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Ozet
Bu makalede,ilk olarak,fuzzy dinamik sisteminin bazi temel ozellikleri verilerek,

fuzzy dizisel entropi fonksiyonunun bazi ozellikleri detaya girilmeksizin
incelenmektedir.Daha sonra, fuzzy  dinamik sisteminin dizisel yerel entropi
fonksiyonu tamimlaniyor.Son olarak da, bu fonksiyonun bazi onemli ozellikleri
ispatlanmaktadir.
Anahtar kelimeler.Fuzzy olasilk dl¢iim uzay,fuzzy olasilik dlgiimiinG koruyan o-
homomorfizma,fuzzy topolojik dinamik sistemi,fuzzy tam sistemi , fuzzy faktori,
fuzzy dizisel entropi fonksiyonu, fuzzy dizisel yerel entropi fonksiyonu.

On The Fuzzy Sequence
Local Entropy Function

Abstract

In this paper,we first give the basic properties of the fuzzy dynamical system and
investigate some properties of fuzzy sequence entropy function without going into
details.After that,we define the fuzzy sequence local entropy function of fuzzy
dynamical system.Finally,we prove some important properties of this function.
Key words.Fuzzy probability measure space,fuzzy probability measure- preserving
c-homomorphism,fuzzy dynamical system,fuzzy complete system,fuzzy factor,fuzzy
sequence entropy function,fuzzy sequece local entropy function.
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1-INTRODUCTION
In his classical paper (5),Kushnirenko first introduced the concept of non-
fuzzy sequence
entropy function and investigated some fundamental properties of this function.
After that,Hulse (3)and Newton (6) obtained some results relating to this
function.
The author has proved some basic properties of fuzzy entropy function in
(8) and stated some results relating to the fuzzy sequence entropy function in
(9).In another its work (10),the author investigated recently some important
properties of fuzzy local entropy function.
In this work,we shall give the definition of fuzzy sequence local entropy
function and investigate some basic properties of this function.
It is the purpose of this paper is to give a fuzzy sequence local entropy
function of fuzzy dynamical system and show the important results relating to
this function.

2-DEFINITIONS

2.1 Definition.Followig Zadeh (11),a pair (X,F) is called a fuzzy set. Where X is
an arbitrary non-empty setand A : X — [0,1] is a membership function.That
is,a fuzzy set is characterized by a membership function A from X to the
closed unit interval I = [0,1].Thus,we identify a fuzzy set its membership
function A.In this connection,A(x),is interpreted as the degree of membership
of a point xeX.The family of all fuzzy sub-sets is called a fuzzy class and will
be denoted by F.

2.2 Definition.i) The family A,,...,A, of fuzzy sub-sets is called disjoint,
if(ijI:'lAi) A Ay =0, foreachj=1,2,...,n-1.

ii) A family P = { A,,...,A, } of disjoint fuzzy sub-sets is called a finite
fuzzy partition if X = ,-nZA" .

iii) Let A and B be two fuzzy sub-sets of X.Then,we define the product
and difference of fuzzy sets A and B by for each xeX,(A.B)(x) = A(x) . B(x)
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and (A — B)(x) = max {A(x) - B(x),0 }.The complement of A is the fuzzy set 4
defined by A4 (x) =1 — A(x) for each xeX.

2.3 Definition.The fuzzy class F is called a fuzzy c-algebra on Xif it satisfies
the following conditions;
)X e F.

ii)If ABeF,then 4 e FABcFandA-BePF.
iii) f A, € F,n € N, then sup A,= V A, €F.

In this case,the pair (X,F) is a fuzzy measurable space and the elements of
F are fuzzy measurable sets.For more details,we refer to (7).

2.4 Definition.Let (X,F) and (Y,F;) be two fuzzy measurable spaces.One says
that the transformation T from (X,F) to (Y,F,) is fuzzy measurable,if for each
A e Fy,then T"'(A)eF. For more properties of these transformations,See,(7) and

(8).

2.5 Definition.Let (X,A,m) be a classical probability measure space.See, (1).A
fuzzy probability measure is a fuzzy measurable mapping p from the fuzzy
measurable space (X,F) to [0,1] defined by u(A) = [ A dm fulfilling the
following conditions;

D@ =0and wW(X)=1.

ii) p(A) >0 foreach A € F.

iii) If (Ap)en is a disjoint sequence of fuzzy sets and A, € F for every

neN,then we have; p( V1 Ay = Z u(4,)) (fuzzy c-additivity).
n= n=1

The triple (X,F,p) is a fuzzy probability measure space.The elements of F
are called fuzzy events.For more details,we refer to (2) and (7).

2.6 Definition.Let (X,F,u) be a fuzzy probability measure space.A system
P={A,,...,A;} with A; € F for each i = 1,...,n is called a complete system of
fuzzy events if P is a fuzzy partition of X.Let P and Q be two fuzzy complete
systems.If p(P A Q) = p(P) u(Q),then P and Q are called independent.
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2.7 Definition.Let (X,F,p) be a fuzzy probability measure space.The mapping
T : XF) - (X,F) is called a o-homomorphism if it satisfies the following
properties;

i) T(Z )=T(A) forevery A €F.
ii) T(V A,) = V T(A,) for any fuzzy sequence (Ay)nen C F.

The fuzzy c-homomorphism T : (X,F) - (X,F) is a fuzzy probability
measure-preserving if it fulfills the condition p(TA) = p(A) for each A € F.

The quadruple (X,F,u,T) is called a fuzzy dynamical system.One will
write briefly (X,T) instead of (X,F,u,T) for convenience.For more properties of
this system,See,(4) and (8).

3.FUZZY SEQUENCE ENTROPY FUNCTION

3.1 Theorem.Let (X,T) be a fuzzy dynamical system.If P is a fuzzy complete
system with H, ¢ (P) < o0, D = ()21 is a sequence of integers with t; =0 and T

e : . 1 (a— :
is an invariant fuzzy c-homomorphism,then im sup — H, ¢ ( V1T “P) exists.
n—>co n i=

Where the quantity H,¢ (P) is a fuzzy entropy function of fuzzy complete
system P.For more details,See, (8) and (9).
Proof.See,the Theorem 3.8 of (9).

. 1 e
3.2 Definition.The quantity h, ¢p (T,P) = lm sup — H, ¢ ( V1T “P)is called a
n—>w n i=

fuzzy sequence entropy function of T with respect to the fuzzy complete
system P.

3.3 Proposition.Let P and Q be two fuzzy complete systems of (X,T) with
H, ¢ (P) < o and with H, ¢ (Q) < 0 and D = (t,)s=1be a sequence of integers with
t; = 0.Then,

i) hy¢ep (T,P) 2 0.
if) hyco (T,P) < Hue (P).
iii)If P < Q,then h,¢p (T,P) <h,¢p (T,Q).
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) hyep (T,P v Q) < hyep (T,P) + hyep (T,Q).With finite fuzzy entropy
the equality holds if and only if P and Q are independent.
V) hH,f,D (T,P) = h”’f,D (T,TP)
Proof. See,the Proposition 3.11 of (9).

3.4 Definition. The quantity
hytp (T)=sup {h,sp (T,P):P is a fuzzy complete system of X with H, ¢ (P) < oo}
P

is called a fuzzy sequence entropy function of fuzzy dynamical system (X,T).
Where the supremum is taken over all fuzzy complete system of X with the
finite fuzzy entropies.

3.5 Corollary.Let D = (t,).>1 be a sequence of integers with t; = 0 and (Py )y, be
a family of fuzzy complete systems of (X,T) such that P, < P, < ... and

I/I Pi = X.Then, h'_l’f,D (T) = k]]In hu’f,D (T,Pk)
i= —>

Proof. See,the Lemma 3.12 of (9).
3.6 Definition.Let P be a finite fuzzy complete system of (X,T) with
H, ¢ (P) <o and D = (t,),>; be a sequence of integers with t; = 0.

If ¥ T"P = F,then the fuzzy complete system P is called a fuzzy generator of

j=—

F for T.

3.7 Theorem. Let P be fuzzy complete system which generates F.Consider
D = (to)n=1 a sequence of integers with t; = 0.Then,h, ¢p (T) =h, ¢p (T,P).

k .
Proof. Write P, = ._VkT “P.Clearly (P ) is an increasing sequence of

fuzzy complete systems of (X,T) which generates F.Thus,one has only to apply
the Corollary 3.5.
3.8 Definition. Let (X,T) and (Y,S) be two fuzzy dynamical systems.We say
(Y,S) is a fuzzy factor of (X,T) if there exist P €F and Q € F, such that

i) u(P)=1 and v(Q)=1.

ii) There exists a fuzzy probability measure- preserving function
¢ : P — Q such that ¢(T(x)) = S(p(x)) for all x € X.
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3.9 Proposition. Let (Y,S) be a fuzzy factor of (X,T) and D = ()1 be a
sequence of integers with t; = 0.Then,h, ¢p (S) <h¢p (T).
Proof.See,the Proposition 3.13 of (9).

3.10 Coroliary.i) h, ¢p (T) 0.

ii) h, ¢p (Id) = 0.

Proof.(i) and (ii) are trivial from the Proposition 3.3 (i) and (ii) and
Definition 3.4.

3.11 Proposition. Let (X,T) and (Y,S) be two fuzzy dynamical systems and
D = (t,)n>1 be a sequence of integers with t; = 0.
Then,hysygp (T % S) =hy¢p (T) + hygp (S).Where T x S is a fuzzy
o-homomorphism defined on the fuzzy product space X XY with
(TxS)(x,y)=(Tx,Sy) forall (x,y) e X x Y

Proof. Let (P (resp. (Qu)wi) be an increasing sequence of fuzzy
complete systems of X (resp.Y) which generates F (resp. F;).Each P, induces a
fuzzy complete system U, of fuzzy product space X xY,the elements of U,
being of the form A x X.Where A runs trough the elements P,.Similarly,Q,
induces a fuzzy complete system V,, of fuzzy product space
X xY.It easy to see that R, = U, v V, is an increasing sequence of fuzzy
complete systems of X xY which generates F x F;
Since U, and V, are independent,one has from the Proposition 3.3 (1v) and
Definition 3.2;

Hva,f( E(T X S)ﬁ Rn)szxv,f( IZ(T X S)ti Un) + prv,f( IZ(T X S)ti Vn) (3'1)
But clearly,
Hyt _IZ(T x8) Up) = Hye ( V1 T'P,) (3-2) and

Hywos (VT % )" Vi) = Hyr (7 $°Q) (33).
Therefore one writes,
Fyos ( IZ(T x )" Ro) = Hyr (V T"B) + Hye (V57 Q) (34).

Dividing the equality 3-4 by n>0 and leting n — oo,one obtains the
following result from the Theorem 3.1,
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hywep (T x S,Ry) = hygp (T,Py) + hygp (S,Qn) (3-5).For n — o,0ne has
therefore by the Corollary 3.5,
hyxvep (T S) =hyep (T) + hyep (S) (3-6)

4.FUZZY SEQUENCE LOCAL ENTROPY FUNCTION

4.1 Definition. Let P be a finite fuzzy complete system of (X,T) with

H, ¢ (P) < .Then ,the quantity

L.tp (T) = hyep (T) - hyep (T,P) is called a fuzzy sequence local entropy
function.

4.2 Corollary. i) L, sp (T) 2 0.

i) L, ;p (Id) = 0.

iii) If P is a finite fuzzy complete system which generates F,
then L, ¢p (T) =0.

Proof. (i) and (ii) are trivial from the Proposition 3.3 (i) and (ii),Corollary
3.10 (i) and (ii) and Definition 4.1.

iii) Suppose that P is a generating fuzzy complete system of (X,T) with
Hp,f (P ) < 00.
Write the following equality from the Definition 4.1,

Lo (T) =hyep (T) - hyep (T,P) (4-1).
Since hy¢p (T) = hyep (T,P) (4-2) from the Theorem 3.7,we obtain thus the
result L, ¢p (T) = 0 (4-3).

4.3 Proposition.If the fuzzy dynamical system (Y,S) is a fuzzy factor of
(X,T),then,
Lygp (S) < Lyeo (T) + hyep (T,P) - hy o (5,Q).

Proof.

We write the following inequality from the Proposition 3.9,
hysp (S) <h,sp (T) (4-4).
Let P be a finite fuzzy complete system of the fuzzy dynamical system (X,T)
with Hy ¢ (P) < oo.

As hysp (T,P) > 0 from the Proposition 3.3 (i),one has the following
inequality,
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hysp (S) - hyep (T,P) £ hyep (T) - hysp (T,P) (4-5).Therefore,one obtains from
the Definition 4.1, h, sp (S) < L¢p (T) + hyep (T,P) (4-6).Let Q be a finite fuzzy
complete system of the fuzzy factor(Y,S) with H, 5 (Q) < .

As hysp (S,Q) > 0 from the Proposition 3.3 (i),we can also write the
following inequality,
hysp (S) - hygp (S,Q) < Lyugp (T) + hygp (T,P) - hysp (S,Q)-(4-7).
Hence,we obtain the result from the Definition 4.1,
Lytp(S) <L, ¢p(T) + hygp (T,P) - hy 41 (S,Q) (4-8).

4.4 Proposition. Let (X,T) and (Y,S) be two fuzzy dynamical systems.Then,
Lysv,p (T % S) =Ly, ¢p (T) + Lygp (S).Where T x S is a fuzzy c-homomorphism
defined on the fuzzy product space X xY with (TxS)(x , y) = (Tx,Sy) for all
xy)e XxY
Proof. Let P and Q be two finite fuzzy complete systems of X and Y

respectively with H,s (P) < o and H,s (Q) < co.Then,we can write the
following equalities by Proposition 3.11;

hysep (TXS,PXQ) =h, ¢p (T,P) + hy sp(S,Q) (4-9) and

By (TXS) = hygp (T) + hygp () (4-10).

Therefore we have,
hy,gp (TXS)-hyy g0 (TxS,PxQ)= by, £n(T)-by, £n(T, Py thy £n(8)-hyn(S,Q) (4.11).

Hence,we obtain the result from the Definition 4.1,
Lysp (T¥S) = Lygp (1) + Ly () (4-12).
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