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ABSTRACT:

The concept of a conformable derivative on time scales is a relatively new development in the
field of fractional calculus. Traditional fractional calculus deals with derivatives and integrals of
non-integer order on continuous time domains. However, time scale calculus extends these
concepts to more general time domains that include both continuous and discrete points. The
conformable derivative on time scales has several properties that make it advantageous in certain
applications. For example, it satisfies a chain rule and has a simple relationship with the
conformable integral, which facilitates the development of differential equations involving
fractional order dynamics. It also allows for the analysis of systems with both continuous and
discrete data points, making it suitable for modeling and control applications in various fields,
including physics, engineering, and finance. In this study, the Sturm-Liouville problem and its
properties are examined on an arbitrary time scale using the proportional derivative, a more
general form of the fractional derivative. Important spectral properties such as self-adjointness,
Green formula, Lagrange identity, Abel formula, and orthogonality of eigenfunctions for this
problem are expressed in proportional derivatives on an arbitrary time scale.
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INTRODUCTION

Fractional computation means the differentiation and integration of an integer order. Although it
lacks several characteristics offered for fractional derivatives (Ortigueira and Machado, 2015), the
conformable derivative was initially known as the conformable fractional derivative (Katugampola,
2014; Khalil et al., 2014; Abdeljewad, 2015). It is advisable to think about the proportional derivative
on its own, free of the fractional derivative theory, even if the more broad definition of the proportional
derivative provided in definition 1 below satisfies some of the features of the fractional derivative. The
conformable derivative is a specific case of the proportional derivative.

Conformable fractional derivatives have different meanings depending on the time scale (Gulsen
et al.,, 2017; Giilsen et al., 2018; Yilmaz et al., 2022). It's interesting to note that the conformable
fractional derivative operator T, in (Benkhettou et al., 2016) is defined as a € (0, 1] in the form of

If (6@ = fFOI = Tof(Olo@®) = sl < € |o(®) —sl;

whereas in (Benkhettou et al., 2015) it is specified as

If (e(®) = f()] = T (FHO[a () = s*]I < ela(®)* — 5.

The truth that T, (f) # f and T, is not proportional in accordance with definition 1 is evident from both
definitions. As a consequence, a new conformable derivative was discovered under the name of the
proportional derivative described in (Anderson and Ulness, 2015), and a prospective definition for the
proportional derivative on a time scale was discovered in (Segi Rahmat, 2019). When a = 1, the Hilger
derivative replaces the proportional derivative of a function of order @ € [0,1] defined on a time scale.

In this research will be used the proportional derivative to analyze the Sturm-Liouville dynamic problem
(23). Section 2 contains some basic concepts and notations regarding time scales and proportional
derivatives on time scales. We demonstrate a number of spectral features for the problem (23) in Section
3 using various approaches, including self-adjointness, the Green Formula, Lagrange identity, the Abel
formula, and orthogonality of eigenfunctions.

MATERIALS AND METHODS

We review the terms and ideas related to the time-scale proportional calculi that are required since they
are utilized in the next section.

Definition 1 (Anderson and Ulness, 2015) Let a € [0,1]. The differential operatér D¢ is only referred
to as a proportional derivative if D° is the unit operator and D? is the conventional differential operator.
Particularly, the operator D% is referred to as being proportional for the derivative function f=£(t), for
which only

D°f()=f(®) and D' f ()= 5, f ()=F"(0). M)

Remark 2 (Anderson and Ulness, 2015) Based on the employment of a proportional-derivative
controller with an controller output u at time t, the fundamental idea of proportional derivative is
established. This controller, u(t), has an algorithm (Li et al., 2006)

d
u(t)=r,E(t) + k4 EE(t)'
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In this case, E represents the error between the state variable and the process variable, while x,, and
kg represent the proportional and derivative gains, respectively.

Definition 3 (Anderson and Ulness, 2015) Assume that a € [0,1], ko, k;: [0,1] X R - R{ are
continuous functions and that

lim k,(a,t) =0, lim x;(a,t) =1,

a—-0*t a—-0t
lim xy(a,t) =1, lim k,(a,t) =0, (2)
a-1" a-1"

Ko(a,t) #0,a € (0,1], xy(a, t) #0, a € [0,1),

are true. In this situation, if the function f is differentiable at t and f'= %f, then the differential operator
D“ defined by

Def()=r1(a, O (&) + ko(a, Of' (8), ©)

is said to be proportional. Here, k; is a type of proportional gain k,, k, is a type of derivative gain kg4,
f is the error, and u=D*f is the controller output.

We must remember some basic concepts about time scales in order to get the basic findings for (23).The
time scale T is a closed, non-empty subset of R in the standard topology of R. The definitions of the
forward and backward jump operators o, p: T — T, for t € T are as follows:

o(t)=inf{s € T:s > t}, p(t)=sup{s € T:s < t}.

This definition states that inf@ =supT and sup@=infT. If o(t) > t,p(t) <t,p(t) <t <o (t)tis a
right-scattered point, a left-scattered point, an isolated (discrete) point, respectively. On the other hand,
if t <supT and o(t)=t, t is referred to as right-dense, and if t > infT and p(t)=t, t is left-dense, and
p(t)=t=a(t), then t is the dense point. The definition of the graininess function u: T — [0, ) is
u(t)=o(t) —t. T*=T — {m} if there is a maximum point m of T; else, T*=T. The function f: T - R
is called rd- continuously, provided that T has a left-sided limit at its right-dense points and at its left-
scattered points and C,,;(T) will be used to denote the collection of rd-continuous functions f: T — R.
Lett € T* and f : T — R be a function. Ve > 0, and for every s in a neighborhood U of point ¢, if there
is a real number f4(t), such that

I[f(e(®) = f()] = fAD[o@®) —sll < ela(t) —sl, VseU,
f4(¢) is called the delta derivative of f at point t. If ¢ is right-scattered and the function f: T - R is
continuous at t, then

_fle@®)-r®)
faw=10 (4)

and if t is right-dense,

FA6)=lim L2=L©) (5)

s—t t—s

Let's assume that f, g: T — R is differentiable in t € T*. Each rd- continuous function has an inverse
derivative F, i.e. FA=f(t).Fors € T,

F(t)=[. f(t)Ar, VEtET,
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is an antiderivative of f, i.e.

INCYI0) ©)
and also
[P @) At = (o) £ (o). ()

(Aulbach and Hilger, 1990; Agarwal et al., 2002; Bohner and Peterson, 2001, 2004; Bohner and Svetlin,
2016; Hilger, 1990) provide comprehensive information on the time scale.

The proportional delta derivative of the function f : T — R of order « € [0, 1] at point t € T* will
now be defined.

Definition 4 (Segi Rahmat, 2019) Let f: T — R be a function, ¢ € T, and k, and x, be continuous
functions that fulfill the conditions (2). Ve > 0, and for every s in a neighborhood U of point ¢, if there
is a real number D*f(t), a € [0, 1], such that

|1 (@, ) F () [o(t) = 5]+ Ko(a, O[f () = F()] = D*NH®O[a(t) —s]| < e[o(®) - 5], (8)
that number is known as the @ —th order proportional delta derivative of f at point ¢t.

Let's define

S(M)={f:T - R : D¥f(t) exists and is finite for all t € T*},

as the collection of all proportional delta differentiable functions (Segi Rahmat, 2019).
Theorem 5 (Segi Rahmat, 2019) Assuming that T is a time scale, f: T - R and t € T.
(i) If f € J(T), then f is continuous at t.

(ii) If f is continuous at ¢, t is right-scattered, and
_f(a(®) = (@)
fA®= o —t
exists, then f € J(T). In this case
Def(t)=xo(a, t) fA(t) + Ky (a, t) f(D). (9)
(iii) If t is right-dense, and

{0k (ONPP

t-s

exists as a finite number, then f € J(T), and so

DAf(t) = ko(a, O)f'(t) + k1 (a, t)f (1). (10)
Lemma 6 (Segi Rahmat, 2019) If f, g: T — R are proportional delta differentiable at the point t € T*
and k, and k;, satisfy the conditions (2) and are continuous functions, then the following properties are
provided:

(i) D%[pf +¢gl=pD®[f]+¢D%[g], all p,s € R;
(ii) D*[fgl=f°D*[g]l + D*[flg — f°gK:(a,.);

(iiii) D® E] ’;“;9] + (g+g )i 9% #0;

—f.D g
(IV)D“[f] gggf []+%K1(a,.), gg° # 0.
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Definition 7 (Segi Rahmat, 2019) Let a € [0, 1] and Ky, k; : [0, 1] X T — R¢ be continuous functions
that fulfill (2). p: T — R is regarded as being a-regressive if the requirement

1+20-8@D 0y 20, allteTk,

Ko(a, 7)

is hold. R,=R,(T) is used to represent the collection of all rd-continuous and a-regressive functions
onT.

Definition 8 (Segi Rahmat, 2019) Let a € (0,1]and p € R,. Assume that k,, k; are continuous
functions and p/x,, k,/k, delta integrable functions on T, and that (2) is satisfied.
é,(t, s)=exp U —Log 1 + M_—Wu(r) )AT], (11)

Ko(a, T)
éo(t, s)=ex —Lo 1 _a@n (T))AT s,t €T
0 p g Ko (@) ——H ) ’
defines the proportlonal exponential function on T for operator D%, where Log is the fundamental
logarithm function. For u(t) = 0,
p(‘r) k(@ T) k1 (a, ‘L')
é,(t, s)=exp U - (alr) )Arl éo(t,s)= expl J Kl(a 5 Tl. (12)

Definition 9 (Segi Rahmat, 2019) Letp : T - R and a € (0, 1]. Let's use R’ to define all positive
a —regressive components of R, that is,

()_ (')
Ry ={peR,: 1+ 20D () > 0, all t €T},

Lemma 10 (Segi Rahmat, 2019) Assume that p € R, a € (0,1] and t, € T. If p € R}, then
éy(t,ty) >0, t€T.

Theorem 11 (Segi Rahmat, 2019) If p € R} and a € (0, 1], the following properties are true:

() &,(a(0),5)=(1+22=5ED 1)) 5,1, 5);

Ko(a, t)

(i) &,(t,s)=

é (s t)
(iii) é,(t, s)é,(s, m)=€,(t,7);

54 PO —rka@ ) 5 :
(iv) &5 (t,s)= ( s )ep(t,s),

V) ( )“:_(p(t)—xlta.t)) 1
(t,s) Ko(a,t) /) éy(a(t),s)

Lemma 12 (Segi Rahmat, 2019) Let « € (0, 1] and p € R,. For fixed s € T,
D“[ép(.,s)] =p)é,(.,s),

and for the proportional exponential function é,,

[f (T)eo(t a(m) A l_f(t) (13)

Ko(a, 7)

Definition 13 (Segi Rahmat, 2019) Assume that f € C,4(R), a € (0, 1], and t, € T. The indefinite
proportional integral (anti derivative) is defined as
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[ DEf(t)A,t=f(t) +céy(t, ty), VtET,cER,

with respect to (12), Lemma 12.

Ko (a, T) Ko(a, 1)

t
t _
jf(r)éo(t,a(r))ﬂarzf Mm’, A,T= c— (14)
a
a

describes the definite proportional integral of f on [a, b]y.

Lemma 14 (Segi Rahmat, 2019) Let @ € (0, 1], f, g € C,4(R), and k,, k, be continuous functions and
satisfy (2). Then,

D [f; F(Deo(t 0(0) Aat] = £(O). (15)
Lemma 15 (Segi Rahmat, 2019) If f, g € J(T),

() f, D [g(0)] &(t, 0 (D)) Agt = [g(T) (t, 3(1))]oc -

(i) [ £(©) D*[g(®)] &o(b, a(1)) Aat = [f()g(2) (b, o ®)]_,
b

[ 97 @011 - (@ 07 @b, 0(0) At

a
Lemma 16 (Segi Rahmat, 2019) Suppose that a € (0, 1], the function f : T? - R is rd-continuous,
and x, fulfill (2) and are continuous. In this instance,

D& | [ f(t, 1) éo(t, 0(D) Aat| = J [DEF(L,T) = Ky (@, F (t, D]eo(t, 3(2)) AaT + f((2), 1), (16)

or

D= [ f1 £t 7) Aat| = DE F(t,7) Aat + f(0(0), 1). (17)
Take a look at equation

(D9)?%y + a(t)D*y + b(t)y=0, t € T*’, (18)
where a, b € C,.4(T).

Definition 17 (Anderson and Georgiev, 2020) The function y € C2,(T) satisfying equation (18) is
referred to as the solution of the equation.

Theorem 18 (Anderson and Georgiev, 2020) Make y; and y, the results of solving equation (18). Then,
py: + qy, is a solution to equation (18) for p,q € R.

Definition 19 (Anderson and Georgiev, 2020) Any two functions y,, y, € C,(T) have a proportional
Wronskian defined as

V1 Y2
W(yll y2)=det (Da’y1 Dayz)-

Definition 20 (Anderson and Georgiev, 2020) If for any t € T* the condition
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Wy, y2)(&) # 0,
is hold, the solutions y, and y, of (18) are said that forms the basic solution set for (18).

Remark 21 (Anderson and Georgiev, 2020) With g, the collection of functions f: T — R that provide
for the condition

Ko +u(f —Kk1) >0, ky—puk, #0,
will be shown.

Definition 22 (Bohner and Peterson, 2001) Let t € T* and f: T — R be a function. Ve > 0, and for
every s in a neighborhood U of point t, if there is a real number £V (t), such that

Ife@®) = (&) = fF®lp®) —sll < elpt) —sl, VseU,
fY(¢) is referred to as the nabla derivative of f at point t.

Definition 23 (Anderson and Georgiev, 2020) Assume that k, and k, provide for (2). On the time scale
T, the derivative D% defined by

Def()=r1(a, )f () + Kko(a, OOV (t), t €Ty, (19)
is known as the proportional nabla derivative.

Definition 24 (Anderson and Georgiev, 2020) Suppose that k, and x, provide for (2). When

Ko(a, t) = v(®)(f (1) — k1 (a, 1)) # 0, (20)

where v(t) =t — p(t) is the graininess function, the function f: T — R is said to be proportional
v —regressive for any a € (0,1] and any t € T. R, will stand for the collection of every proportional
v —regressive function on T.

Definition 25 (Anderson and Georgiev, 2020) If « € (0,1],s,t € T ve p € R, , then

é,(t, s)=ép-ri(t, s), (21)

0

defines the proportional nabla exponential function with regard to D<. In this situation, the relationship
D%e,(t,s)=p(t)é,(t,s), t€ Ty, s€T, (22)
is true and & represents the exponential function of nabla derivative on the time scale.

RESULTS AND DISCUSSION

Think about the Sturm-Liouville problem for

L%y = D*D%y(t) + q(t)y (t)=Ay(t), a€ (0], t€ [a,b] NTk,
ny(a) + pD*y(a)=0, (23)
8y(b) +yD*y(b)=0,

where A is a spectral parameter, g is a continuous function, n, 8, §, y are constant values, and

n*+pB*+0,8*+y* #0.
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Theorem 26 For L% and a € (0,1] given in (23), suppose that
kS (a,t) + p(Ok?(a,t) #0, te€ Tk

If x,y € D, we get

x(L%y) — y(Lx)= (L) paqw (x, y)) + LDy (x, y), e T (24)

(o2
Ko Ko

Consequently, we obtain Lagrange identity

2 W(x,
éo(t, b0 [F20] =x(17y) - y(L") (25)

for t, b € Tk.

Proof Assume that x, y € ID that indicating that D%x, and especially x4 is continuous. The proportional
delta derivative's product rule on T* allows us to determine that

D“(W(x, y))=xD“(D“y) + D%x(D*y)? — kx(D%y)? — yD*(D%x) — D*y(D%*x)° + K, y(D%x)?
=Ko[x4(DY)? — y4(D*x)°] + y(L*x) — x(L*y)
=Kok (x1y — y4x)7 + y(L*x) — x(L*y)
D% — D%y — g
(25 - Py -

= 2 [(D%)y — (DY)’ + y(L7) — (L)

K1

= Da(W (6, ))=y(L%) = x(LY) — (2) kW (x,)°.

Ko
Kof °=(Ko — iy ) f + uD®f,
is discovered for any delta differentiable function f. Indeed,
Kof “=ro(uf* + f)
Df — iy f

0

:K0H< )"‘Kof

=(ko — Kyi)f + uDf.

Therefore, we follow

D(W 6, )=y(10) = x(9) = () (06 = k)W x,3) + 1D (W (1, ))]

= DU(W (1) = s [y(L7x) - x(L9)] - S W (x, ). (26)
Let

§(©)=1ey — i @27

[ g
kg + prg
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Knowing that &, =é¢

50 € —r) ),
St —<1+K—0Klﬂ>€f

" pe? |

=[1—-———|é
Ky + pk{ §
€ kg +px?

eg kg

Additionally, based on the quotient rule

<_>_e§[w“w>es—w<mes> q

8585 Kl éf

= &;D° <;> & (DOW — WE) + i, W 28)
(26), replacing it with (28), in our case,

o ()= g0 - () - (e -] v

kg + uxs kg + uxs
Ko + UKy Kk? (Ko — K1t) K1 Ko
= y(L%x) — x(L%y) + (2 | W |- — (K1 = )| + KW,
y( x) x( }’) < Kg Kg + ,qu K1 Kg + ,qu K1

and, from here
D% () =y(wx) - x(1y).

Definition 27 Assume that & € (0, 1] and the condition k§ (a, t) + u(t)x? (a, t) # 0 are satisfied where
¢ is defined with (27).The formula for the inner product of £, g € C,4(T*) on [a, b]y € T*

b b
_ | f®g®édb o) ,. _ | [BOID®) _ &b, o)At
(f,g)—J ge(t, b)ro(a, t) At_ja &e(t,b) Aapt,  Aapt== "0 5 (29)

Lemma 28 Assuming a € (0, 1] and
kd(a,t) + u(k?(a, t) # 0, te Tk,

let L* be supplied as in (23). For x, y € D, Green's formula

(L%, y) = (6, LY)=W (x, y)(b) = * 2o b,a), (30)

Is provided. Additionally, if x, y € D, and x, y fulfill the self-adjoint boundary conditions

__ W@
W(x, Y)(b)_éo(a,b)éo(a' b) h

Operator L* is only self-adjoint via inner product (29), i.e.

(x, L%y)=(L"x, y) . (32)
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Proof From Theorem 26 the Lagrangian identity (25) given by

w
D" <g> =y(L*x) — x(L%y),

is true.
b b
(W _ | @Fx) — x(Ly)]
f ’ @A‘”’t_f O

(b, a(t))

is determined by multiplying both sides of this identity by &, then by 22t Do @ O
) 0 ’

and then by

integrating from a to b. Based

W) W@ |
e(b,b)  &(ab)

from Lemma 15, we arrive to Green's formula (30). From this, if x, y € D coincide the criteria (31), it
could easily deduced the self-adjointness, i.e. (x, L*y)=(L*x, y).

éo(b, )=(L"x,y) — (x,L%y),

Lemma 29 (Abel Formula) Assume that « € (0, 1],
kS (a,t) + u(k?(a, t) # 0, teTE,

and L* is supplied by (23). If x, y € D are solution of L*x=0, then the Wronskian is

_ Wy . wkxy)(a) k
Wy =50 0500 a@oi@s (€T (33)

for the constant a € TX.

Proof Similar to (25) and the demonstration of Lemma 26, for x,y € D

W y)(®
&(t, b)

If x, y are solutions of (23) on T¥, then L*x= 0=L%y and

é5D“<é€> 0:>Da() 0 (& #0),

éo(t,b)D% =x(L*y) — y(L*x).

W(x
> ao(e b0 [“ 0 =0,
thus,
[W(x y)(t)]_
€o(t, b)
and
%zca(t,b)éo(a, ),

where c= W (x, y)(b). According to (33)
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W (x, ) (£)= &o(t, @)éo(t, )W (x, ¥)(a).
Theorem 30 Self-adjointness exists in the proportional Sturm-Liouville problem (23).

Proof According to Green formula (30)

an Wb Wk y)(a) «
<L x»}’)— é{(b,b) éf(a,b) eO(b'a)+<le 3’)

x(a)D*y(a) — y(a)D%x(a)
é,(a, b)éy(a, b)

=x(b)D%y(b) — y(b)D%x(b) — + (x, L%y)

= (x,L"y),
thereby concluding the proof.

Theorem 31 Eigenfunctions x(t) and y(t) corresponding to different eigenvalues A;,4, of the
proportional Sturm-Liouville problem (23) are orthogonal, i.e.

b
x(O)y () _
fa Z¢(t,b) Aapt=0. (34)

Proof From the Green formula (30)

W (e, ) (0) =225 a0 (b, @)= (L%, y) = (x, L),

and the conditions W (x, y)(a)= 0 and W (x, y)(b)= 0 are considered
(L%x,y) — {x, LYy)=0,
(412, ¥) — {x, 1,y)=0,

b b
A1 x(®)y () A2x()y (1)
f Xy ® 5 - f 2x(Oy (&)

gg(t,b) &g(t,b) Aapt =0,

b
B #(®Y(® _
(s =) [ 20 a4e=0,

since 1; # A, (34) is found.

Theorem 32 Any two solutions to the proportional Sturm-Liouville problem (23) are linearly dependent
if and only if W= 0.

Proof If any two solutions of the proportional Sturm-Liouville problem (23) are linearly dependent,
then y(x)= cz(x), and from here

_ y(x) z(x) \ _ cz(x) z(x)
W, 2)(x)= det (D“y(x) D“z(x)) = det (cD“z(x) D“z(x))

and then

D*y=D%(cz)= K (cz) + Kko(c2)*= (k; + Koz*)c = D¥y=cD%z.
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CONCLUSION

As a generic instance of a conformable derivative, the proportional derivative was used to analyze
the Sturm-Liouville dynamic problem. Several spectrum properties were proven for this problem
utilizing a variety of techniques, such as self-adjointness, the Green Formula, Lagrange identity, the
Abel formula, and orthogonality of eigenfunctions.
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