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Abstract
In this paper, some new integral inequalities like Hermite-Hadamard type for functions whose third

derivatives absolute value are log —convex are established. Some applications to quadrature formula for

midpoint error estimate are given.
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1 Introduction

We shall recall the definitions of convex functions
and log —convex functions:

Let I be an interval in R. Then f:1 — R is said to be
convex if for all x,y € I and all ae[0,1],

flax+ (1= a)y) <af() + (1 -a)f () (1.1)
holds. If (1.1) is strict for all x # y and « € (0,1),
then f is said to be strictly convex. If the
inequality in (1.1) is reversed, then f is said to be
concave. If it is strict for all x # y and « < (0,1),
then f issaid to be strictly concave.

A called
multiplicatively = convex

function is log —convex

on a real interval

or

I =[a,b], if logf is convex , or, equivalently if for
all x,yel andall « €[0,1],

flax+L-a)y)< f()".f(y)".12)
It is said to be log-concave if the inequality in (1.2)
is reversed. For some results for
functions see [1,2,3,4,5,6,7].
The following inequality
Hadamard inequality for
Let f:1 - R be a convex function on the interval |
of real numbers and a,be | with a <b. Then

log — convex

called Hermite-
convex

is
functions:

double inequality
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f(a)+ f(b)

jbf(x)dx <

a

f(a+bJ£

2 b-a
holds.

The main purpose of this paper is to obtain some
new integral inequalities like Hermite-Hadamard
type for functions whose third derivatives absolute
value are log —convex.

In order to prove our main results for log —convex
functios we need the following Lemma from [8]:

Lemma 1.1. Let f:IcR—- R be a three times
differentiable mapping on | (the interior of

I)and a,bel” with a<b. If % eL [a,b]

then
(b-a) f,.(a+bj
2

24

jbf(x)dx— f(“bj—
. 2

3
_b-a) r'[lt3f(3)[ia+—2_tbjdt
9% LO 2 2

b-a

! 2.t t
- jt3 f (3)[_a + —b]dtw.
0 2 2 J

In the sequel of paper, we deduce
1

b P
Lyla,b] =1 f: <f |f(x)|7’dx> <ool<p<ow
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where [a, b] is a closed interval. b_aVP . . oot
Lb-a) Hﬂf @)|2]f " )] Zdt
o . % [°
2 Inequalities for log-convex functions
We shall start the following result: Lyl LI b))
+[Of (b)Hf (a)‘ 2t L
0
Theorem 2.1. Let f :| — [0, ), be a three times )
differentiable mapping on |~ such that [ .
f  eL,[ab] where a,b eI’ with a<b. If b-a)l| .. T @)1z
. .= J‘f (b)Ut3| — ] qt
‘f ‘ is log —convex on [a,b] , then the following % 0 I_‘f (b)U
inequality holds:
Lo
2
1 b a+b) (b-a)’ _.(a+b ‘f'”(a)jlﬁﬁf (b)—I dtL
[ fOdx - f - f A :
b-a-a 2 24 2 ||f (@) J
The proof is completed by making use of the
3 neccessary computation.
(b-a) g, .
< " Ou+ |17 @), |
% Corollary 2.1. Let u,,u,, ,K and M be defined
where a+b
1 L as in Theorem 2.1. If we choose f [ =0 in
_2K2?(nK -6) 48K2(InK -2) 9%
He = (In K )2 * (In K )4 * (In K )4 " Theorem 2.1, we obtain the following inequality
1 b a+b
—— f(x)dx—f[ * ]
L L b—a”?
2M ?(InM -6) 48M 2(In M -2) % (b-a)
Hy = + + -a
T M M) (nM) <= O [ @l |
d
an Theorem 2.2. Let f : 1 — [0, ®), be a three times
f (a f (b
:‘ ( )‘, :‘ ( )‘ differentiable mapping on |~ such that
‘f (b)‘ ‘f (a)‘ f" e Lab] where a,b e’ with a<b. If

In the sequel of the paper, we set K,M #1.

Proof. From Lemma 1.1, property of the modulus

)

and log —convexity of ‘ f ‘ we have

j_ ‘ ;43)2 f"[
t

a+b
2

a+b
2

L bf(x)dx— f(
b—aja

(-2) 4[jlt3f"'[t—a+2 bjdt
% | 2 2
w0 f'"[%b ; Z_ta)dt]}

‘ f ‘ is log —convex on [a,b] , then the following

inequality holds for some fixed q > 1

1 Ibf(x)dx_f(a+b]_(b—a) f..[a+bj
b-a-a 2 24 2
, 1 . z
(b—a) 1 J 2 |— E_ —| a
< 7 () (K -1
96 3p+1 { qInKL ]
o [ ¢ 151
+‘f (a)‘ M2 1] L
qInML |

where K and M are as in Theorem 2.1. and
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1 1
—+—=1

P q

Proof. From Lemma 1.1 and using the Holder

integral inequality, we obtain

a+b

24

[ :

< (b-a) J(j:t“dt)p{jl

0

(feayg

—bl RICLEE f[a;bJ—(b_a) f"[
_a a

2

Since ‘f ‘ is log —convex on [a,b] we can say

|

‘ f ‘q is also log —convex on [a,b] . If we use the

w4
log-convexity of ‘ f ‘ above, we can write

a+b

a

b-a 24

96

Jb-a) { ( thwdtﬁ[ [t @l
; U:t“dt)iU:‘ £ (b)

\ 1
=(b_a)[ : ]pl‘f'”(b)‘{ :
9% 3p+1 gln

|

2 [ & ]
+|f (a)‘qInM|LM2_1J|

The proof is completed.

qt
2

jbf(x)dx_ f["";bJ_(b—a)2 f..[

2

|

1

TR T
f (b)‘ ZdtJ

1

_at q
f (a)‘q 2cltJ

K

l

J

Corollary 2.2. Let K and M be defined as in

Theorem 2.2. If we choose fu[

a+b
2

)

in
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Theorem 2.2, we obtain the following inequality

1
Mt )dx - f(a;b)

b-a

\ | . -
_(b—a)[ 1 ]p”f(m{ 2 {Kz_ln
9% 3p+1 1 qInKL |

2

2 |— ki —|Cl

+|f (a)‘[ |M2—1|] |

qInML ] J

1

1
where 9 >1, —+—=1

Theorem 2.3. Let f : 1 — [0, «), be a three times

differentiable mapping on |~ such that
f elL,ab] where a,b e’ with a<b. If

‘f‘ is log—convex on [a,b]. Then the

following inequality holds for some fixed q > 1:

1 0 a+b b-a)’  .(a+b
—— [ (dx -~ f +b) (b-a) .fax
b-a-? 2 24 2

1

b2 GJ _q{‘ Ol o[£ @l e

96
where
a a
_ 2K 2(qln K—6)+48K2(qInK—2)
o (ah K (ah K )’
96
+—,
(qIh K)
a a
_2M2(gih M —6)+48M 2(gin M - 2)
" (aln ™)’ (ah ™)’
96
+
(gih M)

and K, M are as in Theorem 2.1.

Proof. From Lemma 1.1, using the well-known
power-mean integral inequality and

log —convexity of ‘ f ‘q we have

1 [a+bj (b-a)’ ..(a+bj
—jf(x)dx—f - f
b—a-a 2 24 2
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1

i :(b—a)3 1 p
oot e et )

. t L Jf'”b 2 rK% 11:
1 . XU ()‘{q'”KL . JJ
+U:t3dt) “{j:ﬁf (%b+uaj dt} L .
| +\f"'(a>\( & {Mg—lm,
ginM | |

b ) J(I:tsdtjlq[jjt3‘f"(a) z f'"(b)‘q_q;dthI

96 l
« l 7 e
-3 \a
f"'(a)‘ 2 dtJ .
J

-

1

(e (i [

at
2

1
The proof is completed by making use of the q 1
neccessary computation. 48K2(qlh K -2) 96
+ P -]+l @)
(gih K) (qih K)
Corollary 2.3. Let u, ., 4, , be defined as in
Theorem 2.3 and K, M be defined as in Theorem ( : z
aib 2M 2(InM -6) 48M ?(In M -2)
. x +
2.1. If we choose f | —— | =0 in Theorem 2.3, | (In M )2 (In M )4
/ k

we obtain the following inequality 11

q
1 bf q fa+b " %
pomval NGO s () ) |
3 and K, M are as in Theorem 2.1.
(b-a)

1 - 1 1
q - fd .
< —[_] {‘f (b)‘(luK,q )q + ‘f (a)‘(ﬂm p )q }_Remark 2.1. In Theorem 2.3 and Corollary 2.3, if
% 4 we choose =1, we obtain Theorem 2.1 and

Corollary 2.1 respectively.
Corollary 2.4. From Corollaries 2.1-2.3, we have

L b - o
b Ib fO0dx - f ( a J2r ] 3 Applications to midpoint formula
— a a

< min X2
EREAES We give some error estimates to midpoint formula

by using the results of Section 2. Let d be a

where
1 1 division a =X, <X, <..<X, , <X =b of the
7. = (b-a) j‘fm(b)‘ZK *(In K - 6) + 48 K (In K ing}val [a,b] and consider the formula
1 2 4
96
(In K) (In K) Lbf(x)dx=M(f,d)+E(f,d)
1
> na (X + X
L% +‘f...(a)‘2M 2(nM -6) where M (f,d) = Zizof(—' 5 '”j(xm—xi) for
(I K) (In M )

the midpoint version and E(f,d) denotes the

L associated approximation error.

+48|v|5(|n|v| -2) %
(hm)* (In M)4J’

Proposition 3.1. Let f :l1 — [0,) be a three

times differentiable mapping on | with a,be I’
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such that a <b. If ‘f‘ is log —convex function —
[E(f,d)| LI (x ., —x)
with f e L,[a,b], then for every division d of 1] 9% .Z;) i+l i
[a,b], the midpoint error estimate satisfies ( L
[E(f.d)| J 2 I g 1)
(1) S Frra
- . 1
< z e PO )|+ 00
1
Where roa _l E]
1 1 |17 (0) M -1 L
K2(nK,-6) 48KzZ(nK,-2) 9 ain M, | | J
ﬂ = + + ’
k) (i) (nK,) L
where —+—=1 and K,,M, are as defined in
: . P4
M l2 (|n M, - 6) 48 M 12 (|I’] M, - 2) Proposition 3.1.
ST VI R TIVIST
(In™,) (™) Proof. The proof can be maintained by using
N 96 Corollary 2.2 like Proposition 3.1.
(Inm,)’
and Proposition 3.3. Let f : 1 — [0,0) be a three
‘ £ (x, )‘ ‘ £ (%) times differentiable mapping on |” with a,be I’
i+1
‘f (x. 1) - ‘fm(x.)‘ ' such that a <b. If ‘f”"q is log — convex function
Also K,M, =1 with f e L,[a,b] for some fixed q =1, then for

every division d of [a,b], the midpoint error
Proof. By applying Corollary 2.1 on the estimate satisfies

subintervals [x,,X;,], (i=0,1,...,n-1) of the 101 T
q
division d we have |E (f :d)| < g(zj Z(Xm - Xi)4
1 K41 Xi + Xing ~
—j f(x)dx — f| —=L 1 1
Xip = % 75 2 x ‘f (X;,1) (ﬂl,q)q +‘f (Xi)‘(ﬂz,q)q}
(Xia = %) o where
ST{Jf (Xi+l)ﬂ1+‘f (Xi)luz}' a .
By summing over i from 0 to n -1, we can write _ 2K (qIn K, - 6) + 48K/ (g K, -2)
l.q 2 4
In K In K
Ibf(x)dx—M(f,d)‘ (g 1) (g 1)
@ 96
x)’ Tlan K, ) (qinK,)"
< Z P S (a7 00|y a . .
Wthh completes the proof. _2M, *(gIn M, — 6) 8M/S (g M, -2)
“ (i M,) (q In™m,)*
Proposition 3.2. Let f :l1 — [0,) be a three %

times differentiable mapping on 1° with a,be 1~ (qinm,)*
1

such that a < b. If ‘f ‘q is log — convex function and K, , M, are as defined in Proposition 3.1.

Proof. The proof can be maintained by using

with f e L,[a,b] for some fixed q >1, then for i o
Corollary 2.3 like Proposition 3.1.

every division d of [a,b], the midpoint error

estimate satisfies
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