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1 Introduction

In differential geometry, curves have many important places and properties. In
the theory of curves especially helice, geodesic, circle and many other types
of curves are studied. Researchers closely follow the work on these curves. Re-
searchers have worked with various curves besides existing studies. Smarandache
curves are one of them. This curve is defined as a regular curve produced by the
Frenet frame of a regular unit speed curve.

Smarandache curves have been studied by some authors. A. T. Ali has intro-
duced some special Smarandache curves in the Euclidean space [I]. He introduced
some special Smarandache curves in three-dimensional Euclidean space. In his
master’s thesis, Karaman F. created all Smarandache curves that can occur un-
der Frenet frames and examined. The curvatures and torsions of these curves
are calculated individually [2].

These curves have been studied on various frames such as Frenet, Darboux
and Bishop. . Bekta and S. Yce studied these curves on the Darboux frame [3].
They obtained these curves by using the relationship formulas between Frenet
and Darboux frame in their studies. They also calculated the curvature and
torsion of these curves.

The theory of quaternions was discovered by Hamilton. Thus, kinematic ge-
ometry has become one of the most important fields of science. Curves and
surfaces could be studied in more detail in this geometry. Kinematic surface,
screw surface, quaternionic curve are at the beginning of these studies.

Whether the curve is timelike or spacelike and the surface on which the curve
is located is timelike or spacelike has been the subject of practice for different
authors. Therefore, the properties of these curves studied have taken their place
in different applications [45].

In this study, a new image curve is defined, which is formed by rotating the
curve whose position vector is Smarandache curve by an angle 6 around the
vector ¥ = (¥4,79,,9,) and its translation by A € R.

The curvatures and frames of the Smarandache curve formed by a spacelike
curve with unit velocity taken on a timelike surface according to the Darboux
frame in Semi-Euclidean space were created. Then, the image curve on the screw
surface was obtained by applying translational and rotational motion (screw
motion) using the quaternion multiplication under the same frame of this curve.
Finally, the curvature and torsion of the obtained image curve were calculated.

2 Preliminiaries

Any two vectors u = (uy,us,u3) and v = (vy,ve,v3) in R} the product of scalar
and vector is defined as,

O :RIxRI =R

(u, V), = U101 + ugvy — uzv3
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xR xR3 - R?

ij -k
U XUV = Uy u us
U1 V2 U3

functions are called Lorentzian scalar and vector product, defined according
to the sign (+, 4+, —) in R} space. Together with this, scalar product R} space is
also called Lorentz space. It is denoted by R} or E . If (u,v);, = 0 these vectors
are said to be pseudo orthogonal in the Lorentz sense.

For any u € R in this space,

i. If (u,u)r, = 0 then wu lightlike or null vector
ii. If (u,u)r <0 then u timelike vector
iii. If (u,u)r > 0 then u spacelike vector

It is also defined |lul|;, = +/|(u,u)r| using the absolute value as the norm
of w. If (u,u);, = %1 the vector u is called the unit vector. The set of split
quaternions is defined as follows,

H={q+@i+teajit+uk: g eRi’=-1j=k"=ijk=1}

Any q = q1 +¢2i+¢3j+qsk split quaternion can be written as g = s4+vq. The
number s, = ¢ is called the scalar part and the part of v, = g2i + ¢3j + quk is
called the vector part of the ¢ split quaternion. If s, = 0 then, ¢ split quaternion
is called a pure split quaternion. The conjugate any q = q; + g2i + g3 + g4k split
quaternion is defined as,

q=q —qi—q3j—qk

The sum and product of two split quaternions are defined as

q+p= (84 +vg) + (sp +vp)
=(q1 +p1) + (g2 +p2)i+ (g3 +p3)j+ (qa+pa)k

qp = (54 +vg)(sp +vp) = 545p — (Vg, Vp) L + 8qUp + SpUg + Vg XL Vp

3 Screw Motion in 3-Dimensional Semi-Euclid Space E?

Each unit real quaternion corresponds to a spherical rotation in Euclidean space.
A similar situation exists for split quaternions. We can say that the split quater-
nions match with the three-dimensional Minkowski space, whose vector part is
denoted by E$. Our unit spheres in this space are one sheet hyperboloid and two
sheet hyperboloid.

In that case, the spheres in the Lorentz meaning are the movements on these
hyperboloids expressed above it is possible to examine the movements on these
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hyperboloid spheres with the help of split quaternions. We know that each unit
real quaternion corresponds to a large circular arc on the unit sphere. Similarly,
it is possible to define large circles on spheres that is hyperboloids in the Lorentz
meaning.

Let’s take two surfaces M, M° € E$ where p € M. The rotation of § angle
around the timelike vector N is expressed as follows

6 6
q = (cosh ot sinh §N)

If there is a function f defined as follows, then the MV surface is called the
timelike kinematic screw surface of the M surface where A € R

f:M— M°

p— f(p) = qpg+ AN

Accordingly, we can define the kinematic screw motion function as follows

f(p) = (coshg + sinh gN)p(coshg — sinh gN) + AN

4 Curves in E?

Let M = M (u,v) be a differentiable spacelike surface in E$. Let spacelike curve
¢ on this surface. This spacelike curve has a frame at each point which we call
the Darboux frame, we denote T, V, N. Here unit vector T is expressed as the
unit tangent vector of the curve, the unit vector NV is the unit normal vector of
the surface at any point s and the unit vector V' is expressed as the unit geodesic
vector defined as V = —N x T. Because of the unit vector N is timelike, that
vectors V' and T will be spacelike vectors. Thus, the following relationships exist
between these vectors.

N=TxV T=-VxN V=-NxT

Among these vectors, vector T' is the common vector of both Darboux and
Frenet frame so all other vectors are in the same plane. If the vectors in the Frenet
frame are rotated about the tangent vector which is the spacelike vector in the
positive direction by the hyperbolic angle ¢ = ¢(s) the new frame obtained will
be Darboux frame. The angle here is the hyperbolic angle between V and N.
Thus, the relation between Frenet and Darboux frame for this case is as follows,

T 1 0 0 T
V] = |0coshysinhy| |N
N 0 sinhp coshy| |B

Derivative formulas according to s semi-parametric arc of Darboux frame are
expressed as follows.
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d T 0 Kgkn| |T
— |V = |-y 0 79| |V
ds

N kn Tg 0 N

Where k,, 74, T4 are named as geodesic curvature, normal curvature and
geodesic torsion respectively. We can easily write the following equations by
using the relations we have expressed and the trigonometric relations of the
hyperbolic angles,

2 2 2

K™ =Ky — K,

kg = K cosh
Kn = Kksinh ¢
de
Ty =T—
g ds

Lemma 1. In the differential geometry, a curve a(s) lying on surface M that
the followings are well known

i. If a(s) is a geodesic curve <= k4, =0
it. If a(s) is an asymptotic line <= k, =0
iii. If a(s) principal line <= 1, =0

5 TV-Smarandache Curve Created by a Timelike Curve
on a Timelike Surface and its Image Curve in E3

Let M be a timelike surface in E? and a spacelike curve o = a(s) on M.
This curve is located on a timelike surface M. Let’s take the Frenet frame
{T(s),B(s),N(s)} and the Darboux frame at point s of « as {T'(s), V(s), N(s)}.
Here, vector N(s) is the unit normal vector of surface M at point s and V(s) =
T(s)xN(s). Since M is a timelike surface, N(s) is a spacelike vector and a(s)
is a spacelike curve, so the T'(s) = o/(s) tangent vector is spacelike. Then the
relationship between frame vectors of curve can be given as

(T'(s),T(s)) = =1 (T(s),N(s)) =0 (T(s),T(s)) = —1

(N(s),N(s)) =1 (T(s),V(s)) =0 (N(s),N(s)) =1
(V(s), V(s)) =1 (V(5),N(s5)) =0 (B(s),B(s)) =1
a(s) curve consisting of T,V Darboux frame vectors curve of « is called the

TV-Smarandache curve. With Darbux frame {T,V, N}. The TV-Smarandache
curve is defined as follows

o L s s
B(s") = \/§(T( )+ V(s))

Frenet elements of this curve are as follows
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1
5=
\/|2,‘<;£27 — (79 + £n)?|
_ 0T(s) + @V (s) + GsN(s)

T

(kT () + gV (s) + (50 = 7)N(5))

Ng 2. 2 2
|—q7 + a3 — g3l
11 gV Ggs N
By — Ty x Ng = L2 (5) + (52) T q23 (52)
(Kn — Tg) |—q7 +q3 — Q3|
where
Q= K:!](Tg; - H/n) + (Tg - ’in)(/f; + /ﬁ?!2] — Tghn -+ Hi)
3 = g1 K)oy = ) R+ 7 — )
g3 = kg(Tg — Kin)?
G = (Tg — Kn)q1 — Kgq3
gy = _<Tg - Kn)ql — Kgq3
G5 = rig(q1 — q2)
| dTs || _ v2v/I-ai + a5 — g
ds* (K — 79)?
(hara) —359(7-5’]2 +K2) + 7o (6ky kg + (SH’Q + 5&3 + 7 (Kp — Tg)) (Kn —T4))
(2v2r2) — K}, (Kn — 7g) (3K} + 5K2 4 Tg(Kn — T4)) + (Kin — 7g)

Tﬁ(s*) =
A (200 = 73)2 (0 4+ 74) =7 + K1) + (0 = 74) (5, + 205 + )

The unit normal vector of the surface M and the unit normal vector V are
obtained as follows

Tp =Tg

Vs = cosh ¢Tg + sinh pBg
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(q1 coshp + M) T(s)+ (QQ cosh + M) V(s)

Tg—FKn Tg—FKn

+ (Q3 cosh ¢ + m) N(s)

Tg—Fmn
Vs = 2. .2 2
|—qf + a5 — a3l
Np = —sinh ¢Ng + cosh pBg
(fh sinh ¢ + 717; Cﬁ?f) T(s) + (QQ sinh ¢ + %;ﬁi‘p) V(s)
+ (qg sinh ¢ + W) N(s)
Vg =

V-4t + a3 — &

The geodesic curvature, normal curvature and geodosic torsion of the TV-
Smarandache curve are as follows,

1
(kg)p = rigcoshp = ;W’, Vi)

g, sinh
— (Kl + K2 — Tgkin — K2)(q1 cosh p + q;:_iﬂf)
g
+ (kg + K2 + Tgkn — 7'92)((]2 cosh ¢ + %)
+ (=7} 4 iy, — Tgkig + Kgtin) (g3 cosh @ + q%jiinsf)

v2V2/|-a} + 43 — ¢3|

, 1
(kn)p = Kpgsinhp = §<5”7 Ng)
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—(ky + Ky = Tgkn — &7,) (= ‘hsmh@"_q;gcgsﬁhf)
+ (K + Kz + Tgkin — T2)(— qgsmhcan%)
+ (_Tg + /Qn — Tgkg + fig”in)( q3 Slnh(p + %)
(Kg)p =
g V2 -3 + 63 — ¢3]

dp 1
(rg)s =1+ 5 = ~(T5, Np)

~a (~asinhip + BEEE ) dgp (—qasinhip + )

+Q3 ( qs smh<p—|— 43cosh¢)

Tg—kKn
v(kn —79)3V/ =65 + @5 — 43|

(Tg)p = V2

where v = [|3'(s)]

Now let’s create the image curve of the curve we created. Let a@ = «f(s)
timelike curve be given on a timelike surface M = M (u,?) in E3 Semi-Euclidean
space.

1
V2

By choosing A\ = % specifically and using the quaternion product our curve

f(B(s™) =~(s") = (cosh g—&—sinh gN(s)) (T(s)—l—V(s)) (cosh g—sinh gN(s)) +AN(s)

formed as a result of screw motion can be written as follows

1
V2
Considering that this curve is a curve in E$ semi-Euclidean space and not
a unit speed curve. Let’s calculate the curvature and torsion of this curve and
obtain the Frenet frame. Then let’s create the Darboux frame using this frame

with the help of the translation matrix and find the curvatures of this curve. For
this let’s first take the derivative of the image curve with respect to s.

~v(s*) = ((1 —sinh §)T'(s) + (1 4+ sinh 0)V(s) + N(s))

L (41T (s) + A3V (s) + AsN(s))

v (s%) = ﬁ

Where
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Ay = —coshf + k4(1 +sinh 8) + &,
Ay = coshf + ky(1 —sinh @) + 7,
As = (kn — 7g) — (74 + Kp) sinh 6

Thus, we can express the tangent vector field as follows

Y AT(s) + AV (s) + AsN(s)

T. — -
T I [AZ + A2 — A2

where

, 1
,0=||7H:E

Now let’s calculate the second and third derivatives of the (s*) image curve

A + A3 — A3

7

Y = (BlT(S) + BQV(S) + BgN(S))

Sl

"

1
v = E(ClT(s) + CQV(S) + CgN(S))

where

By = 2k cosh f — sinh 6 + k% cosh® 0(1 — sinh 0) + (K, — kn7e) (1 + sinh 0) + K, + k7,
By = =2k cosh + sinh 6 + (k7 — 72)(1 + sinh 0) + (k}, + K, 7g) (1 — sinh 6) + K + Kgkn
B3 = =2(7g + kin) cosh 6 + (kgrin — 7, )(1 4 sinh 0) + (k], — kg7g) (1 — sinh 6) — 77 + K + kin,

C1 =coshf (3/{2 — 3Ty — 3K% cosh® 6 — 1) + 3Ky sinh 6
+ (1 — sinh §) (2kk’ cosh 26 + 2k% sinh 20 + kgk), + Knky, ) + ko (1 + k) + Tg(Kl) — KnT)
+ (14 sinh 0) (k, — 26n7) — K, Ty + kg (K7 cosh 20 — 77) + kg7 + K1)
Cy =cosh 0 (3 — 3k, — 37) — 3knTy + 1) — 3k sinh §
+ (1 — sinh 0) (kg (k* cosh 20 — 77) 4 2k, 7g + KTy + Ky ) + K°Tg cosh 20 + 2k,
+ (14 sinh 0) (3kgkl, — 37y7y) + kin (Kl + 7g) — 7o + Kl
Cs =cosh 0 [3(kgkn — T, — K1) + KgTg + 277 ] — 3sinh 0(ky, + 74) — 74(27, + K),)
+ (1 — sinh 0) (kn(k® cosh 20 — 72) — 2K, 7g — KgT, + Ky — KnTy)

+ (1 +sinh ) (2knky + Kok, — T4k cosh 20 — 7'5’ — 7)) + 3knkl,

Accordingly, the normal and binormal vector fields of the image curve are as
follows,
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,_Y/ X ,_Y//
x|
(A233 - BQAJ)T(S) + (A3B1 - B‘gAl)V(S) + (AlBQ - BlAQ)N(S)
V/| = (A2Bs — B2 A3)2 + (A3B1 — B3A1)? — (A1B2 — B145)?]

v

N, =-T, x B,
7[A1 (A3B1 — B1A3) — AQ(AQBg — BQAg)]T(S)
— [Ag(AQBg — BgAg) — A]_(AlBQ — BlAg) V(S)
— [A2(A2B3 — BaA3z) — A3(A3B1 — B3A1)|N(s)

V]—A2 1+ A2 — AZ]\/| — (A2Bs — B2A3)? + (A3B, — BsA1)? — (A1 By — B1Ay)?]

When these results are evaluated together the curvature and torsion of the
image curve are written as follows

N |
B RO
B \/| — (A2B3 — B2A3)2 + (AgBl — B3A1)2 — (AlBQ — B1A2)2|
- 3

o V2[(A3Ba — B3A2)Cy + (A3By — B3A1)Co — (A2 By — By A1) Cs)
7 7(14233 — B2A3)2 -+ (AgBl — BgA1)2 — (AlBQ — BlA2)2

Thus, the Darboux frame of the image curve is found as follows
T. — v (AT (s) + A3V (s) + AsN(s))
Tl V- AT+ AL - A

V,, = cosh ¢N, + sinh pB,
- [(Al(AgBl — B3Ay) — As(As By — ByA3)) cosh
+/[= AT+ A3 — A3[(42B; — By Ag) sinh | T(s)
- [,43(,4233 — ByAs) — Ay(AsBy — BoAy) cosh
+v/[= AT+ A3 — AZ[(As By — By Ay)sinh | V (s)
- [A3(A2B3 — ByAs) — Ay(AsBy — By Ay) cosh
/[ = A7+ A3 = A3|(A1 By — By Ag) sinh | N(s)

- \/l_(AQB?, - BQA3)2 + (A3B1 — BgA1)2 — (AlBQ — BlA2)2|\/| - A% + A% - A§|



A Smarandache Curve According to the Darboux Frame and... 11

N, = sinh pN,, + cosh BB,
+[(A1(43By — ByAr) — A5(43B5 — By Ay)) sinh
+V/| = A} + A3 — A3[(A2 B3 — B2 As) COShSD}T(S)
+ {As(AzBs — ByA3) — Ay (A2 By — By Ay)sinh o
/= AT+ AZ — AZ[(A3B, — BsA;) cosh 4 V(s)
v [Ag(Ang — BoAs) — Ay (AsBy — BaA)sinh
/[ = AT+ A3 — AZ[(A1B — BiAs) cosh | N(s)

 /|-(A2B3 — BaAs)? + (AsB1 — BsA1)2 — (A1B; — B1A)2[/| — A3 + A3 — A3]

Finally, we can find the curvature of our image curve as follows,

0" V)
2

(Kg)y = Ky cosho =

—B1 |:(A1(A3.Bl — BgAl) — AQ(AQBg — BQAg)) COShQO
+V/[ = A} + A3 — A3[(A2Bs — By A;) sinh %0}

1B, [A?,(AQB?, — ByAs) — Ay (A, By — By As) cosh
+/[= AT+ A3 — AF(As By — Bsy) sinhg|
_Bs [AQ(AQB3 — ByAs) — A3(A3B; — By As) cosh
+y/[= AT+ A3 — A3|(A1 By — By Ag) sinh |

(Kg)y =
I V2p2\/[—(A3Bs — ByA3)? + (AsB; — BsA1)? — (A1 By — B1Ay)?]\/| — A2 + A2 — A2
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B [(Al(ABB1 — ByAy) — As(AsBs — BoAs))sinh
+/[= AT+ 43 — A3[(ABs — Bz Ag) cosh |
B, [A?,(AQB3 — BoAs) — A1(A By — By As)sinh g
+V/[ = A} + A3 — A3[(A3B1 — B3Ay) COSh(P}
B, [Az(Ang — ByAy) — A3(A3B; — B3A;)sinh
/= A% + A2 — A2|(A1 By — B1As) cosh 4

(Kn)y =
K V202\/[—(A3B3 — BaA3)2 + (A3B1 — B3A1)2 — (A1 By — B1A2)2[\/| — A2 + A2 — A2
(T3, Ny)

(Tg)y = P

[—A%All + AlAQA/Q — AlAgAg + A/l + Azlﬁ)g + Ag:‘{n} T(S)
+ [A%AIQ — A1A2AI1 — AQA?,AS + A/2 + AQKJg + Ang] V(S)
+ [—A%Aé + A2A3Al2 - A1A3A/1 + Aé - Alﬁn - A2Tg] N(S)

VI = AF + A3 — A3

[(A1(A3B1 — B3Ay) — As(A2B3 — By Ag)) sinh ¢
—|—\/| — A% + A% — A§|(AQB3 — BgAg) COSh(p]
[714%‘4,1 + AlAQA’Q — AlAgAg + All + Aglig + Aélﬂ?"]
7[143(14233 — BQAg) — A1 (A1B2 — BlAQ) sinhcp
+v/| — AT + A3 — A3|(A3B) — B3Ay) cosh g
[A%A/Q - AlAQA/l — AgAdAé + A/2 + Aglig + Ang]
—[A2(A2B3 — By A3) — A3(A3B1 — B3A;)sinh ¢
+v/| = AT + A3 — A3[(A1 By — B1As) cosh )]
[—A%Aé + A2A3Al2 - A1A3A/1 + Aé - Allﬁln - AQTg]

(Kn)y =
K p(fA% + A% — A%)\/*(AQBQ} — B2A3)2 + (A3B1 — B3A1)2 — (A1B2 — B1A2)2

6 Discussion and Conclusion

In this study, we created the image curve of a Smarandache curve using the
quaternion product method. We have obtained the Darboux frame of this curve
and the corresponding Frenet frame. We calculated the curvature and torsion
of the image curve. We also calculated the principal normal curvature, geodesic
curvature and geodesic torsion of the image curve separately. This work can
also be extended for other researchers of the image curve. Calculations for other
curves can be made using the same method. Thus, the properties of the new
curve formed by the kinematic motion of the curve can be discovered.
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