Zy,.%3) «— g-Dey (%5 U{E}, 73 Ng-Opg ({¢}))
for any (Zg, 73) € Xoepy 7 ().
Proof. Suppose g-Dc; € g-DC[%,] be a pair of g-Tg-operators g-Dery, g-Cod, :
Z Q) — Z(Q), and let (%,, Sy) € Xaer; & (Q) be arbitrary in a J-space
Ty = (2, F). Then, since
0-Cly (%, N g-0p, ({¢}))  —  8-Cly((%g Ng-Opg ({€1)) U ({&} Na-Opg ({£1)))
—  g-ClL((%Z, U{€}) N g-Opy ({¢}))
it results that
g-Dery (%) «— {£€F;: £€g-Cly(#Ng-Op, ({€})}

— {€eT: £€gCly((Z;U{€}) Neg-Op, ({€}))}

«—  g-Dery (%, U{¢})
Therefore, g-Der, (%) +— g-Der (%, U {¢}). Since

oInty (S5 U{C}) = eIty ((#5 U {C}) N (6} N g-Opg ({6)))
gty (75 N g-Opg ({C}) U {C})
it follows that
g-Cody (S) +— {(eTy: Cegnt (FHU{CYH}

— {C€Ty: (ot (£ Ng-Opy ({¢}) ULCH}

> g-Cody (5 N g-Opy ({C}))
Therefore, g-Cod () +— g-Cody (5 N g-Op, ({¢})). Hence, it follows that
g-Dc, (Zq,.3) «— g-Dey (%5 U{E}, %3 Ng-Opg ({¢})). The proof of the propo-
sition is, therefore, complete. ([l
Proposition 7. If g-Dc; € g-DC [T,] be a pair of g-Tg-operators g-Dery, g-Cod, :
2 () — 2(Q), and ({¢},{¢}) C Ty x Ty be a pair of Ty-unit sets in a J;-space
Ty = (Q, Fy), then:
(3.8) ({€}.{C}) & 8Dy (%4, 7,) «— ({6}.{C}) € g-0[F,] x g-K[T]
for any (#Z4, %) € Xoery 7 ().
Proof. Suppose g-Dc, € g-DC [T4] be a pair of g-Tg-operators g-Derg, g-Cod, :
Z(Q) — 2(Q), and let ({¢},{¢}) C Ty x Ty be a pair of Ty-unit sets in
a Ty-space Tg = (0, F,). Suppose ({¢},{¢}) € 9-De, (#y,-7,) for an arbitrary
(%, 75) € Xaery P (). Then, ({¢},{C}) ¢ o-Dey (%4, ) implies ({€},{¢}) ¢
g-Cly (%4 N g-Op, ({£})) x g-Inty (75 U {¢}). Consequently, it follows that the
relation ({£},{¢}) C g-Opy 0 g-Cly (%4 N g-Opg ({€})) x g-Opg 0 g-Int (S U {€})
holds. But, g-Op, o g-Cl; (%24 N g-Op, ({¢€})) +— g-Int,(g-Op, (%Z,) U {¢}) and
g-Opg o g-Inty (5 U {€}) «— g-Cl,(g-Op, () N g-Op, ({¢})) and on the other
hand, g-Into (g-Op, (#4) U {¢}) € g-O [Ty] and g-Cl, (g-Opg (74) N g-Op, ({€})) €
g-K [T,]. Therefore, ({¢},{¢}) C (%, ¥;) holds for some (%, ;) € g-0[T4] x



PART III. g-T4-DERIVED AND g-T-CODERIVED OPERATORS IN 73;-SPACES 195

g_K [Tg} and COHSunthly, ({E} ) {C}) € g_O [(zg] X g_K [(‘{E] Hencev ({g} ) {C}) ¢
g-Dc, (Zq,73) «— ({£},{¢}) € -0 [T4] xg-K [T4]. The proof of the proposition
is, therefore, complete. [

Theorem 3.13. If g-Dc, € g-DC[%,] be a pair of g-Ty-operators g-Der, g-Cod,;
P Q) — Z(Q) in a Ty-space Ty = (Q, F), then:

~ 1. (V% € 2 (Q))[g-Dery (%4 U g-Dery (%Z4)) C %y U g-Der, (%))

— 1. (V7% € 2(Q))[g-Cod, (S Ng-Cod, (L)) 2 S, Ng-Cod, ()]

Proof. Suppose g-Dc; € g-DC[T,] be a pair of g-Tg-operators g-Dery, g-Cod, :
P Q) — Z(Q), and let (%, S) € Xaer; & (Q) be arbitrary in a J-space
Ty = (92, 7). Then:
— 1. Set %y = %4 U g-Dery (%;). Then,
Uy U g-Dery (%) «— 9-Cly (%) <— ¢-Clyog-Cl; (%)
+—  g-Cly (#y) «— %4 U g-Der, (%)
Hence, g-Der, (%, U g-Der, (%)) € %4 U g-Dery (%y).

— 1. Set 7y = /4 N g-Cod, (7). Then,
Vg Ng-Cod, (¥) «— g-Inty () <— g-Intyog-Int, (F)
+—  g-Inty (F) +— S5 Ng-Cody (S)

Thus, g-Cod, (4 N g-Cod, (#4)) 2 S5 N g-Cod, (). The proof of the theorem
is, therefore, complete. [l

Proposition 8. If g-Dc; € g-DC[T,] be a pair of g-Tg-operators g-Dery, g-Cod,, :
Z(Q) — Z(Q) in a Fg-space Ty = (Q, Ty), then:

— L. g-Der, (%4 U g-Der, (%y)) +— g-Der o g-Der (%)

—11. g-Cody (# Ng-Cod, (7)) +— g-Cod, o g-Cod, (.73)
for any (Zg, 73) € Xoery 7 ().
Proof. Suppose g-Dc; € g-DC[T,] be a pair of g-Ty-operators g-Dery, g-Cod, :
Z(Q) — Z(Q), and let (%, ;) € Xoepy & () be arbitrary in a Jy-space
Ty = (Q, F). Then:

— 1. Since g-Cl, (%) «— % U g-Der (%,) holds for any %, € & (Q), setting
Uy = Xy U g-Dery (%) yields
g-Cl (%, U g-Dery (%Z4)) <— (%4 U g-Der (%)) U g-Der (%4 U g-Der (%))
But,
g-Cly (%4 U g-Der (%#,)) < g-Cly (%) U g-Cl o g-Der, (%)
«— (%4 Ug-Der, (%y))
U (g-Dery (%4) U g-Derg o g-Der, (%))
«— (%4 Ug-Der, (%)) U g-Derg o g-Der, (%)
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Thus, g-Der, (%, U g-Der, (%,)) <— g-Der, o g-Der, (%Z,).

— 1. Since g-Inty (75) <— ¥4 N g-Cod, (75) holds for any 75 € & (Q), setting
Yy = S5 Ng-Cod, () yields
g-Int, (.7 N g-Cod, () +— (S Ng-Cod, (L)) N g-Cod, (L5 N g-Cod, (H5))
But,
g-Int, (73 Ng-Cod, (L)) +— g-Int, (F5) N g-Intg o g-Cod, ()
— (S Ng-Cody (H))
N (g-Cod, (-#5) N g-Cod, 0 g-Cod, (7))
«— (S Ng-Cody (H)) Ng-Cody o g-Cod, ()
Hence, g-Cod, (SN g-Cod, () «— g-Cod, 0g-Cod, (). The proof of the
proposition is, therefore, complete. (I
Corollary 3.14. Ifg-Dc, € g-DC [T] be a pair of g-T4-operators g-Der, g-Cod,;
P Q) — Z(Q) in a Ty-space Ty = (Q, Fy), then:
~ 1. (V% € 2 (Q))[g-Derg o g-Der, (%y) C %y U g-Der, (%y)]
— 1. (V7% € 2 (Q))[9-Cod, 0 g-Cod, (F) 2 73 Ng-Cod, ()]

Proposition 9. If g-Dc; € g-DC[T,] be a pair of g-Tg-operators g-Dery, g-Cod,, :
Z(Q) — Z(Q) in a Fy-space Ty = (2, Fy), then the following logical implica-
tions holds:

— 1. For any (%, %) € Xoeps & (),
(9-Dery (%4 U g-Dery (%4)) € %y U g-Der (%))
A(g-Dery (%4 U ) = g-Der, (%) U g-Der, (7))

(3.9) I

g-Der, og-Der, (%,) C %4 U g-Der, (%)
— 1. For any (%4,-73) € Xoer; & (Q),
(9-Cod, (S5 N g-Cod, () 2 L4 Ng-Cod, (H))
A(g-Cody (Z4 N 7y) = g-Cod, (%,) N g-Cod, (H))
(3.10) I

g-Cod, 0 g-Cod, (S) 2 4 N g-Cod, (F)

Proof. Suppose g-Dc; € g-DC[T,] be a pair of g-Tg-operators g-Dery, g-Cod, :
Z(Q) — Z(Q), and let (%, ;) € Xaepy & (Q2) be arbitrary in a Jy-space
Ty = (2, J). Then:
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~ 1. Substitute ./, = g-Der, (%) in g-Dery (%, U.7;) = U g-Der (%)
Uy=Tg, Sy
and then take g-Der, (%, U g-Der, (%)) C %4 U g-Der, (%) into account. Conse-
quently,

g-Der (#, U g-Der, (%)) = U g-Der (%) C %y U g-Der (%) -
Us=Rq,9-Dery (%)

Thus, g-Der, o g-Der, (%) € %4 U g-Dery (%y)-

~ 11. Substitute %, = g-Cod, (%) in g-Cody (Z,N.%) = (|  g-Cod, (74)
Vo= Ry, Ty
and then take g-Cod, (.75 N g-Cod, (#3)) 2 4 N g-Cod, () into account. Con-
sequently,

g-Cod, (3 N g-Cod, () = N g-Cod, (74) 2 73 N g-Cod, ()
Vo=4,8-Cody(Fy)
Hence, g-Cod, o g-Cod, (-#5) 2 73 Ng-Cod, (-#5). The proof of the proposition is,

therefore, complete. O

Proposition 10. If g-Dc; € g-DC[T,] be a given pair of g-T4-operators g-Der,
g-Cod, : Z(Q) — () and dcgy € DC[T] be a given pair of Ty-operators derg,
codg : Z () — Z(Q) in a Fy-space Ty = (12, ), then:

— 1. For any (%, %) € Xoeps 7 (),

Ry C Sy — g-Dery (%) C g-Der, (7))
(3.11)

—

derg (%) C derg ()

— 1. For any (%, %) € Xper; 7 (),

Uy 2 Vg — 9-Cody (%) 2 g-Cod, (¥4)

(3.12) \ T

codg (%) 2 codg (75)

Proof. Let g-Dc, € g-DC[T,y] be a given pair of g-Tg-operators g-Dery, g-Cod, :
Z () — £ (Q) and decg € DC[T,] be a given pair of Tg-operators derg, codg :
Z () — Z(Q) in a Jy-space Ty = (Q, J;). Then:

~ 1. Since #y3 C .7 implies g-Der, (%#,) C g-Der, (/) and dery (%,) C

derg (%), to prove the diagram it suffices to prove that, for any (%g,.7;) €
Xaer; & (Q2), g-Dery (Z4) C g-Der () implies dery (%) C dery (#5). Suppose
g-Der, (%) C g-Derg (S), then
derg (#y) «— derg (%) U g-Der, (%)
C  dery (#4) U g-Der (75)
C  deryg (%Zy) Udery (F) «— dery ()
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Thus, derg (%) C derg () for any (Zy, 75) € Xepy 7 ().

— 1. Since %; 2 ¥ implies g-Cod, (%) 2 ¢-Cody (75) and codg (%) 2
codg (75), to prove the diagram it suffices to prove that, for any pair (%, 75) €
Xaery 7 (), codg (%) 2 codg (74) implies g-Codg (%) 2 g-Cod, (75). Suppose
codg (%) 2 cody (¥5), then

g-Cod, (%) <— ¢-Cod, (%,) U g-Cod, (75)
2 codg (%) U g-Codg (75)
> cody (%) U g-Cod, (%) «— g-Cody (74)

Hence, g-Cod, (%) 2 g-Cod, (¥;) for any (%, /) € Xacr; & (). The proof of
the proposition is, therefore, complete. ([l

We conclude the present section with two corollaries and two axiomatic defini-
tions derived from these two corollaries.

Corollary 3.15. A necessary and sufficient condition for the set-valued map g-Der :
P () — P (Q) to be a g-T4-derived operator in a strong Ty-space Ty = (2, Ty)

is that, for every ({&},%q,.%;) € Xaerz P (Q) such that {£} C g-Dery (%), it

satisfies:

~ 1. g-Derg (0) =0

— 11. g-Dery (%4) = g-Dery (%, N g-Op, ({¢}))
— 11, g-Derg o g-Dery (%) C %y U g-Der, (%)

— 1. g-Der, (%, U %) = U g-Der (%)
Uy=R 4,7

Corollary 3.16. A necessary and sufficient condition for the set-valued map g-Cod, :
Z(Q) — Z(Q) to be a g-Ty-coderived operator in a strong Ty-space Ty = (2, Ty)
is that, for each ({C}, %, V4) € Xaery & () such that {¢} € g-Cod (%), it sat-
isfies:

— 1. g-Cody (2) =Q

—11. g-Cod (%) = g-Cod, (% U{¢})

— 11 g-Codyog-Cod, (%) 2 %, N g-Cod, (%)

~1v. g-Cody (%N 7g)= (] gCody(#)
We=Ug, Vs

Hence, in a strong Jg-space, for a set-valued map g-Der, : & (Q2) — £ (Q)
on & () ranging in & () to be characterized as a g-T4-derived operator it
must necessarily and sufficiently satisfy a list of derived set g-%-derived opera-
tor conditions (ITEMS 1.—1v. of COR. 3.15), and similarly, for a set-valued map
g-Dery : Z(Q) — Z(Q) on & (Q) ranging in & (Q) to be characterized as a
g-T4-coderived operator it must necessarily and sufficiently satisfy a list of derived
set g-Ty-coderived operator conditions (ITEMS V.—vIiL. of COR. 3.16).

Some nice Mathematical vocabulary follow. In Cor. 3.15, ITEMS I., II., III.
and 1v. may well be taken as stating that the g-Tg-derived operator g-Der, :
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P2 (Q) — Z(Q) is B-grounded (alternatively, O-preserving), &-invariant (alterna-
tively, {-unaffected), g-Cly-intensive and U-additive (alternatively, U-distributive),
respectively. On the other hand, ITEMS 1., 1., 111. and 1v. of COR. 3.16, may well
be taken as stating that the g-Ty-coderived operator g-Cod, : & () — & (Q0) is
Q-grounded (alternatively, Q-preserving), ¢-invariant (alternatively, ¢-unaffected),
g-Int-extensive and N-additive (alternatively, N-distributive), respectively.

Viewing the derived set g-% -derived operator conditions (ITEMS 1.—1v. of COR.
3.15 above) as g-T4-derived operator axioms, the axiomatic definition of the concept
of a g-Ty-derived operator, then, can be defined as a set-valued map g-Der
Z Q) — Z(Q) on & (Q) ranging in & () satistying a list of g-T-derived
operator axioms. The axiomatic definition of the concept of a g-%4-derived operator
in -spaces follows.

Definition 3.17 (Aziomatic Definition: g-%T4-Derived Operator). A set-valued
map of the type g-Der; : & (Q2) — £ () in a strong Jy-space Ty = (2, F)
is called a g-Ty-derived operator on & () ranging in & () if and only if, for
any ({&}, %y, %) € Xaer; & (Q2) such that {{} C g-Der, (%), it satisfies each

g-Tg-derived operator axiom in AX[g-DE [T,]; B] of {Axpg,, (g-Dery) : v e Ij},

where Axpg, : g-DE [Ty — B f {0,1}, v € I}, is defined as thus:

— Axpg,1 (g-Der FLLN g-Der, @) =0

g

— Axpg,2 (g-Der Jef, g-Der, (%Z4) = g-Der (%, N g-Op, ({¢}))

g

( )
( )

— Axpg,s (g-Der,) LN g-Derg o g-Der, (%Zy) C %y U g-Der, (%)
( )

BN g-Dery (%, U %) = U g-Dery (%)
V=R,

— AXDE’4 g—Derg

Thus, a g-T4-derived operator g-Dery : & (Q) — & (2) in a Jy-space Ty =
(Q, F) is a O-grounded (Axpg,1), §-invariant (Axpg,2), g-Cl,-intensive (Axpg,3)
and U-additive (Axpg4) g-T4-set-valued set map forming a generalization of the
Tg-set-valued set map dery : & () — & (Q) in the strong J-space Ty, provided

(9-Dery (%4 U g-Dery (%4)) C %4 U g-Der (%))
A(g-Dery (%3 U ) = g-Der, (%) U g-Der, (7))

!

g-Der, og-Der, (%,) C %4 U g-Der, (%)
holds for any (%Zg,75) € Xaer; & ().

Theorem 3.18. Let AX[g-DE [T,];B] & {Axpg, : v € I;} be the class of
g-T4-derived operator axioms in a strong Jy-space Ty = (€2, Fy) and, let Axpr; :
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g-DE [Ty] — B such that, for any (%4, %4) € Xper; & (),

Axpg, (g-Dery) et g-Dery (7 U g-Der, (7))

(3.13) u( U (% UgDer, (%)))

Uy=Rg,Ss
= (%4 U .73 Ug-Dery (%, U .7)) \ g-Der, (1)

Then, AXpE 1 (g—Derg) =1 — /\uelg Axpg, (g—Derg) =1.

Proof. Let AX[g-DE [T4];B] = {Axpg, : v € Ij} be the class of g-T -derived
operator axioms in a strong J;-space Ty = (2, ;) and, let Axpg : g-DE [T,] —
B such that, for any (%, .7;) € Xacr; & (),

Axpg,1 (g-Dery) & g-Der (%3 U g-Der, ()

o( U usve, )

Uy=Rg. S
= (%, U Sy Ug-Dery (%, U.7;)) \ g-Der (0)

Suppose Axpg 1 (g—Derg) =1 holds. Then:
— CASE L. If (%4, %) = (0,0), then

Axpg 1 (g—Derg) g, g-Der, (U) U g-Der, (@))

u( U (% Ug—Derg(%))>

Uy=0,0
= (PUPUg-Der, (DUD)) \ g-Der, (1)

def
0 <

Consequently, g-Der, o g-Der, (), g-Dery () = 0. Therefore, g-Der, ()
AXDE,l (g—Derg) and thus7 AXDE,I — AXDE,1~

- Case 1. If (%, 75) € Xaepy () be arbitrary such that 7y = %4 N
g-Op, ({&}) and {¢} C g-Der, (Z4), then

Axpg,1 (g-Dery) Jef, g-Dery (%4 N g-Op, ({€})) U g-Dery (%24 N g-Op, ({€})))

U( U (%, U g-Der, (%g)))
Uy=Rg,Z5MNg-Op4 ({£})

= (%4 U (%, N g-Op, ({€}))

Ug—Derg (%g U (%g N g'Opg ({5})))) \g_Derg ((Z))

Since the relation g-Derg (5’9 U g-Derg (5’9)) C 4 U g-Dery () holds, imply-
ing g-Der, (% U g-Der, (#)) U (5 U g-Dery (7)) = %3 U g-Der, (.7;), and
g—Derg () = @ by virtue of Axpg 1, the above expression reduces to

g-Dery (%) U g-Der, (%4 N g-Op, ({¢})) = g-Dery (%4 U (%3 N g-Op, ({¢})))
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Clearly, g-Der (24U (%,Ng-Op, ({£}))) «— g-Der, (%,). Consequently, it results
that g-Der (%4 N g-Op, ({£})) € g-Der, (%,). But,

g-Dery (#;) C {£€%,: £eg-Cly(%,Ng-Op, ({€}))}
{¢ €Ty €€ g-Cly((%5Na-Opg ({£})) Ng-Opg ({6}))}
«— g-Der, (%, N g-Op, ({£}))

Consequently, g-Der, (%4 N g-Op, ({¢h) 2 g-Dery (%y). Therefore, it results that

g-Der, (%) = g-Dery (%4 N g-Op, ({€})) PN Axpg,2 (g-Der,) holds and hence,
AXDE,I — AXDE’Q.

— Case L. If (%, 75) € Xoery & () such that 5 = Z, be arbitrary, then

Axpp (g—Derg) gt g-Der, (%g U g-Der, (%g))

o( U (e, @)

Uy=T g, Ry
= (%3 U %4 U g-Dery (%5 U %)) \ g-Der (0)

Consequently, g-Der, (%2, U g-Der, (%y)) C %4 U g-Der, (%), since g-Der, () = 0
by virtue of Axpg 1. But, g-Der, (%, Ug-Der (%4)) 2 g-Derg o g-Der, (%,). There-

fore, g-Deryog-Dery (%y) C %y U g-Dery (%) &L Axpg3 (g—Derg) and thus,
AXDE,I — AXDE,3~

— Case V. If (Zg, 7y) € Xoepy & () be arbitrary, then

Axpg,1 (g-Dery) & g-Der (%3 U g-Der, ()

u( U (#%UgDer, <%>))

Us=Rq,s
= (%3 U Sy Ug-Dery (%, U.%)) \ g-Der, (0)

By virtue of the relation g-Dery (% U g-Der, (.7;)) C .3 U g-Der, (%) or equiva-
lently, g-Der, (3 Ug-Der (#3)) U (-#3Ug-Der, (7)) = .#3Ug-Der (%), together
with Axpg 1, Axpg,1 reduces to g-Der, (%, U.%;) = U%:%g,yg g-Der (%) et
Axpg.4 (g—Derg) and hence, Axpg1 — AXpg4.

Hence, Axpg 1 (g—Derg) =1 — /\uelz AxpEg,, (g—Derg) = 1 and the proof of
the theorem is, therefore, complete. O

The proposition given below contains further properties.

Proposition 11. Let AX[g-DE [T,];B] = def {Axpg, : € I;} be the class of
g-T;-derived operator axioms in a strong J-space Ty = ( ,J) and, let Axpg 1 :
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g-DE [T4] — B such that, for any (%, %) € Xaer; & (Q),

Axpp (g-Der,) LN ( g-Der (%, U g-Der, (%g))>
Uy=Tg,

(3.14) u( (%, U g-Der, (%)))
Us=Ry, S

= (%4 U S) Ug-Dery (%, U %)
Then, AXDE,H (g—Derg) =1 — /\UGII AXDE}V (g—Derg) =1.
Proof. Let AX [g-DE (Tql; } def {AXDE L UV E Lf} be the class of g-T -derived

operator axioms in a strong Jg-space Ty = (2, J;) and, let Axpg 11 : g-DE [T] —
B such that, for any (%975’9) € Xaery 7 (),

Axpg,i1 (g-Der,) & ( U  o-Dery(%, U gDer, (%g))>

Ug=R g, g
U( U (%, U g-Der, (%g))>
Uy=R g,y

= (%4 U S) Ug-Dery (%, U %)

Suppose Axpg, 11 (g—Derg) =1 holds. Then:

— CASE L. If (%4, %) = (0,0), then

Axpg, i1 (g-Der,) g, < U g-Der (%, U g-Der, (?/g))>
Us=0,0

U( U (% Ug-Der, (@/g))>
Ug=0,0
= (0U0)Ug-Dery (0UD)
Consequently, g-Der o g-Der, () U g-Der, (@) = g-Der, (#). But, g-Der, (§) «—
0 U g-Der, (0) <— g-Cl; (0) = (. Therefore, g-Der, () = 0 &ty Axpg,1 (g-Der,)

and thU.S, AXDEJI — AXDE71-

- Case 1. If (%y, 7y) € Xaepy () be arbitrary such that 75 = %4 N
g-Opg ({£}) and {£} C g-Dery (#g), then

ef
Axpg, 11 (g-Der,) &L ( U g-Der (%, U g-Der, (02/9)))
Uy =Rg,%3M8-Op, ({€})

(U mueve,m)
Us=Ry,%3Ng-Opy ({€})

= (%4 U (%, N g-Op, ({£1)))

U g-Der, (%g U (929 N g-Op, ({5})))
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Since the relation g-Der (%, U g-Der, (%)) C %, U g-Der, (%,) holds, implying
g-Der (%, U g-Dery (%)) U (%, U g-Dery (%)) = Uy U g-Der, (%,) for any %, €
{%g, X4 M g-Opy ({{})}, Axpg, 11 reduces to

U g-Der, (%) = g-Dery (%, U (%4 1 g-Op, ({¢})))
Uy=R g, %3Mg-Op4({£})

Because #Zy 2 %y N g-Opy ({€}) holds, g-Der, (%, U (%4 N g-Op, ({£}))) «—
g-Der, (%,). Consequently, g-Dery (% N g-Op, ({¢})) C g-Der, (%,). But,

g-Der, (%) C {€eF,: €eg-Cl (% Ng-Op,({e})}
> {£eTy: € g-Cly((#,Na-Op, ({6}) Ne-Op, ({61) }
«— g-Der, (%, N g-Op, ({¢}))

implying g-Der, (%4 N g-Op, ({¢})) 2 g-Der, (%,). Therefore, g-Der (%,) =

g-Der, (%g N g-Op, ({f})) Jef, Axpg 2 (g—Derg) and hence, Axpg1 — Axpg,2.

— CasE 1L If (%, ) € X,epy & () such that S5 = Z4 be arbitrary, then

Axpp (g-Der,) N < J  o-Dery (%, U gDer, (62/9))>
u

u( U %Ug-Derg(%)>
(

= (%

@C
& 3

o) Ug-Dery (%, U %)

Consequently, g-Der, (%4 U g-Der (%,)) U (%4 Ug-Der, (%)) = %y Ug-Der, (%),
implying g-Der (%, U g-Dery (%Z,)) C %4 U g-Dery (%Z,). But, because the re-
lation g-Derog-Dery (#;) C g-Der, (%g U g-Der, (%g)) holds, it results, there-
fore, that g-Der o g-Der (%) C %4 U g-Der, (%) &t Axpg,3 (g-Der,) and thus,
Axpg 1 — AXpg,3.

— CasE 1v. If (#y, 75) € Xoepy 7 (Q) be arbitrary, then

Axpp (g-Der,) N ( J  o-Dery (%, U gDer, (%g))>
Uy=R g5

ul U #%ugDer, (%)>
Ug=Rg, s

= (#yU S) Ug-Dery (%, U %)

Since U% —a,,7, 8-Derg (%,Ug-Der, (%)) C U%g:%g,yg (%3 Ug-Der, (%)) holds,

Axpg,, evidently, reduces to g-Dery (%, U.%y) = Uy, g, », 8-Derg (%) LN

AXDE’4 (g—Derg) and hence7 AXDE,H — AXDE’4.
Thus, Axpg 11 (g—Derg) =1 — /\uelg AxpEg,, (g—Derg) = 1 and the proof of
the proposition is, therefore, complete. (I
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The corollary stated below is an immediate consequence of the foregoing theorem
and proposition.

Corollary 3.19. Ifg-Der, : #(Q) — 2 (Q) be a g-T-derived operator on & ()
ranging in & (Q) in a strong Ty-space Ty = (2, Ty), then it satisfies the following
g-%4-derived operator axziomatic diagram.:

AXDE,I (g—Derg) =1— /\VEIZ AXDE,V (g—Derg) =1
(3.15) \ |
AXDE,H (g—Derg) =1

Likewise, viewing the derived set g-T -coderived operator conditions (ITEMS I.—
1v. of COR. 3.16 above) as g-%4-coderived operator axioms, the axiomatic definition
of the concept of a g-T4-coderived operator, then, can be defined as a set-valued
map g-Cod; : Z(Q) — Z(Q) on & (Q) ranging in & (1) satisfying a list of
9-%4-coderived operator axioms. The axiomatic definition of the concept of a g-Tg-
coderived operator in J-spaces follows.

Definition 3.20 (Aziomatic Definition: g-T4-Coderived Operator). A one-valued
map of the type g-Cod, : & (Q) — Z(Q) in a Jy-space T, = (€2, F) is called
a g-Tg-coderived operator on & () ranging in & () if and only if, for any
({¢Y, %, ) € Xaer; & (), it satisfies each g-Ty-coderived operator axiom in

AX[g-CD [T,4):B] © {Axcp,, (g-Cody) : v € I} }, where Axcp,, : g-CD [T4] —

B« {0,1}, v € I}, is defined as thus:

~ Axcp,1 (g-Cod,) BN g-Cod, () = Q

— Axcp.s (g-Cody) % g-Cody (%) = g-Cod (% U {¢})

( )
— Axcp s (8-Cody) 2% g-Cod, o g-Cod, (%) 2 %, N g-Cod, (%)
( )

A% g-Cod (%, N 74) = (| eCod, (%)
Wg:%nf’/g

- AXCDA g—Codg

Hence, a g-T4-coderived operator g-Cod, : & () — £ (Q) in a J-space

Ty = (Q,7,) is a Q-grounded (Axcp,1), (-invariant (Axcp2), g-Int,-extensive

(Axcp,3) and N-additive (Axcp,a) g-T4-set-valued set map forming a generalization

of the T -set-valued set map cody : & () — & () in the Jy-space Ty, provided
(g-Cody (F N g-Cod, (.F)) 2 S5 Ng-Cod, (H))

A(g-Cody (%4 N 7y) = g-Cod (#,) N g-Cod,, ()

!

g-Cod 0 g-Cod (S) 2 S5 N g-Cod (F)

holds for any (Zg, %5) € Xoeps & ().

As above, having introduced an alternative definition defining the notion of a
g-T ;-coderived operator in a J-space axiomatically, it may not be without interest
to prove some further propositions based on such axiomatic definition. The theorem
follows.
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Theorem 3.21. Let AX[g-CD [T,];B] e {Axcp, : v € I}} be the class of
g-T;-coderived operator arioms in a Jy-space Ty = (Q, J5) and, let Axcp;r -
g-CD [Z4] — B such that, for any (%, ”f/g) € Xaerz Z(Q),

Axcp,1 (g-Cody) & g Cod o (%, N g-Cod, (%))

(3.16) m( (| (#ng-Cod, (%)))
Woa=U4, 7,

= (%g N7 Ng-Cod,y (%, N ”Vg)) \ g-Op, 0 g-Cod, (2)
Then, Axcp,1 (g-Cody) =1 — /\Vel* Axcp,y (g-Cody) =
Proof. Let AX[g-CD [T4];B] = {Axcp,, : v € I} be the class of g- T 4-coderived

operator axioms in a Jg-space T4 = (2, .7;) and, let Axcp ;1 : g-CD [T] —> B such
that, for any (%, 75) € Xaer; @ (),

Axcpy (g-Cody) <% g-Codg (% N o-Codg (%))

(N taneco, )
W=y, Yy
= (%, N V5N g-Cody (% N ) \ g-Op, 0 g-Cod,, (Q)

Suppose Axcp 1 (g—Codg) =1 holds. Then:

— CASE L. If (%, ¥,) = (2,9), then

Axcpy (5-Codg) &% g-Cod,y (2N g-Cod, (2))

(N necod o)
We=0,0
= (2N Qng-Cod, (2NNQ)) \ g-Op, o g-Cod,, (2)
Consequently, g-Cod o g-Cod, (£2), g-Cod, (22) = g-Cod, (£2). Thus, g-Cod, (2) =
Q &y Axcp (g—Codg) and hence, Axcp1 — Axcp,1-

— Case 1. If (%, 75) € Xaer; 2 () be arbitrary such that 75 = %, U{(} and
{¢} € 9-Cod, (%), then

def

Axcp 1 (g-Cody) g-Cod, (%, N g-Cod,, (%))

(N tenacod, 1)
Wo=Uy, U5 V{C}
= (%g N (% U{¢hHnN Q‘COdg (%g N (% U {C})))
\ g-Opg 0 g-Cod,, ()
Since the relation g- Cod Uy N g-Cody (%, 0) 2 U Ng- Cod, (%,) holds, implying

o
g-Cod (%, Ng-Cod, ( )ﬂ(% ﬂgCod (%)) = %ﬂgCod (%), and Axcp 1
1mphes g-Op, o g- Cod ( ) =10, Axcp 1 reduces to

g-Cod, (%) N g-Cod (%, U{C}) = g-Cod (% N (%3 U{(}))
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Clearly, g-Codg (% N (%3 U{¢})) +— g-Cod, (%,). Consequently, it results that
g-Cod (%3 U{¢}) 2 g-Cod, (%,). But,

g-Cody (%) 2 {(e€Ty: (egnty (% U{C})}

« {CeTy: (eglnty (% U{Hu{c})}
+— g-Cod, (%; U{(})

Consequently, g-Cod, (%, U {¢}) C g-Cod, (%,). Therefore, it follows that the

relation g-Cod, (%) = g-Cod, (%g U {C}) LN Axcp 2 (g—Codg) holds and thus,
AXCD,I — AXCD’Q.

— Case 1L If (%, 75) € Xaery & () such that ¥ = %, be arbitrary, then

Axcpy (5-Cody) &% g-Cod, (% N g-Cod, (7))

(N oenecn o)

Uy U,y
= (U N Uy N g-Cod (%3 N %)) \ g-Op, 0 g-Cod, ()

Consequently, g-Cod, (%, Ng-Cod, (%)) 2 U, Ng-Cod, (%), since Axcp,; implies
g-Op, 0 g-Cod, () = 0. But, g-Cody(%, N g-Cod, (%)) € g-Cod, o g-Cod, (%).
Therefore, g-Cod,og-Cod, (%) 2 % N g-Cod, (%) &efy Axcp,s (g-Cod,) and
thus, AXCD,I — AXCDyg.

— Case . If (%, ) € Xoery & (Q) be arbitrary, then

Axcp,1 (g-Cody) & g-Cod, (%, N g-Cod,, (%))

m( N (#ngCod, (%)))

Wo=Uq,"s
= (7,1 ¥4 1 g-Cody (%, 11 7;)) \ 8-Opg 0 g-Cod, ()

By virtue of the relation g-Cod (%g Ng-Cod, (%g)) 2 Uy N g-Cody (%) or equiva-
lently, g-Cod, (%gﬂg—Codg (@/g))ﬂ(%gﬂg—Codg (%)) = U3Ng-Cod (%), together
with Axcp 1, Axcp 1 reduces to g-Cod, (%5 N 75) = ﬂ”/g:%,% g-Cod, (#) BN
AXCD,4 (g—COdg) and hence, AXCD,I — AXCD74.

Thus, Axcp 1 (g—Codg) =1 — /\Velz Axcp,y (g—Codg) = 1 and the proof of
the theorem is, therefore, complete. O

The proposition given below contains further properties.

Proposition 12. Let AX[g-CD [T,];B] def {Axcp, @ v € Ij} be the class of

g-T-coderived operator axioms in a Jy-space Ty = (€2, 7;) and, let Axcpr :
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g-CD [Ty] — B such that, for any (%, 75) € Xaery & (),

Axcp .1 (g-Cod,) &t ( ﬂ (44 ﬂg—Codg(Wg)))
Wa=Uy, Yy

(3.17) m( N g—Codg(%ﬂg—Codg(%)))
Wo=Uy, Yy

= (% N ¥3) N g-Cody (% N %)
Then, AXCD,II (g—COdg) =1 — /\ AXCD7V (g—COdg) =1.

vel}
Proof. Let AX[g-CD [T,]; B] et {Axcp,, : v € I}} be the class of g-T -coderived
operator axioms in a Jg-space Ty = (€, J;) and further, let Axcp 11 : g-CD [T] —
B such that, for any (%, 75) € X,er; & (Q),

Axeon (5-Cody) % () (#na-Cod, () )
Wo= Uy,

ﬂ( ﬂ g-Cod, (#4 N g-Cod, (Wg)))
We=Uq,Vs
— (% %) N g-Cod, (% N 7;)
Suppose Axcp 11 (g—Codg) =1 holds. Then:

— CASE 1. If (%, 75) = (©,9), then

Axeon (5-Cody) &% () (hna-Cod, () )

We=Q,Q
m( () #-Cod,(#4 N g-Cod, (%)))
We=Q,Q
=(QNQ)Ng-Cody (2NQ)

Consequently, g-Cod, (©2) N g-Cod, o g-Cod, () = g-Cod, (2). But, the relation
g-Cod, (©2) +— QNg-Cod, () «— g-Int (2) = Q holds. Therefore, g-Cod, (2) =

Q &% Axep,i (g-Cody) and hence, Axcp it — Axcp,1-

— Case 1L If (%, 1) € Xaery & () be arbitrary such that 7 = %; U{(} and
{¢} € g-Cod, (%), then

Axcp,r (g-Codg) <% ( N (%ﬂg-Codg(%))>
Wo=Uy,UsU{C}

(N ecensc, )
Wo=Uy, Uy V{C}
= (% N (%3 U{CY)) Ng-Cody (% N (%3 U{CY))

Since the relation g-Cod, (#4 N g-Cod, (#4)) 2 #4 N g-Cod, (#4) holds, implying
g-Cod, (#4 Ng-Cod, (#4)) N (#5Ng-Cod, (#;)) = #gNg-Cod, (#4) for any #4 €
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{U;, %y U{¢}}, Axcp i reduces to

(N oCody (#g) = a-Cody (% 0 (%, U{<})
Wo=Uq,UsU{C}
Because %, C % U{(} holds, g-Cod, (%, N (% U{¢})) +— g-Cod, (%,). Conse-
quently, g-Cod, (% u{¢}) 2 g-Cod, (%,). But,
g-Cody (%) 2 {(e€Ty: (egnty (% U{C})}

<—> {C €%y (€ g—Intg((%g u{¢chHu {C})}

«—  g-Cody (%; U{C})
implying the relation g-Cod, (%, U{¢}) C g-Cod, (%,). Therefore, g-Cod (%) =
g-Cod, (%g U {C}) Jef, Axcp,2 (g—Codg) and hence, Axcp 1 — Axcp,2.

— Case 11 If (%, 75) € Xoepy & () such that 75 = % be arbitrary, then

Axcp (g—Codg) BN ( ﬂ (#g N g-Cod, (%)))

Wo=Us, U,y
m< N g—Codg(%ﬁg—Codg(%)))
Woa=Uy, Uy

= (Uy N Us) N g-Cod (Uy N Uy)

Consequently, g-Cod (%, Ng-Cod, (%)) N(%yNg-Cod, (%)) = U, Ng-Cod, (%),
implying g-Cod, (%, N g-Cod, (%)) 2 %, N g-Cod, (%,). But, because the rela-
tion g-Cod, o g-Cod (%) 2 g-Cod, (%g Ng-Cod, (@/g)) holds, it results, therefore,
that g-Cod, o g-Cod, (%) 2 % N g-Cod (%) g, Axcp 3 (g—Codg) and thus,
Axcp,imn — Axcp,3.

— Case 1v. If (%, 75) € Xoer; & () be arbitrary, then

Axcpr (g-Codg) % ( (#, N g-Cod, (74)))
V4

=

X

g-Cod, (#4 N g-Cod, (%)))

Since (. —, v, 8-Codg (#gng-Cod,, (#4)) 2 Ny =, v, (#3ng-Cod, (#4)) holds,

Axcp i1, evidently, reduces to g-Cody (%, N 7,) = m%,:%,% g-Cod (#) &

AXCDA (g—COdg) and hence, AXCD,II — AXCD74.
Thus, Axcp 11 (g—Codg) =1 — /\VEII Axcp,, (g—Codg) = 1 and the proof of
the proposition is, therefore, complete. ([

The corollary stated below is an immediate consequence of the foregoing theorem
and proposition.
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Corollary 3.22. If g-Cod, : Z(2) — () be a g-Ty-coderived operator on
P (Q) ranging in & (Q) in a Ty-space Ty = (Q, Ty), then it satisfies the following
g-T4-coderived operator axiomatic diagram:

AXCD,I (g—COdg) =1— /\VGIZ AXCD,I/ (g'COdg) =1
(3.18) \ I
AXCD,II (g—COdg) =1

The proven lemma presented below will be helpful in proving the theorem fol-
lowing it.
Lemma 3.23. Let g-Dery, g-Cod; : &Z(Q) — () be a g-T4-derived and a
g-T4-coderived operators, respectively, in a strong Jy-space Ty = (2, Ty). Then:

— 1. Ty per (Q) dof {Ay € 2(Q) : Ay D g-Dery (Hy)} satisfies the Ty-

closed set azioms for the strong Jy-space Ty,
def

— 1L Ta00a(Q) = {0y € 2 (Q): Oy C g-Cod, (Og)} satisfies the Ty-

open set axioms for the strong Jy-space T.
Proof. Let g-Dery, g-Cod, : Z(Q2) — Z(Q) be a g-Ty-derived and a g-T4-
coderived operators, respectively, in a strong Jg-space Ty, = (2,.7;). Since T,
is a strong Jg-space, it satisfies the J-open set axioms J () = 0, 5 (Q) =
Q, J3(04) C 0Oy, and %(Uveﬂ; Ogp) = Uvers Za(0y.), and it also satis-
fies the Jg-closed set axioms .7, () = Q, =7, (0) = 0, =T (H) 2 Hg, and
“Tg(Mvers Haw) = Nper 7T (Hgw). Therefore, to prove ITEM 1. and ITEM
II., it suffices to show that %7Der —— Ty and J,coq +— T, respectively. Then:

— 1. By the definition of Fyper : & (Q) — Z(Q), Q 2 g-Dery (). Thus,
Ty per () = Q. By virtue of Axpg 1, § = g-Dery () «— 0 2 g-Der, (). Hence,
Ty per (0) = 0. Since Ty per () 2 {Hg € P (Q) : JHy 2 g-Dery (A)}, it results
that, for every (Jifg, Ty Der (Ji/g)) € Z(Q) X Ty per (), the relation Ty per (Hg) 2
JHg holds. Suppose (A, Hy,,.) € Xaer; 2 () such that, for each n € {v, u},
Hyu 2 Ky, and, for all o € I3, the relation %5 , 2 g-Der (A ;) holds. Then,
Hgu D Ky, implies Ay, +— Hg Uy, > Hy U (Hy N Hy,). By virtue of
AXpE,4, it follows that the relation (1, _, , g-Dery (/) 2 g-Dery (A, N Hg ) N
g-Dery (A5,y) <— g-Derg (g, N Ay,) holds, implying (1, _, , g-Derg (Hg,) 2
g-Der, (A, N Ky ). But Ky, 2 g-Der, () holds for each n € {v, u} implies
m’r]:mu ‘%/9771 2 mn:mu g_Derg (‘%/EJI)' Thus? ﬂn:mu %JI 2 g—Derg (‘%/E,V n %aﬂ)'
The condition J per ¢— =7 is proved and hence, J per 7 (2) — & (Q) satis-
fies the J;-closed set axioms for the strong J;-space Ty.

— 1. By virtue of Axcp1, € = g-Cod, (©2) «— Q C g-Cody (). Thus,
Ta.Cod () = Q. By the definition of F5 coa : & (Q) — Z(Q), O C g-Cod,, (0).
Hence, 4 cod (0) = 0. Since Ty .coa () € {0y € 2 (Q) : Oy C g-Cod, (0y)},
it follows that, for every (ﬁg,ﬂg,cod (ﬁg)) € Z(Q) X Ty,cod (), the relation
Ty,cod (Og) © Oy holds.  Let (Og,,04,) € Xaepy & () such that, for each
n € {v,u}, Ogp C Oy, and, for all o € I7, the relation &y, C g-Cod, (0 )
holds. Then, Oy, C Oy, implies Oy, +— Oy, N Oy, +— (04, U0Oy,) N
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O, By virtue of Axcps, it results that the relation UJ,_, ,8-Cody (0gy) C
g-Cod, (04, U Oy ) U g-Cod, (Oy,,) < g-Cod, (O, U Of,) holds which, in
turn, implies U, _,, , 8-Codg (Oy,y) € g-Cod (0, U Oy,,,). But the relation 0, C
g-Codg (0p,) holding true for each n € {v,u} implies, in turn, U,_, , Ogn C
=0, 8-Cody (Og). Thus, U, _, , Ogn € g-Codg (O, U Oy ). The condition
Tg,cod +— Ty is proved and hence, Jy coa? () — & () satisfies the T-
open set axioms for the strong J;-space T4. The proof of the lemma is, therefore,
complete. ([

The theorem is now stated and proved by the aid of the above lemma.

Theorem 3.24. Let g-Dery, g-Cod, : & (Q2) — Z () be a g-Ty-derived and a
g-T4-coderived operators, respectively, in a unique strong Jy-space Ty = (Q, Ty).
Then:

— 1. Jyper () def {Hye 2(Q): A2 g-Der, (Ag)} forms the Ty-closed

sets for the unique strong Jy-space T4,

— 1. ,c0d () def {Og € 2(Q): O4 Cg-Cod,(O4)} forms the Ty-open
set axzioms for the unique strong Jy-space T.

Proof. Let g-Dery, g-Cody : & (Q) — Z(Q2) be a g-Ty-derived and a g-Ty-
coderived operators, respectively, in a strong Jg-space Ty = (2, 7). Then:

— 1. Ty per () def {Hg € 2(Q): Ay D g-Der, ()} forms the collection of
Ty-closed set in the strong y-space 4. Suppose g-Dery ;.4 @ & (Q) — & (Q2) be
the induced g-T4-derived operator, then to show uniqueness it only suffices to prove
that g-Der ;,,q (%) «— g-Dery (%;) holds true for any %, C T,. Let Z; C T,
be arbitrary and by hypothesis, let (£ € g-Der, (%)) A (& ¢ g-Derg ;,q (%)) hold
true. Then, uniqueness is shown by proving that such hypothesis is a contradiction.
Thus, the following cases present themselves:

— CASE 1. Suppose & ¢ Zy. Then, (£ & %) A (€ ¢ g-Derg 4 (#,)) by virtue
of the supposition and the hypothesis. Consequently, & ¢ g-Cl, (%2, Ng-Op, ({¢})).
Therefore, a J;-open set 0y € J; can be found, satisfying £ € &y, such that
Oy (%4Ng-Opy ({€})) = OgNZy = 0. Clearly, #g = g-Op, (0y) is a Ty-closed set
and therefore, it satisfies ¢ D g-Der, (), implying (g € Ty per) A (Hg 2 %)
holds true. Consequently, it follows that J#; 2 g-Der, () 2 g-Der, (%,). But,
§ € g-Dery (%,) by hypothesis. Hence, (f € ﬁg) A (5 € JHy = g-Op, (ﬁg)), a
contradiction. The hypothesis is therefore a contradiction.

— CASE I1. Suppose £ € Zy. Then, (& € Z4) A (€ € g-Der, (%)) by virtue of the
supposition and the hypothesis. Consequently, £ € g-Cl; (%N g-Op, ({¢€ })). There-
fore, a Jy-closed set £y € . can be found, satisfying £ € 5, such that J&; N
(%,15-Opg ({€1)) = %4 M5-Op ({}) # 0. Then, g 2 %, Ng-Opg ({€}) and con-
sequently, 5 2 g-Derg ;4 () 2 g-Derg i,q (@g N g-Opy ({f})) = g-Derg ;q (Zy)-
But, & ¢ g-Derg ;,q (#,) by hypothesis. Thus, (& € ) A (€ ¢ ), a contradiction.
The hypothesis is therefore a contradiction. Hence, g-Der, (%) C g-Der ;.4 (Zy)-
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The relation g-Derg (%) 2 g-Dery ;,q (%) is now proved. By hypothesis, let
(¢ ¢ g-Dery (%,)) A (€ € g-Derg 4 (%)) hold true. Then, uniqueness is again
shown by proving that such hypothesis is a contradiction. Thus, the following
cases present themselves:

— CASE 1. Suppose & ¢ Z,. Clearly, a Jy-closed set #y € =.7; can be found
such that J#; = %4 U g-Dery (%), and consequently, #y 2 g-Der ;,q (%4). But,
by virtue of the supposition and the hypothesis, (£ ¢ %) A (§ ¢ g-Der, (%y)),
implying § ¢ g-Der ;,,q (%), a contradiction. The hypothesis is therefore a con-
tradiction.

— CASE 1. Suppose & € Zy. Then, (& € %Zy) A (€ € g-Derginq (%)) by
virtue of the supposition and the hypothesis. Consequently, §{ € g-Cl (%’Q N
g-Op, ({¢€})). Since & € g-Derg;,q (%) is equivalent to & € g-Dery ,q(% N
g-Op, ({¢})) and, on the other hand, g-Cl, (%, N g-Op, ({£})) is equivalent to
(%3 N g-Op,y ({£})) U g-Derg 3,4 (%4 N g-Op, ({€})) = g for some Fy-closed set
Hy € =T, it follows that & € g-Derg ;,4(%4 N g-Opy ({€})) C g-Derg ;4 (%), im-
plying £ € g-Der ;.4 (Z5). But, by virtue of the supposition and the hypothesis,
(€ %) N (€ € g-Derg a4 (%)), implying & € g-Dery (%), a contradiction. The
hypothesis is therefore a contradiction. Thus, g-Der (%) 2 g-Derg ;.4 (%)

— II. J5,c0a () o {0, € 2(Q): 04 C g-Cod, (y)} forms the collection
of Jg-open set in the strong y-space Ty. Suppose g-Cod j,q : & (2) — Z(Q)
be the induced g-%4-coderived operator, then to show uniqueness it only suflices to
prove that g-Cod, ;,q (5) <— g-Cod, (-#5) holds true for any .75 C Ty. Let .75 C
T, be arbitrary and by hypothesis, let (¢ € g-Cod, (F) A (¢ ¢ g-Codg ing (%))
hold true. Then, uniqueness is shown by proving that such hypothesis is a contra-
diction. Thus, the following cases present themselves:

— CASE 1. Suppose ¢ ¢ .%;. By virtue of the supposition and the hypothe-
sis, the relation (C ¢ 5”9) A (( ¢ 9-Codg ina (5”9)), then, holds true. Consequently,
¢ ¢ g-Int, (YQU{Q}), implying ¢ € g-Cl; 0 g-Op, (YQU{C}). Therefore, a J3-closed
set g € =7, can be found, satisfying ¢ € %5, such that ;N g-Op, (FHU{C}) =
9-Op, (Yg U {(}) Clearly, 0y = g-Op, (#;) is a Jy-open set and therefore, it
satisfies 0y C g-Cod,, (0y), implying (04 € Fy,coa) A (Of € F) holds true. Con-
sequently, it follows that 0y C g-Cod, (0y) C g-Cod, (7). But, ¢ € g-Cod, (#4)
by hypothesis. Hence, (§ ¢ Oy = g-Op, (%fg)) A (( ¢ %), a contradiction. The
hypothesis is therefore a contradiction.

— CASE 1I. Suppose ¢ € ;. By virtue of the supposition and the hypothe-
sis, the relation (C € yg) A (C € g-Cod, (Yg)), then, holds true. Consequently,
¢ € g-Inty (S U {¢}), implying ¢ ¢ g-Cly0g-Op, (75 U {C}). Therefore, a Jy-
open set Oy € J, can be found, satistying ¢ € &y, such that 0y U (S U{£}) =
Sy U{E}. Then, 6, C Z; U {£} and consequently, &y C g-Codg ;g (0g) C
g-Codg ina (%5 U{&}) = 8-Codging (%) But, ¢ ¢ g-Codgnq (#5) by hypothe-
sis. Thus, (C ¢ ﬁg) A (C ¢ ﬁ’g), a contradiction. The hypothesis is therefore a
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contradiction. Hence, g-Cod, (#5) 2 g-Cod, ;4 (%5)-

The relation g-Codg () C g-Cod, ;,q (/3) is now proved. By hypothesis, let
(& ¢ g-Cody (S)) A (€ € g-Codg ingq (%)) hold true. Then, uniqueness is again
shown by proving that such hypothesis is a contradiction. Thus, the following cases
present themselves:

— CASE 1. Suppose ¢ ¢ ;. Clearly, a J;-open set 0y € J; can be found
such that 0y = 7 N g-Cod, (#), and consequently, 0y C g-Cod, ;,q (/5). But,
by virtue of the supposition and the hypothesis, (C ¢ Yg) A (C ¢ g-Cod, (5”9)),
implying ¢ ¢ g-Cod, ;,q4 (-5), a contradiction. The hypothesis is therefore a con-
tradiction.

— CASE 1. Suppose ¢ € 7. Then, (¢ € #4) A (¢ € g-Codg ina () by virtue of
the supposition and the hypothesis. Consequently, ¢ € g-Int, (Yg U{¢ }) Since ¢ €
g-Cod inq () is equivalent to ¢ € g-Cod ;4 (- U {¢}) and, on the other hand,
g-Int (.75 U{¢}) is equivalent to (5 U{¢}) Ng-Cody inq (-5 U{¢}) = Ty for some
Tg-open set Oy € T, it follows that ¢ € g-Cody ;,q(-75 U {€}) = g-Cody ina (%),
implying ¢ € g-Codg ;,q (5). But, by virtue of the supposition and the hypothesis,
(CeF)N(Ce g-Codg ing (7)), implying ¢ € g-Cod, (), a contradiction. The
hypothesis is therefore a contradiction. Hence, g-Cod, (#5) C g-Cod ;g (%5)-
The proof of the theorem is, therefore, complete. O

On the essential properties of g-Tj-derived and g-%j-coderived operators in -
spaces, the discussion of the present section terminates here.

4. DISCUSSION

4.1. Categorical Classifications. Having classified the g-T,-operators in terms
of their categories, namely g-v-T,-derived and g-v-T,-coderived operators in Z,-
spaces, (v,a) € I x {0, g}, it is proposed here to establish the various relationships
amongst the classes of T, g-T4-derived and ¥, g-FT,-coderived operators in the
Ty-space Tq, and to illustrate such relationships through diagrams.

Of the lists of notations T, = (2, 9,), int,, g-Int,, cl,, g-Cl,, ..., der,, g-Der,,
cod,, g-Cod,, ... and T = (2, .7), int, g-Int, cl, g-Cl, ..., der, g-Der, cod, g-Cod,
..., respectively, either the first will be used instead of the second, or both will be
used interchangeably.

In a J-space Ty = (2, T4), g-Int, o (S4) C g-Int,; (Sa) € g-Int, 3 (Fa) 2
g-Int, 5 (#4) holds for any .7, € 22(Q). Moreover, the relation g-Int, (/) C
g-Int, , () also holds true for any (v,.%;) € I§ x T4. But, for every (v,.%;) €
I3 x %, the relations g-Int,, (.#y) +— .3 N g-Cod,, (.#5), g-Int, , (Fy) «— S5 N
g-Cod, , () and (g-Cod, (-#3),g-Cod, , (%)) 2 (cod(F),cody (7)) hold.
Thus, the following diagram, which is to be read horizontally, from left to right
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and vertically, from top to bottom, presents itself:

cod (“) - cod (“) - cod () 2 cod (L)

N N N N
g-Cody (#5) € g-Cody (F) C g-Cods(Fy) 2  g-Cod, ()
N N N N
Q'COdg,o (,5”9) - Q'COdg,1 (yg) - Q'COdg,s (yg) 2 Q‘COdg,Q (yg)
U 1] V] U

codg () < codg () c codg () 2 codg ()
(4.1)

In Fig. 1, we present the relationships between the elements of the collections
{g-Cod,, : S5 +— g-Cod,, () : v € I§} in the F-space T C Ty and {g-Cod, , :
Sy — g-Cod , (Sy) : v € I} in the Fy-space Ty D T; FIG. 1 may well be
called a (g—Cod, g—Codg)—valued diagram.

g-Cod, (S5) —— g-Cod, (#5) —— 9-Cod; (S) —=— ¢-Cod, ()

! ! + !

g_COdg,O (yg)—>_ g_COdg,l (yg) —)_g_COdg,S (yg)_(_ g_COdg,Z (yﬂ)

T

g-Cod, (%)

FIGURE 1. Relationships: g-%T-coderived operators in .7-spaces
and g-T -coderived operators in Jg-spaces.

In a J-space T = (Q, 7), the relation g-Cl, (-#5) 2 g-Cl; () 2 g-Cl; () C
g-Cly (%) holds for any %, € 7 (Q). Likewise, in a Jy-space T4 = (2, ),
the relation g-Cl; , (/) 2 g-Clg; () 2 ¢-Cly 3 (F) € ¢-Cly 5 (F) holds for
any S5 € (). Moreover, the relation g-Cl, (%) 2 g-Cl; , (5) also holds
true for any (v,.%,;) € I x T,. But, for every (v,.%,;) € I{ x T, the relations
g-Cly , (Sy) «— Sy Ug-Dery, (S), ¢-Cly , () «— S Ug-Dery, () and
(g-Der,, (S) ,g-Dery , () C (der () ,derg (#3)) hold true. Hence, the follow-
ing diagram, which is to be read horizontally, from left to right and vertically, from



214 M. I. KHODABOCUS, N. -UL. -H. SOOKIA, AND R. D. SOMANAH

top to bottom, presents itself:
der () 2 der (F) 2 der () C der ()

U U U U
g-Der, (yg) 2 g-Dery (yg) 2 g-Dery (yg) C  g-Der, (,75)
U U U U
E‘Derg,o (yg) 2 Q‘Derg,1 (yg) 2 Q‘Derg,g (yg) - E‘Derg,2 (5”9)
N N IN N

derg () 2 derg () 2 derg () S derg (A)
(4.2)

In FiGg. 2, we present the relationships between the elements of the collections
{g-Der, : #; — g-Der, (&) : v € I3} in the T-space T C Ty and {g-Der, , :
Sy —> g-Dery , (L) : v € If} in the Fy-space Ty D T; FIG. 2 may well be called
a (g—Der,g—Derg)—valued diagram.

g-Der (#;)

g-Der, ()

g

FIGURE 2. Relationships: g-%T-derived operators in .7 -spaces and
g-%4-derived operators in Tg-spaces.

As in our previous works [33, 34, 35, 36, 37], the manner we have positioned the
arrows is solely to stress that, in general, the implications in FiGgs 1, 2 and EQS
(4.1), (4.2) are irreversible. The various relationships amongst the classes of g-%,-
derived and g-%,-coderived operators in the Z;-space T, are therefore established.

4.2. A Nice Application. In this section, we present a nice application in an
attempt to shed lights on some essential properties of the g-Ty-derived and g-%g4-
coderived operators in a Jg-space.

Let the 7-point set 2 = {fu rvelr } denotes the underlying set and consider
the Jy-space T4 = (2, F;), where Q is 4-element topologized by the choice:

(4.3) T () = {0, {&}, {&.8.8), {6.86.64,86.& )}

= {Oa1, Oy, O3, Oga};
{9, {&,85,64.6,86,67}, {€2,64,86.87), {€2.66})
= {Ha, A2 Hys, Hyal.

S
N
il
N
=2
I
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Evidently, 75, =7 : £ () — & () establish the classes of J3-open and -
closed sets, respectively. Since conditions J (0) = 0, F5 (O4,,) C Oy, for every
v € I}, and %(Uueq Oap) = U Ty (Oy,,) are satisfied, then 75 : & (Q) —
vely

& () is a g-topology and hence, Ty = (2, F;) is a Jy-space. Moreover, it is easily
checked that (ﬁg,#,%,#) € g—I/—O[T] x g-v-K [T] for each (v, u) € I§ x I;. Thus,
the J3-open sets forming the g-topology 7, : & (Q) — & () and the J-closed
sets forming the complement g-topology —.7; : &Z () — £ (2) of the Jg-space
Ty = (Q, Fy) are, respectively, g-T-open and g-T-closed sets relative to the 7 -space
T=(09)= (2 7,U{Q}).

After calculations, the classes g-v-O [‘Ig] and g-v-K [Tg], respectively, of g-%4-
open and g-Ty-closed sets of categories v € {0, 2} then take the following forms:

gv-0[T,] = {FHCTy: S5 C Oguls
(4.5) gv-K[T,]) = {FCTy: S22 At Yve{02}.
On the other hand, those of categories v € {1, 3} take the following forms:

g-v-0 [T4] {yg CTy: S5 CHnls
(4.6) gv-K[T] = {FCTy: S 20,1} Wwe{l,3}.
Based on the g-Tg-sets in g-0-O [T], g-0-K [T, ..., 9-3-O[F,], 9-3-K [T,], intro-

duce the Tg-sets Zy = {&1,82.8}, Sy = By U &}, U = {65,65,8,&7), and
Vg = Uy \ {53}; thus, (yg,%g) B) (%’g,"//g). Then, for each %y € {%,, %3} and
%y € {U,, 74}, the following results present themselves:

8-Cly, (7, N800, ({6.))) = (#a\ (&)U Haa V() € 5 x {0.2),
0-Cly, (7 N80p, (16.)) = #\{&) V(wv)€I; x {13},

gIntg, (% U{6)) = (% U{&)\ Hoa ¥ (nw) € I3 x {0,2},
(A7) et (%U{E)) = Z%U{&) Y(uv)€li x{1,3}.

For each W, € {%y,7,} and ¥ € {%,, 73}, the following results also present
themselves:

clg(#3Ng-Opy ({&u})) = Has V(uWy) € I x { %y, S5},
Ag(#aNgOpy (1) = Han V(i We) € (E\T}) x (g, 7}
(45) intg (% U16,) = Oaa\ {6 V(1 ¥e) € I x (%, 74}
Thus, for each Wy € {Z,, %y} and %, € {¥,, V4}, it follows that:
o-Cly,, (% N 6-Op, ({6,}) V() € {2,6} x {0,2}.
g-Opg0g-Cly, (#3 N g-Opg ({€:3)) YV (w,v) € I7 x {1,3},
glnty, (% U {€.}) V(p,v) € I; x {1,3},
g-Opg o g-Inty, (% U {€.}) Y (u,v) € {2,6} x {0,2}.
On the other hand, it also follows that:
(4.10) {fu € clg(#5Ng-Opg ({€u})) V(1. #g) € (I \ L)) x { %y, T4},
Eu ¢ intg (P U{&u}) V(W) € U7\ I7) x { Uy, 5} -

(49) &€
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Taking the above results into account, the g-Tg-derived operation of g-Derg , :
P () — & (Q) on the Ty-sets Zy, Sy C Ty, and the g-Ty-coderived operation
of g-Cody , : Z () — () on the Ty-sets %, Vg C Ty, for all v € 19, then,
produce the following results:

g-Derg, (W) = Hoa (W) € (0.2} x {Hy 7y}
g-Derg, (W) = Ogn V(. Wy) € (1.3} x {Hg 7y}
0-Cody, (%) = Opa ¥ (1.%) € {0.2) x {%. %4},
0-Cody,, (%) = Ha1 ¥ (v.%) € {13} x {27}

(4.11)

Likewise, taking the above results into account, the T4-derived operation of dery :
Z(Q) — Z(Q) on the Ty-sets Zy, Sy C Ty, and the Ty-coderived operation
of codg : Z(Q) — () on the Ty-sets %, V3 C Ty, then, also produce the
following results:

der, (#,) = A, YWy € { Ry, Sy},
(4.12) { 9( g) 9,2 g { g g}

codg (%) = Og2 V¥ € {%, Va}-
Hence, for each % € {Z%,, 7} and ¥ € {%;, Y3}, it results that:

(4 13) g'Derg,O (%) 2 g'Derg,l (%) 2 g'Derg,S (%) - g'Derg,Q (%)7
g-Cody o (%) € g-Cody 1 (%) € g-Cod, 5 (%) 2 g-Cody 5 (%) .

The (3, %)-relations g-Der, o 2 g-Dery; 2 g-Dery 3 3 g-Der 5 and g-Cod, o 2

g-Cod,; T 9-Cody 3 Z 9-Cod, 5 are thus verified. Clearly, the following results
also hold true:

(4 14) {g'Derg,u (%) g derg (%) V(l/’ Wg) € I?()) X {‘@gvyg}v

g-Cody,, (%) 2 cody (Wg) V(%) € I3 x {4}

Thus, the (3, %)-relations g-Der, , < derg and g-Cod, , 7 codg, for all v € I3, are
also verified.

The application in which are presented some essential properties of g-T4-derived
and g-T4-coderived operators in Jg-spaces are therefore accomplished and ends
here.

If this nice application be explored a step further, other interesting conclusions
can be drawn from the study of the essential properties of g-%4-derived and g-Tg-

coderived operators in Jg-spaces.

5. CONCLUSION

In this paper, we have introduced and studied the essential properties of a new
class of g-T4-derived and g-Ty-coderived operators in 7;-spaces.

Concisely, the definitions of the concepts of g-Ty-derived and g-T4-coderived
operators were presented in as general and unified a manner as possible such
that the passage from these concepts to g-T-derived and g-T-coderived operators
in J-spaces, and also to T-derived and ¥y-coderived operators in J-spaces, is
not impossible. The essential properties of such novel types of g-%;-derived and
g-T4-coderived operators in J-spaces were discussed in such a manner as to show
that much of the fundamental structure of J3-spaces is better considered for g-Tg4-
derived and g-T4-coderived operators g-Der, g-Cod, : & (©2) — & (Q) than for
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the Ty-derived and Ty-coderived operators dery, codg : & (Q) — & (£2), respec-
tively. The axiomatic definitions of the concepts of g-%4-derived and g-T4-coderived
operators in J;-spaces were then presented from a purely mathematical or abstract
point of view.
Precisely, the outstanding facts on g-T,-derived, g-%T,-coderived operators in
Ta-spaces, a € {o, g}, are:
— I. If the definitions of g-Der,, g-Cod, : &£ () — 22 () are based
on cly, intg : Z(Q) — Z(Q) instead of g-Cl,, g-Int, : Z(Q) —
2 (), then (g—Dera,g-Coda) def (deru,coda)7 and therefore, der,, cod, :
Z(Q) — P (Q) are called, respectively, a T,-derived and a ¥,-coderived
operators in a J,-space T, = (2, T4).

— II. If g-Der, 3 dery means g-Der, (7;) C dery () and g-Cod, 2
codg means g-Cod, () 2 cody (), then: g-Der, : & (Q) — Z(Q)
is coarser (or, smaller, weaker) than dery : & () — £ () or, dery :
P (Q) — Z(Q) is finer (or, larger, stronger) than g-Der, : & (Q) —
2 (Q); ¢-Cody : Z(Q) — Z(Q) is finer (or, larger, stronger) than
codg : Z () — Z () or, codg : ¥ () — Z (Q) is coarser (or, smaller,
weaker) than g-Codg : & () — & ().

— III. A necessary and sufficient condition for the set-valued map g-Der, :
Z (1) — Z () to be a g-T4-derived operator in a strong Fy-space Ty =
(Q, F,) is that, for every ({¢}, %y, %) € Xaer; 2 () such that {¢} C
g-Dery (%), it satisfies:

— 1. g-Der, (0) =0,

—11. g-Der, (%,) = g-Der, (%, N g-Op, ({£})),
— 11. g-Derg o g-Dery (%) C %4 U g-Dery (%),

—1v. g-Dery (%, U %) = U g-Dery (%)
Uy=R .

— IV. A necessary and sufficient condition for the set-valued map g-Cod, :
Z () — Z(Q) to be a g-Ty-coderived operator in a Jy-space Ty =
(Q, 7,) is that, for each ({¢}, %, %) € Xaer; 2 (Q) such that {¢} C
g-Cod (%), it satisfies:

— 1. g-Cod, () = Q,

—11. g-Cod (%) = g-Cody (% U{(}),
— 11. g-Cod, 0g-Cod, (%) 2 %y N g-Cod, (%),

~1v. g-Cody (% N7) = [\ Cody(#).
Wo=Uy,"s
Hence, this study has several advantages. Indeed, the study offers very nice features
for the passage from the essential properties of g-%,-derived and g-%,-coderived
operators to the essential properties of %,-derived and ¥,-coderived operators, re-
spectively, in Ji-spaces. Moreover, the study offers g-%g-derived structures as
(Q,g-Der,) which are coarser than Ty-derived structures as (€2, derg) and g-Ty-
coderived structures as (Q, g—Codg) which are finer than ¥j-coderived structures
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as (Q,cody). Hence, such g-Ty-structures can be considered as a means of han-
dling certain problems in Functional Analysis. Accordingly, our study offers g-Tg-
(derived, coderived) structures from which many other novel propositions can be
deduced by means of these conditions by purely logical processes. Thus, the con-
struction of a purely deductive theory of g-T4-derived and g-%4-coderived operators
a step further is made possible, and the discussion of this paper ends here.
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