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Abtract 

In this theoretical and numerical study, the physical mechanisms leading to the production of surface 

waves generated at the interface of two fluids (liquid/gas or liquid/liquid) are investigated. Particular 

attention is devoted to the Kelvin-Helmholtz (KH) type instability, which appears in the area of high 

shear located at the fluid-fluid interface. The subsequent disturbances in velocity and pressure associated 

with the wave motion are assumed to be 2D and sufficiently small to justify the linearization of the equa-

tions of the motion. The Navier-Stokes (NS), Orr-Sommerfeld (OS) and KH equations are the primary 

ones used to investigate of surface instability. During the study, the main characteristics of a surface 

instability such as wavelength, wave number, frequency, amplitude, wave speed and growth rate are 

investigated according to fluid viscosity. The effect of gravity is investigated by 2D simulations without 

these external forces or with them in one of the following configurations: 

 Gravity field from the lighter fluid to heavier fluid  

 Gravity field in the co-fluid direction 

 Gravity field in the counter co-fluid direction 

Fast Fourier Transform (FFT) analysis provides the values of the dominant frequency and wavelength. 

The wavelength is coupled when the fluids are in the linear instability regime according to the KH-Darcy 

(KHD) theory. Wave speed of the horizontal flow is determined in the range 0.025-0.04 m/s with numer-

ical simulation, and it is determined theoretically to be 0.024 m/s. This validation shows that the results 

of the numerical simulation are promising according to the theory. 

Keywords: —Surface wave, surface instability, viscosity, gravity, two-layer fluid flow. 

 

 
1 Introduction 
Liquid film instabilities are encountered in many in-

dustrial processes such as strip painting; the produc-

tion of paper, photographic film and magnetic tape; 

and packaging. Usually, the liquid film should be 

thin, continuous, uniform in thickness and smooth. 

For many years the Von Karman Institute for fluid dy-

namics (VKI) has been deeply involved in research on 

liquid film behaviour. One of the previous instability 

studies of VKI is the Ozgen’s Ph.D. thesis from 1999 

titled “Two-Layer Flow Instability in Newtonian and 

non-Newtonian Fluids” 1999 [1]. The other study 

about instability is Rossi’s diploma course (DC) pro-

ject from 2004. The topic of the project was “Numeri-

cal modelling of Gas-Jet Wiping” [2]. In this study, the 

interaction of the air jet and the liquid film has been 

investigated numerically using arbitrary fluids. Dur-

ing the study, many difficulties were observed for the 

numerical modelling of gas-jet wiping. Therefore, this 

paper is a more fundamental study of the free surface 

flows where the initial surface-wave generation and 
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growth are triggered by the action of the wind. This 

last mechanism is the most well-known and obvious 

example of air-sea interaction. The subject has been in-

tensively studied since the pioneering theoretical 

model proposed by Phillips [3], Benjamin [4], and 

Miles [5], among others. Nevertheless, neither of the 

predicted growth rates by these models, in particular 

those for the short wind waves in the gravity-capillary 

region, agrees with the experimental measurements. 

It was not until the analysis of Miles [6], in which the 

instability of an air shear flow over the water surface 

was considered, that reasonable growth rates for the 

gravity-capillary waves were obtained. Miles’s analy-

sis did not include the shear flow in the water; it is 

known that the phase speeds of wind-generated grav-

ity-capillary waves depend on the wind-induced drift 

in the water. Thus, the analysis was further improved 

by taking into account the shear flow in the water by 

Valenzuela [7], Kawai [8] and Wheless and Csanady 

[9]. 
 

Valenzuela [7] was among the first to study the 

growth of instability waves on the air-sea interface by 

numerically solving the full formulation of the OS 

equation and the interfacial conditions for the coupled 

air-water shear flow [10]. The numerical results of 

Valenzuela [7] demonstrated that the shear flow in the 

water can produce a significant increase in the growth 

of wind-generated gravity-capillary waves. Later, Ka-

wai [8] conducted intensive studies on the initial gen-

eration and evolution of the instability waves through 

both theoretical analyses and laboratory measure-

ments. He found that the frequencies, growth rates 

and phase velocities of the most unstable waves from 

the stability analysis are virtually coincident with 

those of the observed initial wavelets in the laboratory 

experiments. He therefore concluded that the genera-

tion of the initial wavelets at the air-sea interface is 

caused by selective amplification of the most unstable 

waves in the coupled air-water shear flow. Wheless 

and Csanady [9] returned to the full formulation of 

the instability wave problem, the same as that in the 

investigations of Valenzuela [7] and Kawai [8], with 

focuses on studying the internal structure of the insta-

bility waves and extending the range of flow parame-

ters explored. They developed a numerical technique 

to integrate the coupled OS equation based on the 

compound matrix method, a numerical technique that 

combines the inviscid and viscid solutions through 

the use of a Ricatti transformation. They nevertheless 

claimed that the developed computational method 

could not cope with the near-discontinuity in the sec-

ond derivative of the mean air-flow profile character-

izing the linear-logarithmic distribution used in most 

of the previous investigations. For this reason, they 

constructed a new smooth time-averaged velocity 

profile with a continuous second derivative. The cal-

culated growth rates that Wheless and Csanady [9] 

obtained, however, are almost a factor of two larger 

than those calculated by Kawai [8], who used a linear-

logarithmic air velocity profile. They therefore at-

tributed the large discrepancies to the differences in 

velocity profiles [11]. Cao et al. [12] studied flow in-

stability at the interface of a two-layer, density-

matched, viscosity-stratified Poiseuille flow. They ob-

served that, for the linear case, the interfacial mode is 

neutrally stable. The growth rate is proportional to the 

Reynolds number (Re) for small Re and increases with 

viscosity ratio. Dong and Johnson [13] investigated 

the instabilities of a channel Coutte flow composed of 

two layers of immiscible fluids, experimentally and 

theoretically. Their results show that depending on 

the depth ratio, the interfacial instability of two-layer 

fluid flow can be a long wave or a short wave instabil-

ity, respectively. In the short wave instability regime, 

the experimental results agree well with the theoreti-

cal predictions of the linear instability analysis. They 

observed that increasing the viscosity of both layers 

makes the system more stable and that decreasing the 

density of both layers makes the system more stable. 

The linear analysis of the KH instability of a cylindri-

cal interface when there is heat and mass transfer 

across the interface has been conducted by Awasthi et 

al. [14]. They used an irrotational theory known as vis-

cous correction for the viscous potential flow theory 

in which the discontinuities in the irrotational tangen-

tial velocity and shear stress are eliminated in the 

global energy balance by taking viscous contributions 

to the irrotational pressure. It has been shown that the 

irrotational viscous flow with viscous correction gives 

rise to exactly the same dispersion relation as obtained 

by the dissipation method in which the viscous effect 

is accounted for by evaluating the viscous dissipation 

using the irrotational flow. Fernandino and Ytrehus 

[15], Fielding and Wilson [16], Cheung and Zaki [17], 

and Tzotzi and Andritsos [18] also studied the surface 
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instabilities of a two-layer fluid flow. 
 

This study is a fundamental study of the instability 

that occurs when a gas jet impinges on a moving liq-

uid film (commonly called “jet wiping”). In this study, 

surface waves, which are generated by a shear flow 

over a liquid pool, are investigated in 2D. The interac-

tion of two-phase flow (liquid/gas or liquid/liquid) is 

studied. To remove the wall effects, the middle part of 

the liquid pool is considered for the study. During the 

study, the main characteristics of a surface instability 

such as wavelength, wave number, frequency, ampli-

tude, wave speed and growth rate are investigated ac-

cording to various flow directions (horizontal, verti-

cal) and fluid viscosities.  

  

2 Theoretical Background 
The most important equation for this study is the OS 

Equation. This is the fundamental differential equa-

tion governing stability, derived independently by 

Orr (1907) and Sommerfeld (1908).  

Because the problem is linear, it can be investigated 

by the time evolution of the individual harmonic com-

ponents: 

(𝑥, 𝑦, 𝑡) = 𝑓(𝑦)𝑒−𝑖(𝑘𝑥−𝜔𝑡) (2.1) 

 

where k is wave number and 𝜔 is the disturbance fre-

quency. The wave speed c is defined as: 

𝑐 =  𝑘⁄  (2.2) 

For incompressible flow, the OS equation is given in 

Eq. (2.3). 
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 Eq. (2.3) can be written in non-dimensional form as 

Eq. (2.4) [1, 19, 20]: 
 

 

































 fk

dy

fd
k

dy

fd

k

i
f

dy

Ud
fk

dy

fd
cU

4

2

2
2

2
4

4

Re2

2
2

2

2  
(2.4) 

 

For spatial amplification, the wave number, k=kr+iki, 

is complex, and the phase velocity, c, is real in Eq. 

(2.1). It is convenient to define the frequency of the 

wave as =kr*c. Therefore, Eq. (2.1) can be rewritten 

as:  

   txkixk ri eeyftyx
.

)(),,(





  (2.5) 

 

The spatial growth rate is –ki, for which 
ki <0 yields an unstable configuration, 
ki =0 yields a neutrally stable configuration, 
ki >0 yields a stable configuration. 

 

The OS equation remains as given in Eq. (2.4), except 

that c is replaced by /kr. The eigenvalue relation is 

given as k=f(w,Re).  
 

For temporal amplification, the normal modes are still 

given as in Eq. (2.1) but this time the wave number, k, 

is real and the wave velocity, c=cr+ici, is complex. 

Here, cr is the phase speed and ci is the temporal am-

plification factor. The frequency, , is given as =k*cr. 

Thus, normal modes can be rewritten as: 

   tcxiktkc ri eeyftyx


 )(),,(  (2.6) 

 

Temporal growth rate of the waves for which 

ikc  (2.7) 

ci >0 yields an unstable configuration, 
ci =0 yields a neutrally stable configuration, 
ci <0 yields a stable configuration. 

 

The OS equation remains as given in Eq. (2.4). The ei-

genvalue relation is given as c=f(k,Re). Because the ei-

genvalue c appears linearly in the temporal form of 

the differential equation, most of the work reported in 

the literature is concentrated on this case. Spatial 

modes seem to describe the observed instability of 

parallel flows more faithfully than temporal modes, 

although their use has not been justified mathemati-

cally in an entirely convincing or complete way [1]. 

The KH instability can be observed in natural phe-

nomena, for example in clouds In this instability the-

ory, two layers of fluids are considered, one above 

other, flowing in the same direction but with different 

velocities U1 and U2. The fluids can be different densi-

ties 1 and 2 with the lighter above (1<2).  

Viscosity is not taken into account in KH instability 

theory. A second order dispersion relation for the 

complex celerity of the waves was found as: 
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The solutions of Eq. (2.8) are: 
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ir iccc   (2.9) 

where cr is the phase velocity of the waves. 
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The wave velocity appears as the mean, weighted by 

the densities of the two liquid velocities. The condi-

tion for the velocity difference 21
UUU   at which 

waves grow is 
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The minimum value corresponds to the critical wave 

number cc lk 1 , where 
g

lc





 is the capillary 

length. The corresponding minimum velocity thresh-

old is found using Eq. (2.11) at k=kc. 

Finally, the minimum velocity threshold is 
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For minUU  , the unstable waves are those of 

numbers in a range containing kc. 

Maximum and minimum wave numbers are calcu-

lated as. 
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The growth rate of the instability  can be written in a 

different form below.  
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3 Numerical Approach 
In the study, the commercial software Fluent 6.2 [21] 

is used. All simulations have been performed with the 

parameters given in Table 1. 
 

Table 1 General properties of the numerical simulations 

Solver 

Solver Segregated 

Unsteady  

formulation 

1st order-implicit (only 

one allowed with vol-

ume of fluid (VOF)) 

Models Viscous Laminar 

Multiphase VOF 

 
Geo-Reconstruct 

Courant number: 0.25 

Solution 

Controls 

Pressure-Velocity 

Coupling 
PISO 

Discretization-

Pressure 
Body Force Weigh. 

Discretization-

Momentum 
QUICK 

 

3.1 Numerical Domain 

The study focuses on the investigation of surface 

waves at the interface between two fluids. One test 

case considered in the study is shown in Figure 1.  
 

For the numerical simulation, only a small part of the 

pool is considered to remove the wall effects and to 

allow the use of periodic conditions.  

 

To save CPU time, only a small domain is considered. 

The dimensions are equal to 10-cm length and 1-cm 

height for the layer of primary fluid and 1-cm for the 

layer of secondary fluid. pool is considered to remove 

the wall effects and to allow the use of periodic condi-

tions.  
 

 
Figure 1 The test case considered in the study. 

 

3.2 Grids, Time Steps and CPU Time 

Several grids have been considered, including un-

structured for the preliminary simulations and struc-

tured for the results presented hereafter. Initially, 

coarse structured meshes were used to check the 

methodology. It has been found that on the one hand 

fine, unstructured meshes are costly (on the CPU time 

view point), and on the other hand, too-coarse meshes 

do not catch the instabilities. The stretched mesh in 

the area of the interface is a compromise between low 

CPU cost and a satisfactory appearance of the insta-

bilities. A close to the interface mesh refinement has 

been performed, and a fine structure mesh having 

8000 cells with x=0.5 mm and ymin=0.041 mm is 

used for all simulations. The considered grid seems 

suitable by comparing its x and ymin distance with 

the critical wavelength (16 mm) and capillary length 
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(2.56 mm) of water-n-hexane according to the KHD 

instability theory. The time step of the simulation for 

water-air is 10-6 s and for water-oil is 10-4 s. However, 

these time steps are the final time steps of the simula-

tions. Because the smaller time steps (i.e., 10-8 s for wa-

ter-air and 10-5 s for water-oil) are used initially and 

during the simulations the time steps are increased to 

prevent explosion of the flow. The CPU time for the 

simulation is approximately 10 minutes for 100 simu-

lation steps with time step as 10-4 s. Some simulations 

were performed from initial solution to physical time 

t=1 s or even t>7 s. 

 

3.3 Working Fluids 

The density difference between the fluids plays a ma-

jor role in the instability of the waves. In Figure 2, in-

stability curves according to KHD theory are shown 

for different fluid couples. It is clear that the unstable 

region, which is ‘inside’ the curve (i.e., to the left of the 

curve for an observer moving on the curve from the 

low to high wavelengths), is increasing with decreas-

ing density differences between the fluid couples. 

 

The study investigated water-air and water-oil flows. 

Initially, water and air were used for the simulations 

as primary and secondary fluids. The region inside 

the curve in Figure 2 represents the instability, and the 

minimum velocity difference to observe some insta-

bility is 6.6 m/s.  

 

 

 
Therefore, the initial velocities of the air and water are 

0 and 7 m/s, respectively. During the preliminary sim-

ulations, it was observed that the heavier fluid has to 

travel faster than the lighter fluid to keep both con-

verged and physical results consistent. 

 

Water-oil (n-hexane) fluids are used for the simulation 

as an alternative to water-air because the latter cou-

pled  fluid with a high density difference requires a 

smaller time step to convergence with a standard 

quality (normalized residuals=10-3 for each time step). 

As seen in Figure 2, the stability curve of water-n-hex-

ane according to KHD presents a minimum velocity 

difference equal to 0.16 m/s to be able to observe in-

stability. This low velocity is associated with a lower 

difficulty of convergence and with the use of a higher 

time step for a similar CFL number. On the practical 

side, it has been observed that the surface instabilities 

are much faster if water-n-hexane fluids are used for 

the simulation. Therefore, in this study, mainly water-

n-hexane flows are used for the simulations with ini-

tial velocities of the n-hexane and water of 0 and 0.2 

m/s, respectively. The time step is 10-4 s. The density 

of the n-hexane is 660 kg/m3 and surface tension of the 

water-oil is taken as 0.0218 N/m. 

 

3.4 Boundary Conditions 

Various boundary conditions were applied in the pre-

liminary computations. The use of periodic boundary 

conditions in the streamwise direction with 0 pressure 

gradient for a forcing term (P=0) is the best option 

for the study. To avoid wall effects (loose energy 

through friction), symmetry conditions are used for 

the upper and lower edges of the numerical domain.   
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Figure 2 KHD instability curves for different fluid couples. 
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4 Post Processing 
For post-processing, mainly FFT, RMS, skewness and 

flatness analysis have been performed. In addition, 

growth rates (amplification) of the instability waves 

have been determined. To be able to make these anal-

yses, a spatial snapshot of the interface y position fluc-

tuation is taken at each 0.01 s. The interface is deter-

mined as the line where the volume fraction is equal 

to 0.5.   
 

4.1  RMS, Skewness and Flatness 

The instantaneous root mean square (RMS) of the spa-

tial y position fluctuation indicates the positive devia-

tion of the points according to mean value of the fluc-

tuation distribution. It is calculated as 
 

 
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N

i

meani yy
N

RMS

1

21  (4.1) 

where N is the number of points in space.  

The variation of this spatial RMS in time will help us 

to judge the interface from a smooth one to a very 

wavy one. 

 

The skewness of a distribution indicates the asym-

metry of the distribution around its mean, character-

izing the shape of the distribution. It is given by: 
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A positive value of skewness indicates that the distri-

bution is skewed towards values greater than the 

mean and a negative value indicates that the distribu-

tion is skewed towards values smaller than the mean. 
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The kurtosis of a distribution indicates the flatness of the 
distribution with respect to the Gaussian distribution. It 
is given by  

 

A value of kurtosis higher than 3 indicates that the dis-

tribution is flatter than a normal distribution, and a 

smaller value indicates a higher peak relative to the 

normal distribution around the mean value [22]. On 

the top of these indicators, the history of the position 

maximum of the interface together with minimum 

and the average value are registered and analysed.   

 

4.2 Friction Velocity  
The friction velocity of the lighter fluid at the interface is 
calculated by Eq. (4.4). 

*
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4.3 Wave Speed  

A cross correlation method is used to get an idea of 

wave speed. The replacement for the wave crest is de-

termined by the help of a cross correlation method. 

According to Alexakis et al. [23] wave speed of the 

surface gravity waves is determined by 





2

Ag
c   (4.5) 

where   
g is the gravitational acceleration,  

 is the perturbation mode wavelength 
A is the Atwood number 

 

The Atwood number for a density of an interface be-

tween fluids of density 1 [upper fluid] and 2 [lower 

fluid] with 1<2 is determined as. 
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5 Results 
To account for the effect of gravity, four simulations 

have been performed according to the gravity direc-

tion. Two additional simulations have been per-

formed to account for the effect of the viscosity. The 

dimensionless numbers associated to the study are 

the Weber (We), Reynolds (Re) and Capillary (Ca) 

numbers. These numbers are determined for the pri-

mary and secondary fluids of each simulation by us-

ing the critical wavelength, 16 mm, of water-n-hexane 

according to the KHD instability theory for horizontal 

flow. Results are given in Table 2. 

 
Table 2 Dimensionless number of the primary and second-

ary fluid of the simulations. 
Dimensionless 

Number 
Primary  

Fluid 
Secondary  

Fluid 

We 29.3 0 
Re 3184.7 0 
Ca 0.009 0 



 
CBÜ Fen Bil. Dergi., Cilt 13, Sayı 2, s 365-377                                                                              CBU J. of Sci., Volume 13, Issue 2, p 365-377 

371 

 

5.1 Effect of the Gravity 

The studied simulations are in the gravity effect sec-

tion named with the following acronyms: 
 HF  : Horizontal flow  

 VFAG  : Vertical flow against gravity 

 VFSDG  : Vertical flow same direction 
  gravity    

 FWG  : Flow without gravity 
 

The common properties of the simulations are given 

in Table 3. 
 

Table 3 The common properties of the effect of the gravity 

simulations. 

Fluids 

Primary 
Fluid 

Secondary 
Fluid 

Water  n-hexane 

Density (kg/m3) 998.2  660 

Viscosity (kg/ms-1) 0.001003  0.0003172 

Initial Velocity (m/s) 0.2  0 

Surface Tension 
(N/m) 

0.021 

 

While the direction of the flow of the fluids is always 

along +x direction, the direction of gravity will be 

changed to study the gravitational effect on the for-

mation of wave. The density and viscosity values are 

taken from the Fluent database. The surface tension 

value is commonly found for the coupled fluid. 
 

5.1.1 Horizontal flow (HF) 

In this simulation, the direction of gravity is taken 

from the lighter fluid to the heavier (–y) and the grav-

ity value is equal to 9.81 m/s2. The time step is 10-4 s. 

The simulation is performed until the time reached 7.4 

s. In other words, the simulation range is 100-74000 

time steps, and the data are collected per 100 time 

steps. 
 

In Figure 3, the interface contours of the simulation 

are shown for different times. The interface is created 

with a volume fraction ratio of water of 0.5. While in-

itially the interface is smooth, after time 0.1 s the start 

of the surface instability can be observed. 
 

 

 

In Figure 4, the maximum, minimum and mean values 

of the interface are shown for the time range 0-7.4 s. 

According to Techet [24] waves start to be non-linear 

when the following criterion is met: 

t=0.1 s 

t=0.3 s 

t=0.5 s 

t=1 s 

t=1.5 s 

t=3 s 

WATER 

gravity 

y 

x 

Figure 3 Interface contours of the simulation of horizontal flow. 
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14286.0
7

12




ah  (5.1) 

 

 

where h represents twice the wave amplitude (a).  is 

wavelength. In our case, the maximum amplitude and 

wavelength are 0.7992 mm and 11.11 mm, respectively. 

As seen in Figure 4, the waves continue to grow until 

time 1.1688 s. The waves start to be non-linear after time 

1.1688 s. At this time, the maximum y value (amplitude) 

of the interface is reached with a value of y=10.7992 

mm. 
 

Root mean square (RMS), skewness and flatness anal-

yses have been conducted for the simulation. The re-

sults are shown in Figure 5. 
 

Maximum RMS value of interface is 328.1 µm. Accord-

ing to the KHD instability theory for horizontal flow, 

the critical wavelength of water-n-hexane is 16 mm. To 

give an idea of the magnitude of maximum RMS, the 

value of maximum RMS is normalized by the minimum 

wavelength of the theory. The normalized maximum 

RMS is 0.0206. As seen from Figure 5, after 3 s, skew-

ness and flatness values are approximately 0 and 3, re-

spectively (i.e the instabilities behave as Gaussian per-

turbations on the interface). 
 
 

. 

 

To get information about frequency and wavelength 

of the instabilities, FFT analysis has been conducted, 

and the power spectrum coefficient is calculated 

through the simulation range (100-74000 time steps) 

per 100 time steps. The maximum coefficient is 

8.8085e-006, and it occurs at time 0.62 s (6200 time 

steps). The coefficients are normalized according to 

the maximum power spectrum coefficient of the sim-

ulation and the frequency of the instabilities is consid-

ered over a threshold of 0.15 

 

In Figure 6, the Y-level of the interface is shown in the 

first subplot, the normalized power spectrum coeffi-

cient is shown in the second subplot, and the stability 

Figure 4 Maximum, minimum and mean values of the 

interface of horizontal flow. 

 

Figure 5 RMS, skewness and flatness analysis of the simulation of horizontal flow. 
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curves for the velocity differences versus wave num-

ber and the wavelength are shown in the third and 

fourth subplots, respectively, for time 0.62 s.  
 

Figure 6 indicates that the frequencies at time 0.62 s 

are 30, 60, 90 and 100 Hz and they are in the unstable 

region according to the KHD instability theory. 

Among the frequencies, 90 Hz has the maximum co-

efficient, which means it is the major frequency for 

time 0.62 s. The wavelength is 11.11 mm. 
 

During the simulation, there is an exchange of mo-

mentum from the moving phase to the steady one 

with the appearance in time of a boundary layer on 

each side of the initial interface. In this horizontal 

simulation, no major numerical artefacts are noticed 

due to the periodic conditions, which are explained 

in the section 3.5.  

 

This will not be the case for vertical simulations. In 

Figure 7 the velocity profiles of n-hexane and water at 

x=0.05 m  are shown. 
 

Mean velocity profiles of the fluids are shown in 

Figure 8. As seen in Figure 8, while the water velocity 

decreases, the n-hexane velocity increases depending 

on exchange momentum and mass conservation. 

Through the simulation, the time averages of mean 

velocity of n-hexane and water are 0.063 and 0.157 

m/s, respectively. 

 The friction velocity of the lighter fluid at the inter-

face is calculated by Eq. 30 to be 6.5 mm/s at time 

t=0.62 s. Wave speed of the horizontal flow is deter-

mined in the range 0.025-0.04 m/s, depending on ∆x 

of the interface and the time differences among the 

data in the simulation. In our case, for horizontal flow 

the Atwood number is determined as 0.204. Wave 

speed is approximately 0.024 m/s with a wavelength 

of 11.11 mm. This result shows that the results of nu-

merical simulation are compatible with theory ac-

cording to wave speed. 

 

5.1.2 Vertical Flow Against to the Gravity (VFAG)  

The study of vertical flows is interesting because of 

the link with jet wiping investigation. In this simula-

tion, water flows against gravity with 0.2 m/s of initial 

velocity, while n-hexane is initially stationary. The re-

maining properties are same with HF. In Figure 9(a) 

the vorticity and interface contours of the simulation 

Figure 6 FFT analysis of the simulation of the hori-
zontal flow at time 0.62 s. 

 

Figure 8 Mean velocities of n-hexane and water 

of the horizontal flow. 
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Figure 7 Velocity profiles of n-hexane and water of 

the horizontal flow simulation for different times. 
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are shown at time 0.171 s. The figure clearly indicates 

that the vorticity occurs surrounding the interface. On 

the other hand, positive and negative pressures can 

be observed through the interface (Figure 9(b)). 

 

5.2 Effect of Viscosity 

To be able to see effect of the viscosity on the free sur-

face flow, two additional simulations have been per-

formed using an arbitrary fluid with different viscos-

ity. The simulations are: 

 HF_HVSF  : Horizontal Flow high viscosity 

secon dary fluid. 

 VFSDG_SVSF: Vertical flow same direction grav-

ity small viscosity secondary fluid 

In the horizontal flow simulation (HF_HVSF), an ar-

bitrary fluid is used for the secondary fluid with three 

times higher viscosity than water, 0.003009 kg/ms-1. 

The remaining properties are same with HF. 
In the vertical flow simulation (VFSDG_SVSF), an 

arbitrary fluid is used for secondary fluid with 10 
times lower viscosity than water, 0.0001003 kg/ms-1. 
The other simulation parameters are repeated with 
the VFSDG simulation. 

 

5.3 Comparison of the Results 

To give an idea about magnitude, the value of RMS 

and maximum amplitude of each simulation are nor-

malized by the critical wavelength of the theory. Ac-

cording to the KHD instability theory for horizontal 

flow, the critical wavelength of water-n-hexane is 16 

mm.  

The key results, such as the main frequency, wave-

length, maximum RMS, maximum Y value of inter-

face, mean velocities of the fluids and friction velocity 

of the gravity and viscosity effect simulations, are 

given in Table 4. 
 

In Figure. 10, the interface contours of the gravity and 

viscosity effect simulations are shown. In the simula-

tions, after some time, finger-shaped waves are ob-

served, and post-processing is performed until the fin-

ger shapes occur. In vertical flows, the finger-shaped 

waves are observed very quickly. Therefore, their 

post-processing time is very short compared to hori-

zontal flow and the flow without gravity. As can be 

seen from the figure for vertical flows, the direction of 

the finger shapes of the heavier fluid is always oppo-

site to the gravity direction, whatever the flow direc-

tion.  

Figure 9 At time 0.171 s, an illustration of the interface with a) iso-contours of major vorticity and b) iso-con-

tours of the periodic pressure. 

. 

(b) 

. 

(a) 
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Density and fluid velocities play a part in the direc-
tion of finger shapes. While the flow direction is 
against gravity, a lighter fluid has higher velocity; if 
the flow direction is the same as the gravity direction, 

the heavier fluid has higher velocity. Therefore, to an-
alyse the direction of the finger shapes, the determi-
nation of the phase with the higher velocity is crucial. 
It is clearly seen that from Figure 10, which compares 
the results of the HF and HF_HVSF simulations, if the 

Table4   Main results of the simulations 

Simulations Unit HF VFAG VFSDG FWG HF_HVSF VFSDG_SVSF 

Maximum normalized RMS  0.0206 0.0348 0.0313 0.1836 0.0092 0.0297 

Maximum Y value of inter-

face  

(mm) 10.799 11 11.1 17.04 10.355 11.3 

Frequency  (Hz) 90 140 150 30 70 160 

Time for max. frequency  (s) 0.62 0.151 0.059 0.761 0.347 0.059 

Time average of mean ve-

locities of n-hexane  

(m/s) 0.063 0.335 0.172 0.056 0.039 0.142 

Time average of mean ve-

locities of water  

(m/s) 0.157 0.185 0.273 0.170 0.162 0.278 

Wavelength   (mm) 11.11 7.1 6.67 33.33 14.285 6.25 

Friction velocity  (mm/s) 6.5 14.7 15 3.7 16.6 8.6 

Figure 10 Interface contours of the gravity effect simulations. 
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secondary fluid has a high viscosity, the amplitude of 
the instability waves is reduced. As seen in the inter-
face contours (Figure 10), at the initial time, VFSDG 
has high amplification, but through all simulations, 
VFSDG_SVSF has the highest values. 

 

6 Discussions and Conclusions 
In this study, the surface waves generated at the inter-

face of two fluids are investigated in 2D. The main 

characteristics of the waves such as the wavelength, 

the wave number, the frequency, the amplitude, the 

wave speed and the amplification are presented. 
 

The study contains theoretical and numerical ap-

proaches. Numerical simulations have been per-

formed by using a VOF multiphase model of the com-

mercial software Fluent 6.2. NS, OS and KH equations 

are mainly considered to theoretically investigate sur-

face instabilities.  

 

In the paper, the effect of dynamic viscosity has been 

studied. Additionally, the gravitational effect on the 

fluids is investigated. While direction of the flow of 

the fluids is always along +x direction, the gravity di-

rection is changed to study the gravitational effect on 

the formation of a wave. In the vertical cases, the os-

cillations are quickly transformed in finger shapes 

that are sheared before being broken in droplets. Post-

processing is stopped when the finger shapes occur 

because in this case, for a given position in x, several 

positions in y of the interface may occur. The results 

of the simulations show that, for vertical flows, the di-

rection of the finger shapes (in the heavier phase) is 

always opposite to the gravity direction, whatever the 

flow direction. For the horizontal flow, the waves are 

followed from the linear regime to the completely 

non-linear one. According to the literature, a wave en-

ters the non-linear regime when the ratio between the 

amplitude (peak to peak) and the wavelength is over 

1/7. In our simulation and according to the different 

indicators (RMS, FFT), the waves for horizontal flow 

enter in the non-linear regime after a time equal to 

1.1688 s. This observation from the numerical simula-

tions is compatible with prediction given by the liter-

ature. While the waves continue to grow until time 

1.1688 s, the predominant frequency of the simulation 

is observed at time 0.62 s according to FFT analysis. 

After this time, the energy contained in this dominant 

frequency is distributed to the other wavelengths and 

the non-linear regime is quickly reached. Wave speed 

of the horizontal flow is determined in the range 

0.025-0.04 m/s by using a cross correlation method for 

the results of the numerical simulation, whereas it is 

theoretically determined to be 0.024 m/s. This valida-

tion shows that the results of numerical simulations 

are promising according to the theory for wave speed.  
 

The wavelengths provided by FFT analysis are com-

pared with the KHD instability theory according to an 

initial velocity difference of 0.2 m/s. Despite difficul-

ties in extracting the FFT content, the results compare 

well with the theory. Even if the theory is established 

only for horizontal flow, it has been used for vertical 

flows and the numerical instability region always fits 

with theory. This methodology seems to be adequate 

to predict the unstable region for the case where the 

theory is not yet available. 
 

Finally, as a recommendation for further work, it has 

been observed that the use of periodic boundary con-

ditions in the streamwise direction with zero pressure 

gradient (P=0) and the gravity field in the same di-

rection produced a numerical artefact leading to ‘in-

version’ of velocity (the phase with the lowest velocity 

may become the phase with the higher velocity de-

pending of its density and the direction of the flow 

compare to the gravity). To avoid this problem, an in-

dividual periodic boundary condition by phase 

should be implemented. This individual periodic 

boundary condition would consider the primary and 

secondary fluid separately while keeping a constant 

mass flow rate of each fluid during the simulation. 
 

As a suggestion for an easier study of the surface in-

stabilities, the choice of fluid couples with small den-

sity difference is advised. Unfortunately, the targeted 

application (jet wiping of air on liquid zinc) has a den-

sity difference of 6540 kg/m3 [2] and is mainly con-

cerned with vertical up flow, so a proper control of the 

different phases is necessary. 
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