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Abstract 

In this paper, the first-order ODEs which have no systematic way to find their Lie point symmetries -

unlike higher order ODEs which have systematic ways- are reconsidered. As a first step, we considered 

first order PDEs which correspond to these equations by introducing reduced characteristic Q that used in 

the Lie’s theory. Following this step, we tried to obtain solutions of the PDEs using their Lie point 

symmetries. But in this process, we met some difficulties, so by taking into account some assumptions we 

obtained the symmetries of ODEs which are in the special form, and also their solutions.   
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1 Introduction 
Lie point symmetries of the classic form first-order 

ODEs when they are linear, homogenous and exact 

can be easily found, that’s the reason why one can 

generally say that this method is more attractive then 

others[2]. However, for first-order ODEs, Lie’s meth-

od is not as useful as for the high order case because 

of the fact that determining equations whose solu-

tions give Lie symmetries have the original differen-

tial equations in its characteristic strip. That’s why 

some researchers, E.S. Cheb-Terrab, A.D. Roche 

(1998)[4], T. Kolokolnikov and his colleagues 

(2003)[3], used an alternative approach in which they 

tried to establish a catalog of ODEs which has special 

forms by introducing some special Lie point symme-

tries like [𝜉 = 0, 𝜂 = 𝐹(𝑥)𝐺(𝑥)], [𝜉 = 𝐹(𝑥), 𝜂 =

𝑃(𝑥)𝑦 + 𝑄(𝑥)] and [𝜉 = 0, 𝜂 = 𝐹(𝑥)(𝑦 − 𝐻(𝑥))] for 

some arbitrary functions. Last tangent vector leads to 

Riccati differential equations. But unfortunately 

these ODEs can not be solved because of including 

same differential equations in 𝐻. In addition there 

exists another way to solve ODEs providing that 

there can be found all symmetries of corresponding 

second-order ODEs and so the authors have solu-

tions of Riccati differential equations considered by 

using Lie’s symmetries obtained (2013)[1]. Some-

times inspite of the presence of upper methods, it 

may be really difficult to obtain symmetries of first-

order ODEs because of having powerful nonlinearity 

part. Our study introduces how to find such symme-

tries which overcome this issue.  

 

2 Finding Lie Symmetries of Some First-Order 

ODEs 

Consider first-order ODE 

 

𝑦′ = 𝜔(𝑥, 𝑦)                                   (1) 

 

and following differential operator 

 

𝑋(1) = 𝜉𝜕𝑥 + 𝜂𝜕𝑦 + 𝜂(1)𝜕𝑦′  
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which is called prolonged infinitesimals of Lie group 

where (𝜉(𝑥, 𝑦), 𝜂(𝑥, 𝑦)) is infinitesimals and 𝜂(1) =

𝐷𝑥𝜂 − 𝑦′𝐷𝑥𝜉 for total derivative operator 𝐷𝑥. Taking 

into account (1), the linearized condition for the dif-

ferential equation is   

 

𝑋(1)(𝑦′ − 𝜔(𝑥, 𝑦)) = 0 

and this leads to 

 

𝜂𝑥 + (𝜂𝑦 − 𝜉𝑥)𝜔 − 𝜉𝑦𝜔2 − 𝜉𝜔𝑥 − 𝜂𝜔𝑦 = 0.       (2) 

 
When this differential equation is solved, Lie sym-
metry group of (1) could be found, which is also a par-
tial differential equation including two dependent vari-
ables and two independent variables. Sometimes this 
equation can be hard to solve, that’s why we are using 
another approach here to obtain the Lie’s symmetries of 
(1).  
 

3 Our Approach 
Lets begin with following function  

 
𝑄(𝑥, 𝑦) = 𝜂 − 𝜔𝜉  

 

so-called induced characteristic and remember (1). 

Using this we have 
 

𝑄𝑥 + 𝜔𝑄𝑦 = 𝜔𝑦𝑄                              (3) 

Then tangent vector of (1) is (𝜉, 𝑄 + 𝜔𝜉) where 𝜉 =

𝜉(𝑥, 𝑦) is an arbitrary function. In order to obtain 𝑄, 

we use Lie’s point symmetries of (3). Then we have 

the determining equations as follows:  
 

𝜉𝜔𝑥 + 𝜏𝜔𝑦 + 𝑄𝜔𝜔𝑦𝜉𝑄 + 𝜔𝜉𝑥 + 𝜔2𝜉𝑦 − 𝑄𝜔𝑦𝜏𝑄 − 𝜏𝑥

− 𝜔𝜏𝑦 = 0 

−𝑄𝜉𝜔𝑥𝑦 − 𝜂𝜔𝑦 − 𝑄𝜏𝜔𝑦𝑦 + 𝑄𝜂𝑄𝜔𝑦 + 𝜂𝑥 + 𝜔𝜂𝑦 

−𝑄2𝜔𝑦
2𝜉𝑄 − 𝑄𝜔𝑦𝜉𝑥 − 𝑄𝜔𝜔𝑦𝜉𝑦 = 0             (4) 

 

where (𝜉, 𝜏, 𝜂) is tangent vector for (3)[2]. This is 

more complicated and difficult than (2). Thus ansatz 

can be used, for example, scale symmetries  
 

(�̂�, �̂�, �̂�) = (𝑥𝑒𝑎𝜀 , 𝑦𝑒𝑏𝜀, 𝑄𝑒𝑐𝜀) 
 

where 𝑎, 𝑏 and 𝑐 are constants. Then substituting 

these new variables into the equation (3) we have  
 

𝑒(𝑎−𝑏)𝜀�̂�𝑥 + 𝜔(𝑒−𝑎𝜀�̂�, 𝑒−𝑏𝜀�̂�)�̂��̂�

= 𝜔�̂�𝑒−𝑏𝜀(�̂�𝑒−𝑎𝜀 , �̂�𝑒−𝑏𝜀)�̂�𝑒−𝑏𝜀 

 

So the variables become  
 

(�̂�, �̂�, �̂�) = (𝑥, 𝑦, 𝑄𝑒𝑐𝜀) 
 

But this symmetry is not useful because from invari-

ant surface condition it is found  
𝜂 − 𝑦′𝜉 = 𝜔𝜉 − 𝑦′𝜉 = 𝜉(𝜔 − 𝑦′) = 0 

 

for (1), therefore this is the trivial symmetry for (1).  

As it is seen from above it is convenient to seek point 

symmetries which have the form  
 

(�̂�, �̂�, �̂�) = (𝑥, 𝑦, �̂�(𝑥, 𝑦, 𝑄)) 

 

because of the fact that 𝜔 is arbitrary and depends on 

just 𝑥 and 𝑦. Then the determining equations (4) 

become 

𝜂𝑥 + 𝜔𝜂𝑦 + 𝑄𝜔𝑦𝜂𝑄 − 𝜔𝑦𝜂 = 0.                   (5) 
 

If we find 𝜂 which has the form  𝜂 = 𝑄 − 𝑓(𝑥, 𝑦), then 

we can obtain solutions of (1) using canonical coor-

dinate  
 

𝑟 = 𝑥  𝑠 = ∫
𝑑𝑦

𝑓(𝑟,𝑦)
|

𝑟=𝑥
  

 

In fact it can be found for 𝑓 = 𝑓(𝑥) and 𝑓 = 𝑓(𝑦) 

easily but these are valid for just linear and separable 

ordinary differential equations, respectively. Fur-

thermore for other forms that can be chosen arbitrari-

ly, this choice leads to 𝑓𝑥 + 𝜔𝑓𝑦 = 𝑎𝑦𝑓 equation that 

seems (1).  

Therefore we use another approach which includes 

𝑄 = 𝜑(𝑥)𝜓(𝑦) and the method of separation of vari-

ables. Then we obtain  

 
(𝜉, 𝜂) = (0, exp ( 𝜆𝑥 + ∫ 𝑓 (𝑦)𝑑𝑦)) = (0, 𝜓(𝑦) exp ( 𝜆𝑥))  

for 

 

𝑦′ = 𝜆𝜓(𝑦)[∫
𝑑𝜏

𝜓(𝜏)

𝜏=𝑦

+ 𝑔(𝑥)] 

and 

(𝜉, 𝜂) = (0, exp ( 𝜆𝑦 + ∫ ℎ (𝑥)𝑑𝑥)) 

for 

𝑦′ = exp ( 𝜆𝑦)𝐺(𝑥) −
ℎ(𝑥)

𝜆
 

 

where 𝑓, 𝑔, ℎ, 𝐺, 𝜓 are arbitrary functions providing 

that satisfy suitable regularization conditions and 𝜆 
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is an arbitrary constant. We find solution to these 

differential equations by using their Lie’s point 

symmetries respectively as follows:  

 

∫ exp (− ∫ 𝑓
𝑢=𝑣

(𝑢)𝑑𝑢)
𝑣=𝑦

𝑑𝑣 = 𝑒𝜆𝑥[∫ 𝑒−𝜆𝑟𝑔(𝑟)𝑑𝑟 +
𝑟=𝑥

𝐶]  

and 

     𝑦(𝑥) = −
1

𝜆
ln | − 𝜆 exp ( ∫ 𝑓

𝑢=𝑥

(𝑢)𝑑𝑢) 

                  [∫ (𝑔(𝑟) exp (− ∫ 𝑓
𝑢=𝑟

(𝑢)𝑑𝑢))
𝑟=𝑥

𝑑𝑟 + 𝑐]|. 
 

But we see that they are linear and Bernoulli type 

differential equations by using transformations 
 

𝑢 = ∫
𝑑𝜏

𝜓(𝜏)

𝜏=𝑦

  ,   𝑣 = exp ( 𝜆𝑦) 

respectively.  
 

However we can use induced characteristic in order 

to determine symmetries of ODEs which have spe-

cial forms or vice versa as well as canonical coordi-

nates: By using (3) we obtain first order ODEs  
 

𝑦′ = 𝑄(𝑥, 𝑦){∫
𝑄𝑥(𝑥,𝑎)

𝑄2(𝑥,𝑎)

𝑎=𝑦
𝑑𝑎 + 𝐻(𝑥)}           (6) 

that admit Lie’s symmetries  
 

(𝜉, 𝜂) = (0, 𝑄(𝑥, 𝑦))                         (7) 
 

for an arbitrary function 𝑄 in 𝑥, 𝑦 which satisfies 

suitable regularization conditions where 𝐻(𝑥) is an 

arbitrary continuous function in 𝑥. For these differ-

ential equations we can also use symmetry genera-

tors (𝜉, 𝜔𝜉 + 𝑄(𝑥, 𝑦)) where 𝜉 is an arbitrary function. 

Therefore without using canonical coordinates, it can 

be obtained ordinary differential equations that ad-

mit some special form of symmetries by Eqs.(6) and 

(7), so this way is much more easy.  
 

4 Applications 
Example 1. Consider  

𝑄1(𝑥, 𝑦) = 𝐹(𝑥) + 𝐺(𝑦)   and   𝑄2(𝑥, 𝑦) =
𝑓(𝑥)𝑔(𝑦). Then it is seen from Eqs.(6)-(7) that 
(0, 𝑄1(𝑥, 𝑦)), (0, 𝑄2(𝑥, 𝑦)) are admitted by differential 
equations  
 

𝑦′ = [𝐹(𝑥) + 𝐺(𝑦)]{𝐹′(𝑥) ∫
𝑑𝑎

[𝐹(𝑥)+𝐺(𝑦)]2

𝑎=𝑦
+ 𝐻(𝑥)}  

 
and 

  𝑦′ = 𝑔(𝑦){
𝑓′(𝑥)

𝑓(𝑥)
∫

𝑑𝑎

𝑔(𝑦)

𝑎=𝑦
+ ℎ(𝑥)}  

 

respectively. This results can be found also in [4]. 

Even if one can use more general choices, for exam-

ple      𝑄 = 𝐹(𝑥)𝐺(𝑦) + 𝑓(𝑥) + 𝑔(𝑦), the differential 

equations which admit these symmetries can be ob-

tained easily from (6)-(7). 

 
Example 2. Let’s consider the differential equation  
 
                              𝑦′ = 𝑒−𝑥𝑦2 + 𝑦 + 𝑒𝑥.  
 
By using the method in [1], the generator of Lie’s 
symmetries is found as 𝑋 = 𝜉𝜕𝑥 + 𝜂𝜕𝑦 = 𝜕𝑥 + 𝑦𝜕𝑦 . So 

we have 𝑄(𝑥, 𝑦) = −𝑒𝑥 − 𝑦2𝑒−𝑥. Using (6) with this 
𝑄(𝑥, 𝑦) more general differential equations can be 
obtained  
 

𝑦′ = −𝑒−𝑥(𝑒2𝑥 + 𝑦2) {∫
𝑎2𝑒−𝑥−𝑒𝑥

(𝑒𝑥+𝑎2𝑒−𝑥)2 𝑑𝑎
𝑎=𝑦

− 𝐻(𝑥)}  

 
      = 𝐻(𝑥)𝑦2 + 𝑦 + 𝐻(𝑥)𝑒2𝑥.  
 
The differential equation above implies the Riccati 
differential equation  
 

𝑦′ = 𝑓2(𝑥)𝑦2 + 𝑓1(𝑥)𝑦 + 𝑓0(𝑥)  
 

where 𝑓2 = 𝐻(𝑥), 𝑓1(𝑥) = 1 and 𝑓0 = 𝐻(𝑥)𝑒2𝑥. Gener-
ally, it is very hard or impossible to compute Lie’s 
symmetries of Riccati differential equation even if it 
is in above form. That’s why this approach introduce 
us to quite an important result. To obtain solution, 
we use canonical coordinates 
 

𝑟 = 𝑥  ,   𝑠 = − arctan (
𝑦

𝑒𝑥).  

 
According to these coordinates, the solution becomes  

 

𝑠 = 𝐶 − ∫ 𝐻(𝑟)𝑒𝑟𝑑𝑟
𝑟=𝑥

  
 

or in terms of original variables   
 

𝑦 = 𝑒𝑥 tan [ ∫ 𝐻(𝑟)𝑒𝑟𝑑𝑟 − 𝐶
𝑟=𝑥

]  
 

Now let’s take more general 𝑄(𝑥, 𝑦) as  
 

𝑄(𝑥, 𝑦) = 𝑓(𝑥) + ℎ(𝑥)𝑦2.  
 

Then we obtain a nonlinear differential equation 
which includes also nonlinearity with inverse trigo-
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nometric function. If it is desired to obtain a more 
general Riccati differential equation than above cor-
respondingly, it is concluded that functions 𝑓 and ℎ 

must satisfy condition (𝑓𝑔)′ = 0 that is ℎ =
𝛾

𝑓
 where 𝛾 

is an arbitrary constant and 𝑓 ≠ 0. So we obtain the 
differential equation  
 

𝑦′ =
𝛾𝐻(𝑥)

𝑓(𝑥)
𝑦2 +

𝑓′(𝑥)

𝑓(𝑥)
𝑦 + 𝐻(𝑥)𝑓(𝑥).  

 
Because of the fact that 𝐻 is an arbitrary function in 

𝑥, if we take 𝑓(𝑥) = −𝑒𝑥 and 𝐻(𝑥) = −�̃�(𝑥)𝑒𝑥 then 
we have the result above again.  
 
Example 3. Consider differential equation  

 

𝑦′ =
3𝑦

𝑥
+

𝑥5

2𝑦+𝑥3.  

 
From [1] we know that the differential equation has 
symmetries generator 𝑋 = 𝑥𝜕𝑥 + 3𝑦𝜕𝑦 . By using 

again the above process, it is seen that the differential 
equation  
 

𝑦′ =
3𝑦

𝑥
+

𝐻(𝑥)

𝑥(2𝑦+𝑥3)
  

 

admits symmetries (𝜉, 𝜂) = (0, −
𝑥6

2𝑦+𝑥3).  

 

5 Conclusions 
In this work, we firstly tried to find Lie’s point sym-
metry of general first order ordinary differential 

equation 𝑦′ = 𝜔(𝑥, 𝑦) . Then we were led to consider 

some special Lie’s symmetries of differential equa-
tion correspondingly by using the method of separa-
tion of variables in order to find exact solution for 
Linearized symmetry condition via induced charac-
teristic. If one uses different methods in order to find 

solution to the linearized symmetry condition, it can 
be obtained symmetries that have different forms for 
some special first order ODEs or perhaps symmetries 

that admitted by 𝑦′ = 𝜔(𝑥, 𝑦) for an arbitrary 𝜔. Also 
we considered a formulation derived from (3) to 
construct some differential equations that admit cho-
sen symmetries and we gave applications to see both 
compatibility and effectiveness of formulation in 
which we firstly considered some differential equa-
tions from [5] and found symmetries of them. More-
over with their more general form, we obtain more 
general differential equations whose symmetries can 
not be obtain easily, like Riccati differential equa-
tions.  
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