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Abstract

The technique of measuring similarity between topological spaces using Wasserstein dis-
tance between persistence diagrams is extended to graph networks in this paper. A rela-
tionship between the Wasserstein distance of the Cartesian product of topological spaces
and the Wasserstein distance of individual spaces is found to ease the comparative study
of the Cartesian product of topological spaces. The Cartesian product and the strong
product of weighted graphs are defined, and the relationship between the Wasserstein dis-
tance between graph products and the Wasserstein distance between individual graphs is
determined. For this, clique complex filtration and the Vietoris- Rips filtration are used.
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1. Introduction

In the past few decades, the process of extracting useful information from large and
intricate data sets has become increasingly challenging. To address the issue of analysing
the structure of such data, there has been significant progress in the field of topological
data analysis. This rapidly evolving area offers a range of powerful techniques that aid
in identifying important topological characteristics within the data. To categorize objects
based on their topological characteristics, an effective mathematical tool known as homol-
ogy is implemented. Homology helps identify the presence of “holes" in objects of different
dimensions, aiding in their classification. The simplicial approach to homology has gained
popularity due to its computational efficiency and ability to store data effectively. Persis-
tent homology is an innovative method used to identify topological characteristics within
data. It accomplishes this by converting the given data into simplicial complexes, pro-
viding a comprehensive understanding of the space’s topology at different levels of spatial
resolution. Through persistent homology, a multitude of persistent homology classes is
identified across a broad range of spatial resolutions. These classes represent significant
features of the underlying space, offering valuable insights into its structure. Persistent
homology groups can be effectively visualized using two tools: persistent barcodes (bed,,)
[8,14] and persistence diagrams. These visualizations helps to understand the persistent
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Betti numbers [22], which provide information about the existence and lifespan of topo-
logical features. The concept of persistent homology and the idea of using size functions
to identify 0-dimensional persistent homology by counting connected components were
initially introduced by Patrizio Frosini and his collaborators in 1990 [12]. Building upon
this work, Vanessa Robbins explored the homology of sample spaces by defining persis-
tent homology groups as the images of homomorphisms induced by inclusion [23]. A
more widely accepted definition of persistent homology, based on simplicial complexes,
was later proposed by Edelsbrunner, Letscher, and Zomorodian [11]. This definition has
gained significant recognition in the field, providing a solid foundation for studying per-
sistent homology and its applications.

The study and exploration of information networks have emerged as a rapidly advancing
field, unveiling the intricate connections and relationships present in data [5,20]. These
networks can be found in various domains, such as biological networks [4, 6], social net-
works [5], communication networks [9], and more. Graphs serve as a valuable means of
representing information networks, and they can also be viewed as topological entities.
Comparing graphs can be a challenging and labor-intensive task [3]. Therefore, it would
be a significant breakthrough if any technique designed for comparing topological objects
could also be applied to compare graphs . This would enable researchers and analysts to
leverage existing methods and tools developed for studying topological objects in the anal-
ysis and comparison of graphs. Such an innovation would greatly simplify and enhance
the process of graph comparison, offering valuable insights into the similarities and differ-
ences between complex networks. The determination of topological equivalence between
structures can provide valuable insights as the number of connected components and the
presence of holes or voids are topological invariants [24]. Recent studies demonstrated
that persistent homology, a mathematical tool that quantifies the uniqueness of data,
can be effectively applied to study the topological properties of networks by identifying
structural holes [1,19]. These structural holes enable the comparison of networks and the
assessment of their similarity. In the context of practical network science, a comprehensive
resource provides a theoretical overview of significant advancements in the application of
persistent homology (PH). This resource explores how PH has been utilized to analyze
and understand complex networks [2].

Indeed, Hitesh Gakhar and Jose A. Perea [13] have proposed an approach to analyze
the filtration of the Cartesian product of topological spaces by utilizing the concept of
categorical product. They have also developed a method for determining the barcodes,
which provide valuable information about the topological features, of the Cartesian prod-
uct of topological spaces. Since we can evaluate the similarity of topological spaces to
some extent using persistence diagrams, it is feasible to extend this notion to measure
the similarity of Cartesian products of topological spaces using persistence diagrams. In
this context, the similarity is assessed by quantifying the distance between the persistence
diagrams. The Wasserstein distance is a well-established metric frequently employed to
calculate the distance between persistence diagrams [10,22]. By leveraging the Wasser-
stein distance, it becomes possible to effectively measure the similarity between Cartesian
products of topological spaces. Establishing a relationship between the Wasserstein dis-
tance of the Cartesian product of topological spaces and the Wasserstein distance of the
individual spaces would indeed be a remarkable innovation. Such a relationship would
provide valuable insights into the interactions and dependencies between the spaces. This
innovative approach has the potential to deepen our understanding of how different spaces
interact and influence each other, ultimately leading to novel applications in topological
analysis and similarity measurement.
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Comparing graphs using common methods can be challenging [2]. However, graphs
can be compared using the Wasserstein distance with the aid of various filtering meth-
ods. These filtering techniques enable the transformation of complex graphs into simpler
representations, such as products of smaller graphs. This approach offers the advantage
of simplifying the analysis of complex graphs by decomposing them into more manage-
able components [15]. In this regard, it is worth exploring whether a relationship exists
between the distance between complex networks and the distance between the smaller
graphs when the complex networks can be expressed as a product of these smaller graphs.
That is precisely what we are doing here.

Section 2 of the paper provides the necessary background information, including pre-
liminary definitions, results, theorems, and notations. It establishes the foundation for
the subsequent sections by introducing the key concepts and frameworks required for the
analysis. In Section 3, the paper presents major results related to the comparison of persis-
tence diagrams. Specifically, it explores the relationship between the Wasserstein distances
of persistence diagrams of Cartesian products of topological spaces and the Wasserstein
distances of the individual spaces. Additionally, the paper investigates the relationship be-
tween the Wasserstein distances of persistence diagrams of Cartesian products and strong
products of graphs, focusing on the case of smaller graphs. These relationships are exam-
ined for both weighted and unweighted graphs by defining the Cartesian product and the
strong product operations on these graph structures.

For fundamental definitions, notations, and terminologies associated with Homology,
Persistent homology, and homology of product spaces we can refer to [8,10, 13,16, 21].
Further, for graph theoretical concepts we refer [15,26,27].

2. Preliminaries

Indeed, determining the homology of any arbitrary topological object can be extremely
hard. Consequently, an alternative approach involves approximating the topological object
with a simplicial complex. By applying this method, we can compute the homology, a
technique referred to as simplicial homology. While defining simplicial complexes, specific
rules must be followed. These rules are clearly outlined in the subsequent definitions.

Definition 2.1 ([10,25]). A simplex is a generalization of the notion of a triangle or
tetrahedron to arbitrary dimensions. Specifically, a s simplex is a s -dimensional polytope
which is the convex hull of s + 1 affinely independent points.

Definition 2.2 ([10,25]). A simplicial complex S is a collection of simplices such that

(1) If S contains a simplex s;, then S also contains every face of s;
(2) If two simplices in S intersect, then their intersection is a face of each of them.

Before delving into the definition of simplicial homology, which is an effective method
of identifying voids or holes within a system, it is essential to understand the concept
of chains, cycles, and boundaries. This fundamental concept serves as a foundation for
working with simplicial complexes and their homology.

Definition 2.3 ([10,25]). Let S be a simplicial complex and p a dimension. A p-chain is
a formal sum of p-simplices in S with integer coefficients. The standard notation for this
is ¢, = >_ a;04, where the o; are the p-simplices and the a; are the coefficients. The set of
all p-chains form a group C, under addition.

Definition 2.4 ([10,25]). The boundary of a p-simplex is the sum of its (p—1)-dimensional
faces. If 0 = [ug, w1, ..., up) for the simplex spanned by the listed vertices, then its boundary
is Opo = Z?zo(—l)j[uo, woy Uj, ..., up], where 0, is called boundary operator and the hat
indicates that u; is omitted.
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Definition 2.5 ([10,25]). A p-cycle ¢ is a p-chain with empty boundary, dyc = 0. A p-
boundary b is a p-chain that is the boundary of a (p + 1)-chain, b = 0,41d with d € Cp41.
And the set of all p- cycles and p-boundaries will form subgroups of chain group C,.

Definition 2.6 ([10,25]). Let C, be a chain group whose elements are the p chains and
0p : Cp = Cp—1 maps each p-chain to the sum of the (p — 1)dimensional faces of its p cells
which is a (p — 1) chain.

Writing the groups and maps in sequence, we get the chain complex,

Op+2 Op+1 9, Ip-1
= Cpp1 — Cp =5 Cpg —— ...

Then the n*homology group is defined as
H, = Ker(0,)/Im(0n+1).

For point cloud data, homology might not provide relevant insights. To overcome this,
we can use a different approach by constructing a family of simplicial complexes through a
process called filtration. Filtration involves gradually building simplicial complexes from
the given points based on certain criteria or distances, creating a sequence of complexes
that captures the underlying topological features of the data at various scales. This method
allows for a more nuanced analysis of the data’s topological structure, providing valuable
insights that might not be apparent when examining individual points. Certainly, during
the construction of simplicial complexes and the computation of homology, certain holes
might emerge and then vanish. The persistence of these homological features, capturing
how long these holes persist across different scales, can be regarded as significant features
of the data set. This concept of persistence is fundamental in topological data analysis
and helps in understanding the robust topological features of the data.

Definition 2.7 ([10]). Consider a real valued function ¢’ : T — R is defined on a topo-
logical space T. Let T, = ¢"~'(—o00, a] denote the sublevel set for the function value a. So
we have inclusions:

T, CTyfora<b

This inclusion induces a map in the homology groups. So, if i : T, — T} denotes the
inclusion map, we have induced map

f =i, : Hy(T,) — Hy(T})

Consider the sequence a sequence of distinct values a1 < as < ... corresponding to which
we have the sequence of homomorphisms induced by inclusions.

0— Hy(Ty,) = Hp(Ty,) = Hp(Tyy) — ... = Hyp(Tq,) = Hy(T)

Then the homomorphism

£+ HP(Tai) - HP(Taj)
for all p and 1 <17 < j < n takes the homology classes of the sublevel set Tj, to those of
the sublevel sets of Ta,-

The p* persistent homology groups are the images of the homomorphisms:
Hp —szp for 1 <i<j.

Topological persistence may be introduced with the observation that a nested sequence
of topological spaces

TwCT1 CT,...CT,
gives a sequence of vector spaces and linear maps

H,(To) = Hp(T1) — ... = Hp(T),)
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upon computing homology with coefficients in a field IF. In general, a diagram of vector
spaces and linear maps Vo — Vi — ... — V,, is called a persistent module indexed by
0,1,2,...,n. We can write persistent homology module :

M;, = Hp(Kl) O Hp(Ky)®...® Hp(Kn)

Module M}, decomposes in to a direct sum of interval modules M? i each of which cor-
responds to a bar in the barcode (bed,). In the study of Hitesh Gakhar and Jose A.
Perea, they have developed methods to determine the barcode of the product of topologi-
cal spaces by using the barcodes of the individual spaces. This innovative approach allows
for a more efficient and comprehensive analysis of the topological features present in the
product space. The categorical approach to persistence homology gives a deeper under-
standing by revealing relationships with other mathematical structures. Understanding
these relationships involves utilizing categorical concepts such as functors and natural
transformations. Functors enable mapping between different homology theories, which is
extremely useful when dealing with various sorts of data. Indeed, the study of persistent
homology in the context of products of topological spaces has been studied by Hitesh
Gakhar and Jose A. Perea, especially from a categorical point of view. Since our specific
focus on topological and graph products, it will be beneficial to consider relevant results
from their work.

Definition 2.8 ([7]). A category, C, consists of a class of objects, Cy, and for each pair
of objects X1,X9 € Cy, a set of morphisms, C(X1,X2). We often write f : X1 — Xy if
f € C(Xy,Xs). For every triple X1, Xs, X3 € Cp, there is a set mapping,

C(X2,X3) x C(X1,X2) — C(X1,X3), (g9,f) — gf,

called composition. Composition must be associative, in the sense that (hg)f = h(gf).
Finally, for all W € C, there is an identity morphism, Jdw : W — W | that satisfies
Jdwf = f and gJdw = g for all f:Z — W and all g : W — Y. The identity morphism is
unique.

Theorem 2.9 ([13]). Let P, be the poset category of a separable(with respect to the order
topology) totally ordered set. Let K1, Ky € ST be P.-indexed diagrams of spaces, and
assume that H;(K1;F) and H;(K2;F) are pointwise finite for each 0 < i,7 < n where H;
is the it" persistence homology group. Then H, (K, x Ko;F) is pointwise finite, and its
barcode satisfies:

bedn(Ky x Ko F) = (] {INJ |1 €bedi(Ky),J € bed;j(Ka)}
i+j=n
where the union on the right is of multisets.

Corollary 2.10 ([13]). Let K1,...,K,, € SP-. Assume that for each 1 < j < m and
0 <nj <n, then Hy(K1 x Ko x ... x K,,) is pointwise finite, and its barcode satisfies:

m
bedn (K1 x Ko x ... x Kpp) ={I1 N Iy N ... I|I; € bedy, (Kj), Y nj =n}
j=1

where the union on the right is of multisets.

A graph L is defined as a pair of sets L = (U(L), J(L)) simply L = (U, J), where U(L)
represents the set of vertices and J(L) represents the set of edges in the graph. Graphs
are a common representation for networks, where vertices are used to represent objects or
entities, and edges denote the relationships or connections between these objects. When
edges connect two vertices symmetrically, the graph is called an undirected graph. If edges
connect two vertices asymmetrically, the graph is called a directed graph. In the context
of a weighted graph, a weight function W : J(L) — R is introduced to assign a specific
weight to each edge. Otherwise it is unweighted. Simply a graph refers to an unweighted
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graph. Graph products and relationships between their individual graphs are useful to
some extent to facilitate the study of complicated networks. Therefore, our study focuses
on properties between graph products and individual graphs especially cartesian product
and strong product.

Definition 2.11 ([15]). If Ly = (U(Ly), J(L1)), L2 = (U(La), J(L2)),. .., Lx = (U(Lg), J (L))

are k unweighted undirected graphs, then their Cartesian product is the graph Li00L, ... 0Ly
with vertex set {(z1, 2, ...,x)| xi € U(Li)}, and for which two vertices (z1,x2, ..., xk),

(xh, 25, ..., 2}) in L1OLy ... 0Ly with z;, 2} € U(Li) are adjacent whenever x;2; € J(L;)

for exactly one index 1 <i <k, and z; = w; for each index j # i.

Example 2.12. Consider the complete graphs K3 with vertices a, b, ¢, Ko with vertices
0,1 and p, q. Then the Cartesian product of these three unweighted undirected graphs is
then

Figure 1. Cartesian product of graphs

Definition 2.13 ([15)). If L, = (U(L1), J(L1)), Ls = (U(Ls), J(La)). ..., Ly = (U(Ly), J(Ly))
are k unweighted undirected graphs, then their Strong product is the graph L1 X Lo ... X L
with vertex set {(x1,z2,...,xx)| xi € U(Li)}, and for which two vertices (z1, 2, ..., xk),
(xh, 25, ..., 2}) in Ly Ly ... X Ly, with ;, 2} € U(Li) are adjacent whenever z;z; € J(L;)
or z; = z} for each index 1 < i < k.

Example 2.14. The strong product of K3 with vertices a, b, ¢, Ko with vertices 0,1 and
p,qis
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Figure 2. Strong product of graphs

In the realm of graph theory, two graphs L; and Lo are equal in other words L; and
Lo are isomorphic if there exist a bijection from vertex set of L to vertex set of Lo that
preserves adjacence and nonadjacence. The work of Mehmet E Aktas, Esra Akbas, and
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Ahmed El Fatmaoui [2] has shown that because direct comparison can be relatively dif-
ficult, graphs can be effectively compared through topological filtrations. For unweighted
graph we are considering clique complex filtration.

Definition 2.15 ([2]). The clique complex €£(L) of an undirected graph L = (U, J) is a
simplicial complex where vertices of L are its vertices and each k-clique, i.e. the complex
sub graphs with k vertices, in L corresponds to a (k — 1)-simplex in €£(L).

An alternative approach used for visualizing persistence homology is the use of persis-
tence diagrams. In this method, the intervals in the barcode are depicted as points on the
extended real plane R2. If so, we can define a distance function using persistence diagrams
to compare two topological structures. One of these distance metrics is the Wasserstein
distance. Here we make effective use of the distance function in the comparative study of
network products and their individual networks.

Definition 2.16 ([10]). Let Py and Qg are two persistence diagrams of filtrations of
topological spaces M and N. Then the p-th Wasserstein distance between Py and Qg is
defined as

1/p
dup(Pp, Q) = |inf D ||z = T(2)[|oc"

€ Py
where T' ranges over all matchings from Py to Qg and ||p — ¢||cc = max(|p1 — q1|, |p2 — ¢2|)
for p = (p1,p2),q = (q1,q2) € R? with |joo — 0| = 0.

3. New Results

The Cartesian product of topological spaces is a fundamental concept in mathematics
with diverse applications. Its study enables mathematicians and scientists to understand
the structure and behavior of multidimensional systems, paving the way for deeper insights
and discoveries in various fields. While considering the Cartesian product of two topologi-
cal spaces, it becomes clear that the Wasserstein distance between two Cartesian products
relates to the Wasserstein distances between the persistence diagrams of the individual
topological spaces. If the individual spaces are homeomorphic, which means they have the
same topological structure, the Wasserstein distance between their persistence diagrams
will be around zero. Based on this observation, we can conclude that the Cartesian prod-
uct is equivalent, only if related Wasserstein distance is close to zero. This relationship is
confirmed by the next theorem and corresponding corollary by defining Wasserstein dis-
tance between cartesian product of topological spaces, which further reinforces the relation
between the Wasserstein distances of particular spaces and the Cartesian product.

Here for any topological spaces My, Ma, N1, Na, bed;(M7) be the i-dim persistence bar-
code of topological space Mj, bed;(N1) be the i-dim persistence barcode of topological
space N1, bed;(Ms) be the j-dim persistence barcode of topological space My and bed;(N2)
be the i-dim persistence barcode of topological space No. For any ¢ + j = k, consider

max{|a; — cirl, |bag — dir], Ha}s — c;t|, ]b;s — d;-t];r,l =1,2,...,mi,s,t=1,2,...,mj,
i j=0,1,2,. .. ki+j=k}

for any interval (a;;, bi) € bedi(Mh),(cir, dir) € bedi(N1), (a5, bl5) € bedj(Mz) and (cjy, dYy)
€ bedj(Na),r,l=1,2,...,my,s,t =1,2,...,mj,mi,mj € N.
Let,

dkmar((Ml, Nl)v (MQa NQ)) = maxﬂail - CiT|a |bll - dir" Ha;'s - c;’t|’ |b;s - d;‘t|; rl=12,...,m;,

st =1,2,...,mj,0,5=0,1,2,... ki+j=k}
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In the case of cartesian product of n topological spaces M1, Mo, ..., M, and Ny, No,..., Ny,
we are representing this maximum value as dmaz (M7, N1), (Ma, No), (M3, N3), ..., (Mn, Ny,)).

Definition 3.1. Let PJ’\CA M. x M, and Q’fvl «Na..xN, are two persistence diagrams of
filtrations of Cartesian product of topological spaces My, Mo, ..., M, and Ny, Na,..., Ny.
Then the p-th Wasserstein distance between P]]&l % M. x M, and Qlf\,l % Na..x N, is defined as

1/p

de(P]I\C/thzx...ana Q§V1><N2><...><Nn) = irllf Z H‘T - F(x)HOOp

k
TEPN « Myx...x Mp

where I' ranges over all matchings from Pﬁlxsz...ang tO‘Qf]CV1><N2><...><Nn and ||p—qljco =
max(|p1 — q1[, [p2 — ¢2|) for p = (p1,p2), ¢ = (1, q2) € R* with [Joo — oo = 0.

Theorem 3.2. Let 9, M,, 9,0, be the filtrations of topological spaces My, Ms, N1, No
respectively. Also let P]'\leMQ be the k-dimensional persistence diagram of Cartesian

product My x My and let Q?leNQ be the k-dimensional persistence diagram of Carte-
sian product N1 X Ny. Then the p-th Wasserstein distance dwp(P]]f/thz,QﬁleNQ) <
k
(Y1) YPdimaz (M, N1), (Ma, No)) where Ty = Z mimyj, my; is the number of ele-
4,j=0,i+5=Fk

ments in bed; (M) or bed; (M) and my is the number of elements in bed; (M) or bed;(Na).
Proof. Let PM be the i-th persistent diagram of M, Q} n, be the i-th persistent diagram
of Ny, P , be the j-th persistent diagram of M3 and QJ be the j-th persistent dlagram
of No. If dwp(PMl,Q Nl) be the p-th Wasserstein dlstance between PM and Q n, and
dwp(PMQ, QN ) be the p-th Wasserstein distance between PJJ\/[ and QJ ,,then there will
be bijections I'; and I'; which are best matching maps elements of PM1 to Q' v, and P]]M2
to ngz respectively. We have any point (m,m’) € PJ\leng and (n,n') € Q’fleNQ will
represent intervals in bedg (9 x 9M,) and bedg (N, x N,). For some 4,5 =1,2,..., k with
i+ 5=k, let

bed; (M) = {(as1, bi1), (@iz, bi2), - - -, (Qimi, bimi) }

de (ml) {( jla ]1) ( 927b;'2)’ ( jmg?b;m])}

bed;(Ny) = {(ci1, din), (ciz, di2), - - -, (Cimi, dimi) }

and

bed;(M,) = {( Ci1) 31) (c ;2,d;-2), (e jmj’d;m])
Now for any (m,m’') € Py, ., and (n,v') € Q% .,
(m,m') = (ag, by) N (ajs, bl) for some 1 =1,2,...,mi,5s =1,2,...,m;
and (n, ') = (cir, di)N(cly, ) for some r =1,2,...,m; ¢t =1,2,...,m;. For a particular
i,J with ¢ + j = k, we have
max{|m — n|,|m" — [} < max{laq — cirl, [br — dir|, laj; — ], Vs — il }-

Then for any element p’ = (p},p}) in Py .y, and g’ = (47, q5) in Q% y,, we have

Ip" = '8, < max{lay — cirl”, [bi — dir " ||afy — ¢ol” [ — s

rl=1,2,...,my s,t=1,2,...,m5, 1,7=0,1,2,... .k, i+j =k}
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Consider the bijection I : P]’\}lx M Q’fvl « N, Which maps the element (m,m’) to (n,n’) if
and only if I'; maps (a;, bi;) to (¢ir, dir) and T'; maps (a’, V:,) to (¢, d’;) then,

@js» Ojs Cjts Aji

dup(Pr1, x a1y @Nyxvg) < (Y)Y Pdiemas (M1, N1), (M, No))
where YT), = Ek: mym;j, m; is the number of elements in bed; (M) or bed;(911) and
my; is the nuriffggfig%zlfements in bed;(Mz) or bed;(No). O

Corollary 3.3. Let 0y, Mo, ..., M, be the filtration of topological spaces My, Ms, ..., My,
and Iy, Na, ..., Ny, be the filtration of topological spaces N1, Na, ..., Ny. IfP]\lexMﬂmen
be the k-dim persistence diagram of bedy (M1 X My X ... x My) and QR nyx. xn, be the
k-dim persistence diagram of bedi (9 x Ng X ... x Ny,) then

uop (AL, s My o> QN 5 N o) < (o) Pdimas (M1, N1), (M2, N2), ..., (M, N,))
k
where T;C = Z My My, - - -, My, where mi; be the number of elements in
1;=0,i1+i2+-+in=Fk
bed;, (M;) or bed;; (N;) for j =1,2,...,n

Proof. For j =1,2,...,n Let dwp( M ) N ) be the Wasserstein ¢;-dim persistence dia-
gram of M; and N i1,12, cy i €40, 1 2,...,k}, ip i+t = k. Then there exist
bijections I';; which are best matchmgs between Pj\f[] and Q A, Let

deil(fml) = (@i, bir, ), (@i, s biny ), (@i, 3B, )}

bediy,(Ma) = {(aiy, 5 biy, ), (g, bis,), - - 7(ai2mi2 Dignin )}

beds, (M) = {(@in, s bi, ), (@i biny )5 o5 (@i Dir, )}

bediy (M) = {(¢i, > din, ), (Ciry diny )5+ (G, o i, )Y

bediy(N2) = {(Cia, » dia, ), (Ciny iy )5+ (Ciay s i) )}

bed;, (M) = {(ci,,» di,, ), (Ciryr diyy), - - - (Ci”min ,dinmm )}, miy,miy, ... ,m;, €N

1
For any interval (my,,m),) € bedy (9, x M, x ... x My) and (n,, n),) € bedy (N, x N, X
. X M,) can be written as
(M, my) = (@i, by, ) NV (@i, 5 big, ) O 0 (@i, i, )
and
(ny 1) = (cir, iy, ) OV (Cigy o dip, ) NN (cay o i)
for some s1,m =1,2,...,m;,, 32,r2 =1,2,... ,Mjy,..., Sp,Tn=1,2,...,m; .
Consider the bijection I : P¥y an v — Qi wnyx..xn, Which maps (mn,m/) to
(nn,ny,) if and only if T';, maps (alj ,bi. ) on to (cij ,d;. ) forall j=1,2,.

is b,
We have,
max{|m, — ny,|, |m, —n,|} < max{|ails1 — Ciy,, l, |ai252 — Cig,, FEREIN |ain8n = Ciy, l,
bir, — diy, |, bin,, = dig, |-+ [bi,, — di,, |}
Now for any element pe = (pe,, Pe.) € Piy, sty x...xar, 304 Ge = (de, 9e.) € Qg xntyxe i,
max{[pe, — e, [”; [pe, — ae. [P} < max{las,, —ciy, |slai,, —cip, |5 lai,, —ci, |

bir, = diy, | bin,, — iy, |5 b, — i,
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s1,m1=1,2,...,my,, S2,72=1,2,... ,Miy,..., Sp,Tp = 1,2...m,~n,i1+i2+...+in:k,
ij=0,1...kj=12,...,n}
So

k k
dwp(PMlngx---anvQN1><N2><-~~><NH) < (T;c)l/pdkmal‘((Mlle)’ (M27N2)7 T ,(Mn,Nn))
where YT} = Zzo’i1+i2+...+in:k M4 My, - .., M4, Where mi; is the number of elements in
bed;; (M) or bed;; (N;) for j =1,2,...,n. O

In the context of Graph theory, an n-clique is defined as a graph with n vertices, where
each vertex is connected to every other vertex in the clique. It is important to note that
in our study, all the graphs considered are connected and simple, meaning there are no
self-loops or multiple edges between the same pair of vertices.

The dimension of Hy(L) in a network context represents the number of disconnected
subgraphs or connected components in the graph. H;(L) indicates the presence of 1-
dimensional holes or cycles within the graph. As graphs do not contain two or higher-
dimensional simplices, the higher-level homology dimensions are always zero.

When comparing two graphs, it is customary to consider graphs that have the same
number of vertices. This ensures a fair comparison. Consequently, the number of elements
in the barcode of dimension zero, which corresponds to the connected components, will
be the same for these graphs. Additionally, it is worth mentioning that our analysis is
focused solely on finite graphs.

The Cartesian product of graphs is a powerful concept with numerous applications in
different fields. It provides a way to explore the interactions and relationships between
different entities in a systematic manner, making it a valuable tool in graph theory and
related disciplines. Also it is used across disciplines to model interactions, solve complex
problems, and gain insights into different systems and their behaviors. Indeed, when it
comes to graphs, the analysis can be simplified by focusing on the 0-dimensional persis-
tence diagram and 1-dimensional persistence diagram. These persistence diagrams are
obtained from various filtrations applied to the graphs, such as the clique-complex fil-
tration [17] and the Vietoris-Rips filtration [18]. The 0-dimensional persistent homology
captures the information about connected components in both topological spaces and
graphs. Whether we consider a product of topological spaces or a Cartesian product of
graphs, the 0-dimensional barcodes will be the same. This is because the 0-dimensional
persistent homology solely focuses on the presence and connectivity of connected com-
ponents, regardless of the underlying structure. In the case of the Cartesian product of
unweighted graphs, we can define a clique complex filtration to extract the corresponding
barcodes and persistence diagrams.

Definition 3.4. Let L; = (U, J1),Las = (Us, J2) be two unweighted undirected graphs
where Uy, Us are the set of vertices in Ly, Lo with |U;| = |Uz| = n. Consider the Cartesian
product L10Ls of Ly and Ls. The clique complex filtration £.0L. of L10Lsy is defined
as

€£O(L1DL2> — Q:Sl(LlDLQ) — Q:EQ(LlDLQ) — ... = Q:Qn(Lﬂ:]Lg) = Q:S(LlDLQ)
such that Q:Qo(LlDLQ) C Q:,Ql(LlDLg) C Q:EQ(LIDLQ) Cc...C Qﬂn(L1DL2> = Q:,Q(Lﬂ:‘Lg)
where €£;(L;0Ly) = 23-:1 8c; which is the i-th filtration and &; is the j-th skeleton of
the clique complex. Here the filtration is based on the threshold ¢. So adding the vertices
at ¢ =0, edges at ¢ = 1, triangles at ¢ = 2 and so on.

The systematic study of Cartesian products allows for a deeper comprehension of the in-
terconnectedness between different components within a system. Here, analyzing the topo-
logical aspects of Cartesian products of graphs involves detecting holes or voids within the
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structure. These voids can be classified as either zero-dimensional holes or one-dimensional
holes in the case of graphs. specifically, when evaluating the Cartesian products of graphs
based on distance, it is important to take their dimensions into account. The following
two theorems provide a comparison of persistent diagrams in each dimension. Both of
these dimensions are essential for the comparison of graphs.

Theorem 3.5. If Pgl,PLOQ, Q%g, Q0L4 are 0-dimensional persistence diagrams of Ly, Lo, Lj
and Ly respectively. If PL01DL2 be the 0-dimensional persistence diagram of L100Ly and
Q%SDL4 be the 0-dimensional persistence diagram of L3[JL4, then

dup(PP oLy, QY,0n,) < (mm') /Pdoyay (L1, Ls), (L2, Ly))

where m is the number of elements in PLO1 or P23 and m' is the number of elements in
0 0
Pr, or Pp,.

Proof. Consider the Cartesian product Li[0Ly of the graphs L; and Lo with clique
complex filtration £.0L. and 0-dimensional persistent diagram PSID Lo and Cartesian
product L3[0L,4 of the graphs L3 and L4 with clique complex filtration £.3[L.4 and
0-dimensional persistent diagram P&DLQ- While considering the cartesian product of
two topological spaces and cartesian product of two graphs 0- dimensional persistence
barcode will contain same elements. Then, by theorem 3.2, dwp(Pgling’Q%g,DL ) =<

(mm/)Pdymae (L1, L3), (L2, Ly)) where m is the number of elements in PLO1 or P83 and
m/ is the number of elements in Pp, or P7, . O

Theorem 3.6. Let PLll, P]}Q, Q1L3, Q}% are 1-dimensional and P217PL02, %3, %4 are 0- di-
mensional persistence diagrams of L1, Lo, Ls, Ly respectively. [fP,—}lDL2 be the 1-dimensional
persistence diagram of L10OLy and QE3DL4 be the 1-dimensional persistence diagram of

LsOLy. Then,
duwp(PL oL, QLuor,) < n(dup(PL,, QL,) + dup(PL,, QL)) + (mm/)Pdopmas (L1, Ls), (L2, Ls))

where n is the number of vertices in each graph.

Proof. Let dy,(Pp ,QY,) and duy(P7,, Q) are the Wassestein distance between 0- di-
mensional persistence diagrams PLl1 ,Q%g and PEQ,Q%4 respectively. Then there exist bijec-
tion Ag : PBl — Q%g and Aj : PLO2 — Q%4 which are best matchings. Also let dwp(PLl1 , Q}:3)
and dwp(PL12, Q1L4) are Wasserstein distance between PLll,QlL3 and Ple,Q1L4 respectively.
Then there exist bijection A; : PLl1 — Q1L3 and A} : PLl2 — Qh which are best matchings.

If {l11, L2, ..., lin} and {ljq, s, ..., 11, } are the vertex sets ofL; and Lo then for any
l3; in L, we can define the Ly fibre in Li1[Ly as

Lllgj = {(lli,l2j>|l1i e€ly,i=1,2,... ,n}, i=12....n
and for any [y, in Ly, Lo fibre in L;[0Ly is defined as
lleQ = {(llj,lgi)ﬂgi €Llo,1=1,2,... ,n}, j=12 ... n.

Clearly L; fibre is isomorphic to L; and Ls fibre is isomorphic to Ly. So there are n copies
of L, and n copies of Ly will be there in L1[1Ls. Similarly there are n copies of Lg and n
copies of Ly will be there in L3[1L4. Some other loops also there which are formed by the
edges of L1 and Lo in L1[0Ly and L3 and L4 in L3[L,. Intervals representing these types
of 1-dimensional holes will be of the form (#,00),0 < 6 < co with § = max{6;,602} where
(0,601) and (0, 02) are the intervals in bedy(Le1 ), bedy(Le2) and (€, 00) with 0" = max {6}, 65}
where (0, 67) and (0, 65) are the intervals in bedy(Le3), bed(Lea) respectively. Since we are
taking the graphs with same number of vertices, number of these type of will be the same.
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Now consider the bijection A : PLllm L, Qngm 1, Which maps n copies of L fibre loops
to n copies of Lz fibre loops as A; maps and n copies of Lo fibre loops to n copies of
L fibre loops as A maps. The loops of the form (6, 00) maps on to (#',00) if and only
of Ag maps (0,61) to (0,67) and Aj maps (0,602) to (0,05). Then we can conclude that

de(PilﬂLQ’ Qis[\l@) g n(dwp(PLll’Qi?,) + de(Pllzz’Q}u;)) + (mm/)l/pdomar((le L3)7 (LQ? L4))7
where n is the number of vertices in each graph. O

The subsequent two theorems point out that it is possible to compare the Cartesian
products of graphs by with the help of their individual spaces through distance, even when
considering the Cartesian product of more than just two, but rather a finite number of
graphs. This can be seen as an extension of the preceding two theorems. Filtration is
essential in this case yet again. Thus, we proceed to compare persistence diagrams by
introducing clique filtration on the Cartesian product of finitely many graphs.

Definition 3.7. Let Ly = (Uy,J1),Le = (Ua, J2),..., L, = (Up,J,) be n unweighted
undirected graphs with |U;| = |Us|,...,= |Un| = n, Consider the Cartesian product
L0L.O...0L, of Ly, Lo,...,L,. The clique complex filtration £.,0L.0...0L,, of
L,0L,...OL, is defined as
Q:,So(LlDLQD - DLn) — €Ly (LlDLQD . DLn) — @22([11[][12[] - DLn) — ...
— an(LﬂjLQD - DLn) = @ﬂ(LﬂjLQD . DLn)
such that
Q:;S()(LlDLQD . DLn) C (’:,Ql(LlDLQD - DLn) C @22([11[][12[] - DLn) C...C
¢L,(L10OL.,O...0L,) = ¢£(L; 0L 0. . .0L,)

where €£;(L0L.0...0L,) = Z 8.; where 8 ; is the j-th skeleton of the clique complex.
=1

=
Here the filtration is based on the threshold v. So adding the vertices at v = 0, edges
aty = 1, triangles at ¥ = 2 and so on.

Theorem 3.8. If PSI,P£2, e ,PLon and QO,I, %,2, ey Q%% are 0-dimensional persistence
diagrams of L1, La,..., L, and Ly, L}, ... Ll respectively. If PLolDLQEI-uDLn be the 0-dim
persistence diagram of Lh100Ls01---0OL, and Q%QDL’QDWDL;L be the 0-dim persistence dia-
gram of LYOLLO---OL), then, the p-Wassestein distance

n

dup(PL, 00,000, QLonyoeon,) < (D (mim))"Pdomaz (L1, LY), (L2, Ly), -+, (L, L))
ij—=1

where m; is the number of elements in PLOZ, or Q%l and m; is the number of elements in
[

0 0
Pp.or Q.

Proof. Let P} \OLo000 Ln7Q0L’1 Ozyo--0L;, are 0- dimensional persistence diagrams of

L,0L,0---0L,, and LYOLL0---OL!, respectively. The 0-dim persistence diagram of
Cartesian product of graphs will be the same as the Cartesian product of topological
spaces since it represents the connected components. Then by theorem 3.2

n

(PR 01,0000 Qnong) < (X (mimy) Y Pdomas (L, L), (La Lb). ..., (L, L4,))
i,j=1

where m; is the number of elements in Pgi or QOL,_ and m; is the number of elements in
1
0 0
PLj or () 78 ]



102 A. Babu, S.J. John

Theorem 3.9. If Pil , PL12, ..., Pl and QlL/ ) QIL, ,oo o, QY are 1-dimensional persistence
diagrams of L1, Ly, ..., Ly and L}, L}, ..., L}, respectively. If P} oy, . be the 1-dim
persistence diagram of L1OL00...00L, and QlL,lle,QD”DL, be the 1-dim persistence dia-

gram of LYOLLO .. .OL! then

dup(PL,0L,0..00, Quioryo.on,) < 0" H{dup(PL, QL) + dup(PL,, QL) + -+ +
n

dwp(Pinv Qin)} + ( Z (mimj))l/pdomax((Lla Lll)v (L27 L/2)7 HEER) (Lm L;z))
Q=1

where m; 1is the number of elements in PLOl_ or Q%, and mj; is the number of elements in
K3

0 0
PLj or QL;

Proof. Let PEI,PEQ, .. .,P]}n and Qi,l,QlL,Q, .. .,Qi% are 1-dimensional persistence dia-
grams of Ly, Lo,..., L, and L}, L}, ... L] respectively. Also let P817P227 ey PLOn and
0 O

QL’lv L/2’ sty

QOL% are O-dimensional persistence diagrams of Ly, Lo, ..., L, and L}, L}, ... L] respec-
tively. Here we can find n™ ! copies of L fibres, n"~! copies of Lofibres,...,n" ! copies
of Ly, fibres in L10Ly0...0OL,. In similar way we can find n"~! copies of L} fibres, n"~1
copies of L fibres, ..., n" ! copies of L/, fibresin L{O0L,0. .. L, Also some more one di-

mensional holes(loops) will be there formed by the edges which represents the interval in 0
dimensional barcodes of the filtration of each L; and L, which are of the form (v, 00),v =
max{vi,va,...,v,} where (0,v1) € bedo(L1),(0,v2) € bedo(La), ..., (0,v,) € bedo(Ly,)
and (v', 00),v" = max{v],v},...,v),} where (0,v]) € bedo(L1), (0,v5) € bedo(La), ..., (0,v)) €
bedo(Ly,) respectively. If we are defining the bijection as per theorem 3.6,

dup(PL,0L,0..00, Quoryo.on,) < 0" H{dup(PL, QL) + dup(PL,, QL) + -+
n

dwp(Pll,na Qan)} + ( Z (mimj))l/pdﬁmax((L17 Lll)v (L27 L/2)7 cee (Ln7L;L))
ij=1

where m; be the number of elements in PEZ_ or @Y, and m; be the number of elements in
0 0 '
PL], or () 78 O

The strong product of graphs is a vital concept in graph theory. It plays a crucial
role in understanding graph isomorphism and connectivity patterns. Its versatility in
modeling real-world systems makes it a powerful tool, providing insights into complex
relationships and aiding problem-solving across diverse domains. Therefore, comparing
strong product of graphs using wasserstein distances is certainly a significant step forward
in entire graph theory. In the case of the strong product of unweighted graphs, it is
interesting to note that the 0-dimensional barcodes and persistence diagrams remain the
same as those obtained from the Cartesian product of topological spaces. This means that
the connectivity patterns and the number of connected components in the strong product
can be directly related to the Cartesian product. By defining the clique complex filtration
in the strong product of graphs, we can establish a relationship between the Wasserstein
distance of the persistence diagrams of the strong product and the persistence diagrams
of the individual graphs.

Definition 3.10. Let Ly = (Uy, J1), Ly = (Us, J2) be two unweighted undirected graphs
with |U;| = |U2| = n, consider the strong product L; X Ly of Ly and Lg. The clique
complex filtration L. X Lo of L1 X Ly is defined as
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Q:SO(LlIELQ) — @21([11&[12 — CSQ(LﬂZLg) — ... Q:Sn(LﬂXLQ) = Q:;Q(ngLQ) such
that €Lo(L1 X Lo) C €L (L1 K Lo C €LH(L1 K Ly) C ... C €L, (L1 K Ly) = €L(L1 X Lo),
C€Li(L1 X Ly) = Z§:1 8y; where 8; is the j-th skeleton of the clique complex. Here the
filtration is based on the threshold o. So adding the vertices at ¢ = 0, edges at 0 = 1,

triangles at 0 = 2 and so on.

When computing the strong product of graphs, it is also necessary to consider both
0-dimensional and 1-dimensional holes. This implies that we need to look into both 0-
dimensional and 1-dimensional persistence diagrams. Such a comprehensive approach is
essential for obtaining an accurate understanding of the graph’s intricate structure. The
subsequent two theorems yield valuable insights in comparing the strong product of graphs
with individual graphs, yielding important outcomes in the study.

Theorem 3.11. ]fPLol, PLOZ, QOLs, Q%4 are 0-dimensional persistence diagrams of L1, Ly, L3
and Ly respectively. If PL01|X|L2 be the 0-dimensional persistence diagram of L1 X Lo and
QOL3®L4 be the 0-dimensional persistence diagram of LsX Ly then alwp(PLolgL27 Q%3®L4) <
(mm/ ) Pdymas (L1, L3), (La, Ly)) where m is the number of elements in PP or PLO3 and
m/ is the number of elements in PL02 or PL04.

Proof. Consider the Strong product L X Ls of the graphs Ly and Ly with clique complex
filtration L. K Lo and 0-dimensional persistent diagram PLolx 1, and Cartesian product
L3X L, of the graphs Lg and L4 with clique complex filtration £.3X £ .4 and 0- dimensional
persistent diagram P&,& L, While considering the cartesian product of two topological
spaces and cartesian product of two graphs 0 dimensional persistence barcode will contain
same elements since it represents the connected components. Then by theorem 3.2

dwp(PLoleQv Q%3&L4) < (mm,)l/demM((Lla L3), (L2, Ly))

where m is the number of elements in Pgl or PL03 and m’ is the number of elements in PLO2
0
or Py Y O

Theorem 3.12. Let PLll,Ple, Qig, Q1L4 are 1-dimensional persistence diagrams of L1, Lo,
L3, Ly respectively. If PEI@M be the 1-dimensional persistence diagram of L1 X Lo and
Q1L3®L4 be the 1-dimensional persistence diagram of Lz X Ly, then,

dwp(P[l/lgL27 Qig&[@) S n{dwp(P[l/l ) Qig) + dwp<P[1/27 Qi4)}

where n is the number of vertices in each graph.

Proof. Let duyy(Pf ,Q},) and duwp(Pf,,Q},) are Wasserstein distance between P} ,Q},
and PLl2 ,Qh respectively. In the case of strong product if {l11, l12, ..., lin} and {l}1, s, - - -,

in} are the vertex sets ofL; and Lo then for any laj in Lo, we can define the Ly fibre in
L1 X Ly as

Lllgj = {(lli,l2j)|l1i S Ll,i = 1,2, . ,n}, j = 1,2, Lo, n
and for any l1; in L1, Lo fibre in L; X Ly is defined as
lijLo = {(lij,loi)|loi € Lo,i=1,2,...,n}, j=1,2,...,n.

Clearly L; fibre is isomorphic to L; and Ls fibre is isomorphic to Ly. So there are n copies
of L1 and n copies of Ly will be there in L; X Ly. Similarly there are n copies of Ls and n
copies of L4 will be there in L3X Ly. In the case of strong product there wont be intervals
represents one dimensional loops which are formed by the zero dimensional barcodes. So
the only 1- dimensional loops will be the loops present in L1, L; and Ls, Ly n times. Now
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consider the bijection ¥ : PLl1D L, — QlLSD 1, Which maps n copies of L fibre loops to n
copies of Lg fibre loops as A; maps and n copies of Ly fibre loops to n copies of Ly fibre
loops as Ao maps. Then

dwp(Pll,ﬂXLga Qig&[@) é n{dwp(PII,p Qig,) =+ d'wp(P[l/Q’ Q}q)}
]

The compelling aspect here lies in the versatility of strong product results, which tran-
scend the limitation of pairing just two graphs. This intriguing extension allows for a
broad application across a multitude of graphs, not confined to pairs but encompassing a
finite assortment. This means the principles and insights gained from strong products can
be extrapolated to complex networks involving multiple interconnected graphs. so in next
two theorems we are extending our concepts to strong product of finitely many graphs.

Definition 3.13. Let L; = (Uy, J1), Lo = (Ua, J2),..., Ly = (Up,J,) be n unweighted
undirected graphs with |Ui| = |Uz|... = |Uy| = n, Consider the Strong product L; X
LoX...X L, of Ly Lg,...,L,. The clique complex filtration £, X Lo X ... X L, of
L1 XLy X... XL, is defined as

Q:Q()(Ll IXLQIE. . .&Ln) — @21([11&[/2@. . .@Ln) — €£2(L1 &LQ@. . .@Ln) e SR
CL (L1 X LyX...KL,) =CL(L1 K LyX...X L,) such that €L€y(H; X Ly X ... X L,,)
CC(Li X LyX...KL,) CCL(L1RLyK...KL,) C,...,CCL (L1 K LyK...KLy,)
CL(L1XLyX...XL,) where €£;(L1 XLy X...KL,) = 2:1 S;)j gj is the j-th skeleton of
the clique complex. Here the filtration is based on the threshold ¢’. So adding the vertices
at o/ =0, edges at ¢/ = 1, triangles at ¢/ = 2 and so on.

-
C

Theorem 3.14. If PO1 , PEQ, cee PLon and Q(I)/l’ OL,2, ce Q%;L are 0-dimensional persistence
diagrams of L1, Ly, ..., Ly and L}, L}, ..., L}, respectively. If PP g, o sy be the 0-dim
persistence diagram of L1 LsX. . . KL, and Q%m%&ﬂ% be the 0-dimensional persistence
diagram of LY R LL K ... XK L then

n

dwp(P21®L2|E-~‘X’Ln’ Q%Q&L’Q&...XL%) < ( Z (mimj))l/deﬂww((Lla Lll)v (LQ, L/2)7 SRR (Lna L;z))
ij=1
where m; is the number of elements in PLOZ_ or Q%, and mj; is the number of elements in
PLOJ_ or QY foralli=1,2,...,n,j=1,2,...,n.
J

Proof. Let P \RLyK.. X anQOL’l MLyR..RL;, ATC 0- dimensional persistence diagrams of L1 X
LyX...K L, and L] WL, X ... K L respectively. Then by theorem 3.2

n

de(P£1®L2|Z..ELn7 Q%ﬁ&Lé@...&L%) < ( Z (mimj»l/pd()mtw((l’lﬂ L/l)v (L27 L,2)7 SRR (an L;))
ij=1

where m; is the number of elements in Pgi or QOL,_ and m; is the number of elements in
PLOj orQ%;foralli:1,2,...,n,j:1,2,...,n. O

Theorem 3.15. IfPLl1 ) PL12, ..., Pl and Q}:, , QlL, .o, QY, are 1-dimensional persistence
diagrams of L1, Lo, ..., Ly, and Ly, LS, ... L respectively. If P&mLQ&.ELn be the 1-dim
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persistence diagram of L1 X Lo K ... X L, and QlL, wim. mr. be the 1-dim persistence
18 b Ly,
diagram of LY R LL K ... K L! then

dup(PLygrom. 01, Quimiye. mry) < 0" {dup(PL,, QL,) + dup(Pr,, QL) + -+
dwp(P[l/Tﬁ Q},n)}

where n is the number of vertices in each graph.

Proof. Let Pll/l , PLl27 e P%n and QlL,l, QlL’27 e Q}% are 1-dimensional persistence dia-

grams of Ly, Lo,...,L, and L}, L5, ..., L] respectively. Also let PEI,PBQ, cey Pgn and
0. QY.

Q%h are O-dimensional persistence diagrams of Ly, Lo, ..., L, and L}, L}, ... L] respec-

tively. Here we can find n®~! copies of L; fibres, n"~! copies of Ly fibres, ..., n" ! copies

of L, fibres in L; X Ly X ... X L,,. In similar way we can find n"~! copies of L} fibres,
n"~1 copies of L) fibres,...,n""! copies of L/, fibres in L) X Ly X...X L. So the only
one dimensional loops in the strong product will be the loops present in Li,Lo,..., Ly,
and Ly, L}, ..., L/, in n"~! copies. If we are taking the bijection as per theorem 3.12 we
can say that

dup(PLiaras,.. L, Qrmiym.mn,) < 7" {dup(PLy, QL) + dup(PLy, QL) + -+ +
de(PIl,n7 QILn)}

where n is the number of vertices in each graph. ]

Weighted graphs, a fundamental concept in graph theory, enhance traditional graphs
by assigning numerical values, or weights, to edges or vertices. Each weight represents a
specific cost, distance, or capacity associated with the connection between nodes, providing
a more detailed representation of real-world networks. Firstly, it is necessary to establish
the definition of the Cartesian product within the context of weighted graphs. Following
that, defining the Cartesian product specifically for weighted graphs which is a significant
and valuable step forward in this area of study.

Definition 3.16. Let L; = (U;,J;1), Lo = (U, J2) be two edge weighted undirected
graphs with weight function U; and Us respectively. Then the Cartesian product of L; and
Ly be L;0Ly = (U,J), where U = Uy x Uy and J = {(u,v1), (u,va)ju € Uy, (v, va) €
Jo} U{(u1,v), (uz, v)|(u1,uz) € Ji,v € Uz} with the weight function W : U; x Uy — R
defined by

U((u,vl), (u,Vg)) = UQ(Vl,VQ),u € Ul, (V1,V2) € J2

U((uy,v),(uz,v)) =Ui(ug,uz),v € Uy, (ug,uz) € Jy.

Example 3.17. Let us consider the weighted graphs K3 with the vertices a, b, c with the
edges wl, w2, w3, Ky with the vertices 0,1 and an edge w4 and Ky with the vertices p, ¢
and an edge wh. The Cartesian product of these three weighted graphs is then

The Cartesian product of weighted graphs combines the vertex sets and edge weights of
the individual graphs to create a new weighted graph. To further analyze the topological
properties of the Cartesian product of weighted graphs, the Vietoris-Rips filtration can
be applied. The Vietoris-Rips filtration constructs a sequence of simplicial complexes by
gradually adding higher-dimensional simplices based on the proximity of vertices in the
Cartesian product.
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w2
wi O o— o U o— @ = (op

Figure 3. Cartesian product of weighted graphs

Definition 3.18. Let L; = (Uy,J;), Ly = (U, J2) be two edge weighted undirected
graphs. For any ¢ € R, the 1—skeleton (Lj0Ls). = (U, J.) of the Cartesian product
L;0Ls = (U, J) is defined as the subgraph of Li0Ly where U, = U = U; x Usg and its
edge set J. € J only includes the edges whose weight is less than or equal to €. Then, for
any € € R, we define the Vietoris-Rips complex £,10L,2 as the clique complex of the 1—
skeleton (Li0Ls)., €I(L10OLs)., and the Vietoris-Rips filtration is defined as

{Q:[(LIDLQ)E — Q:[(Ll DLZ)E/}OSESE/

Filtration starts with vertex and the edge weight is assumed to be 0 to co. For each step,
edges are added and the corresponding complex is found.

Although the isomorphism of weighted graphs depends on their weights, their topolog-
ical structure is essential. Therefore, we should have an understanding of that topological
structure. Here we have some results that are helpful for the qualitative study of topologi-
cal properties of Cartesian products of weighted graphs. Just by looking at the topological
structure, it is obvious that we need to consider O-dimensional persistence diagram and
1-dimensional persistence diagram exactly as we did in the unweighted case.

Theorem 3.19. IfP%l,P%2, Q%3, Qg4 are 0-dimensional persistence diagrams of weighted
graphs Ly, Lo, Ls and Ly respectively. If P([’JIDL2 be the 0-dimensional persistence diagram
of L10L2 and Q%35L4 be the 0-dimensional persistence diagram of LgULy, then

dup(PL o1y, QY,or,) < (mm')Pdyya, (L1, Ls), (L2, Ly))

where m be the number of elements in P(I)J1 or P%S and m’ be the number of elements in
P%z or P%4.

Proof. Consider the Cartesian product Li[Lg of the weighted graphs L; and Lo with
clique complex filtration £,100L,9 and O-dimensional persistent diagram P ,OL, and
Cartesian product Lg[dLy4 of the graphs Lg and L4 with clique complex filtration £,30L,4
and 0- dimensional persistent diagram P s0L,- While considering the cartesian product
of two topological spaces and cartesian product of two graphs 0- dimensional persistence
barcode will contain same elements. Then by theorem 3.2,

dup(PL, 1y, Qo) < (mm')Pdyya, (L1, Ls), (La, Ly))

where m be the number of elements in P%l or P%B and m’ be the number of elements in
P%z or P%4. g
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Theorem 3.20. Let Pil,Pi2, Qia, Qi4 are 1-dimensional and Pgl,sz, Q%3, Qg4 are
0- dimensional persistence diagrams of wighted graphs L, La, Lg, Ly respectively. [fPilDL2

be the 1-dim persistence diagram of L100Lg and Qi3DL4 be the 1-dim persistence diagram
of LgULy, then

dwp(PilEngﬂ Qi3DL4) S n(dwp(P%q’ Qi,?,) + dwp(P%a? Qi4))+
(mm/)l/demaw((Lla Ls), (L2, L4))

where n is the number of vertices in each graph.

Proof. Let du,(PP ,QP,) and du,(P_, QP ) are the Wassestein distance between 0-
dimensional persistence diagrams Pil,Q?JS and P%Z,Q% , Trespectively. Then there ex-
ist bijection g : P(I)‘1 — Q%g and o : P%z — Qg4 which are best matchings. Also
let duwp(Pi,,Qf,) and duy(Pi,, Qf,) are Wasserstein distance between P{ ,Qf, and
Piz,Q:It4 respectively. Then there exist bijection g; : Pil — Qia and o] : Piz — Qi‘l
which are best matchings.

If {111,112 ... lin} and {Ij4,1}5 ... 1}, } are the vertex sets of Ly and Ly then for any l;
in Lo, we can define the L4 fibre in L1Ly as

Lllzj = {(11i712j)|11i ely,i=1,2,... ,n} j=1,2,...,n
and for any ly; in Ly, Lg fibre in L;[L2 is defined as
llel = {(11j>12i)|12i € La,i= 1,2,...,1’1} 7=12,...,n.

Clearly L fibre is isomorphic to Ly and Lg fibre is isomorphic to La. So there are n copies
of L and n copies of Lo will be there in L10Ls. Similarly there are n copies of Lg and
n copies of Ly will be there in Lg[0L4. Some other loops also there which are formed by
the edges of L1 and Lg in L100L2 and L3 and Ly in Lg[L4. Intervals representing these
types of 1-dimensional holes will be of the form (p,00),0 < ¢ < oo with ¢ = max{p1,p2}
where (0, 1) and (0, ¢2) are the intervals in bedy(Ly1), bedo(Ly2) and (@', 00) with ¢ =
max{¢), g5} where (0, ¢} ) and (0, p4) are the intervals in bedy(Ly3), bedo(Ly4) respectively.
Since we are taking the graphs with same number of vertices, number of these type of will
be the same.

Now consider the bijection o : PLDLZ — QiSDL , Which maps n copies of L fibre loops
to n copies of Lg fibre loops as 91 maps and n copies of Lo fibre loops to n copies of Lo
fibre loops as g2 maps. The loops of the form (¢, 00) maps on to (¢, 00) if and only of gg
maps (0, 1) to (0,¢)) and g maps (0, p2) to (0,¢5) . Then we can conclude that

dwp(PzItlley Qi3DL4) S n{d’LUp(Pilﬂ Qi;}) + dwp(P:Itzv Q]:!_;4)}+
(mm’) P dgme (L1, Ls), (L2, L))

where n is the number of vertices in each graph. O

The following theorems show how to extend the results found in the product of two
graphs to the case of weighted graphs. By defining the product for n weighted graphs, we
use the Vietoris-Rips filtration to obtain the filtered structures of Cartesian product of a
finite set of weighted graphs. This approach relates the Cartesian product of finitely many
graphs and the individual graphs, pointing out the relationship between of these concepts
in the context of weighted graphs.

Definition 3.21. Let L; = (Uy,J,), Ly = (Ug,J9),...,L, = (U,,J,) be edge weighted
undirected graphs with weight functions Uy, Us, ..., U, respectively. Then the Cartesian
product of Ly, Lo, ..., L, is defined as Li0Ly0. .. 0L, =(U,J), where U = U; x Uy x

. x U,, with weight function U : U; x Uy x ... x U,, — R defined by and J is the
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edge set in which two vertices (uy,ug,...,u,) and (v, va,...,v,) are adjacent whenever
(uj,v;) € F; for exactly one index 1 < ¢ <n, and u; = v; for each index i # j with

U((ag,ug, ..., ...,uy), (Vi, Ve, ..., Vi, ..o, vy)) = Us(ug, vi).

Definition 3.22. Let L; = (Uy,J;), Ly = (Ug,J2),...,L, = (U,,J,) be weighted undi-
rected graphs. For any £ € R, the 1—skeleton (LyOLo0...OLy,)e = (Ug, J¢) of the Carte-
sian product LjO0L.0...0OL, = (U,J) is defined as the subgraph of L;OL....OL,
where Ug = U = Uy x Ug x ... x U, and its edge set Jo € J only includes the edges
whose weight is less than or equal to (. Then, for any £ € R, we define the Vietoris-Rips
complex £,10L.200. .. Ly, as the clique complex of the 1— skeleton (LiOLo. .. 0L, )¢,
Cl(Ly0OL,0. . . 0Ly, )¢, and the Vietoris-Rips filtration is defined as

{@[(LﬂjLQ . DLn)g — @[(L1|:|L2 ce DLn){’}OSfS&’

Filtration starts with vertex and the edge weight is assumed to be 0 to co. For each
step, edges are added and the corresponding complex is found.
Theorem 3.23. Let P%I,sz, . ,P(I)Jn and Q(I)/l’ Q(I),’zv e Q(I)‘,n are 0-dimensional per-
sistence diagrams of weighted undirected graphs Li,La, ..., Ly and Ly’ LY, ... Ly re-
spectively. If P o o o, i the 0-dim persistence diagram of LiOLe0...OLy and
Q(I)/IDL;D._DL;] is the 0-dim persistence diagram of LiOL,0O) .. . OOL), then

n

dup(PL,0L,0. O Qb oy 0.ony) < (Y (mimy)Pdomas (L1, L), (Lig, Ly), ., (L, L)

1,j=1
where my; is the number of elements in P%i or Qg, and mj is the number of elements in
i

0 0
Py, or Q.

0 0 . . . .
Proof. Let PLlDLzD..DLn7QL/1 OL,0..0L, are 0- dimensional persistence diagrams of

weighted graphs L10L20. .. 0L, and LiOL,0. .. OL, respectively. Here we can define
the bijection according to the theorem 3.2. Then

n

dup(PY, 00,0, Onn Qo0 0ny) < (Y (mimy)) Pdopa, (L1, 1Y), (L2, L), - ., (Ln, L))
=1

where m; is the number of elements in P%i or Q?, and mj is the number of elements in
i
0 0
PLj or Qr;- O

Theorem 3.24. If Pil,Piz,...,P%‘n and Qi,l,Q}J,z,...,th are 1-dimensional per-
sistence diagrams of weighted undirected graphs Lq,La, ..., Ly and Ly, L5, ... L re-
spectively. If P%qDLzD...DLn be the 1-dim persistence diagram of L10OL.0...0OL, and
Qi;DL;D...DL{, be the 1-dim persistence diagram of LYOLS0). .. OLY, then

dup(PL, 0,0, 0L, Qyoryo.ony) < 1" Hdup(PL,, QL,) + dup(PL,, QL,) + - +
n

dup(PL,, QL)Y+ (D (mimy))Pdomas (L1, Ly), (L2, Ly), .-, (Ln, L))
ij=1
where my is the number of elements in P%i or Q%{ and myj is the number of elements in
P%j or Q%J{.
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Proof. Let Pil, P%&, ...,P} and Qi, ,Qi, ,...,Q}, are 1-dimensional persistence dia-
n 1 2 n

grams of weighted graphs L, La, ..., Ly and L}, L}, ..., L] respectively. Also let Pgl , P%z
e Pgn and Qg,l, Qg,z, el Q%;} are O-dimensional persistence diagrams of Li;, La, ..., Ly
and Ly, L5, ..., L. respectively. Here we can find n"~! copies of Ly fibres, n"~! copies
of Ly fibres,...,n" ! copies of Ly fibres in Li0Lg0...0OL,. In similar way we can
find n"~! copies of Lj fibres, n"~! copies of L} fibres,...,n"~! copies of L/, fibres in

L0L50. . .OL,. Also some more one dimensional holes(loops) will be there formed by
the edges which represents the interval in 0 dimensional barcodes of the filtration of each
L; and L. If we are defining the bijection as per theorem 3.6, the p Wasserstein distance

. . . . 1 1
of 1-dimensional persistence diagrams Py, oy, g, and QL’IDL’ZD...DLQ’

dwp(PiltleD...DLna Q:IE’IDL;D...DL'H) < ”n_l{dwp(Pil’ Qil) + dwp(Piza Q%,z) +eet
n

dup(PL, QL)Y + (D (mimy)) Pdomae (L1, Lh), (L2, L), ..., (Ln, L))
ij=1

where m; is the number of elements in P%i or Q¥, and mj; is the number of elements in
i
0 0
Py, or QLE' O

We establish a definition by mandating a strong product on a weighted graph. Following
the subsequent filtration definition, the theorems also elucidate the correlation between
strong product of graphs with individual graphs in both 0-dimensional and 1-dimensional
persistence diagrams, providing a comprehensive understanding of these relationships in
the context of weighted graphs. By applying the Vietoris-Rips filtration to the strong
product of weighted graphs, we can obtain results that are analogous to those observed in
unweighted graphs. This allows us to analyze the topological properties and connectivity
patterns of the product graph, exploring features such as connected components, loops,
and higher-dimensional simplices.

Definition 3.25. Let L; = (Uy,J;1), Ly = (U, J2) be two edge weighted undirected
graphs with weight function U; and U respectively. Then the Strong product of L; and
Lo is Ly K Ly = (U, J), where U = U; x Ug and J = {(u, v1), (u,va)|u € Uy, (v, va) €
Jo} U{(ur,v), (ug,v)|(u,u2) € Ji,v € Ua} U{(u1, v1), (ug, vo)[(ur,uz) € Iy, (vy,v2) €
Jo} with weight function U’ : U; x Uy — R defined by

U'((u,vl), (u,V2>) = Uz(Vl,VQ), ifue Ul, (V1,V2) eJs

U’((ul,v), (UQ,V)) = Ul(ul, UQ), ifve UQ, (ul, UQ) e J;

U’((ul,vl), (LIQ,VQ)) = Ul(ul, UQ) A\ Uz(Vl,Vg), (U_l, U_z) € J; and (V1,V2) € Js.

Example 3.26. Here we are considering two weighted graphs. First one is a complete

graph K3 with vertices a, b, ¢ and edge weights w1, w2, w3. Second one is a weighted graph
with vertices 0, 1,2 with edge weights w4, w5. Let

W1 =wlAwi=min{wl,wd}, W2 =min{wl, w5}, W3 = min{w2, w4}, W4 = min{w2, w5},

W5 = min{w3, w4}, W6 = min{w3, w5}.
Then the strong product of these weighted graphs will be
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w2 0 1 2
wl X 9 ° ° =

Figure 4. Strong product of weighted graphs

Definition 3.27. Let L; = (Uy,J1), Ly = (U, J2) be two edge weighted undirected
graphs. For any = € R, the 1—skeleton (Ly X Lg)= = (Ug,Jz=) of the Strong product
L; XLy = (U, J) is defined as the subgraph of L1 X Ly where Uz = U = U; x Usg and its
edge set J= € J only includes the edges whose weight is less than or equal to =. Then, for
any = € R, we define the Vietoris-Rips complex £,1 X L,0...K L, as the clique complex
of the 1— skeleton (L; X Lo)=, €l(L; X Lg)z, and the Vietoris-Rips filtration is defined as

{(’:[(Ll X LQ)E — Q[(Ll X LQ)E’}OSESE’

Filtration starts with vertex and the edge weight is assumed to be 0 to co. For each
step, edges are added and the corresponding complex is found.

Theorem 3.28. Let Pgl,P%2, Q%S, Q(ﬁ4 are 0-dimensional persistence diagrams of
weighted undirected graphs L1, Lo, L and Ly respectively. If P%I@Lz be the 0-dimensional

persistence diagram of L1 X Lo and Q%MM be the 0-dim persistence diagram of Lig X Ly
then,

dup(PL mr,, QYuir,) < (mm')Pdomax((L1,Ls), (L2, L))

where m is the number of elements in Pgl or P%B and m’ is the number of elements in
0 0
Py, or Pp,.

Proof. Let P%l,sz, Q%B, QY , are O-dimensional persistence diagrams of weighted undi-
rected graphs Lq, La, Lg and Ly respectively. Also let P%ﬂZ’Lg be the 0-dim persistence
diagram of L; X Lo and Q%3®L4 be the 0-dim persistence diagram of Lg X Ly. In the
case of strong product of weighted graphs, bedy(L; X L) contains some elements which
are intersection of elements from bedy(L1) and bedp(Le) also remaining elements will be
of the form (0,¢),t = min{t1, 2} for some (0,¢1) € bedo(L1) and (0,02) € bedo(La2). The
number of elements in 0 dimensional barcodes of cartesian product and strong product
of weighted graphs will be the same Now define a bijection y : P$ \KLy — Q¢ sxL, Which
maps each element in PP zp whic is the intersection of elements in bedo(L1) and bedo(Ls)
as per theorem 3.2 and elements of the form (0,:) in P gp. to (0,¢) in QP gr, if and
only if the best matching from P%l to Q%3 maps (0,¢1) on to (0, ¢}) and the best matching
from P to Qf, maps (0,¢2) on to (0,:5). Hence

de<P%1®L27 Q%g@[u;) S (mm/)l/pdomax((L]-? L3)7 (L27 L4)>
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where m is the number of elements in Pgl or P%B and m’ is the number of elements in
0 0
PL2 or PL4.
O

Theorem 3.29. Let Pil,Piz, Qis, Qi4 are 1-dimensional persistence diagrams of
weighted undirected graphs Ly, La, Lg, Ly respectively. If P%q@Lz be the 1-dim persistence
diagram of Ly X Lg and Qig’m“l be the 1-dim persistence diagram of Lg X Ly. then

de(PilﬁLzﬂ Qia@lq) S n{dwp(P%q? Qig) + de(Pi27 Qi4)}

where n is the number of vertices in each graph.

Proof. Let dy,(P{,,Qf,) and du,y (P, Qf,,) are Wasserstein distance between P{,_,Qf,,
and Piz,Qi4 respectively. Then there exist bijection II; : Pil — Qi3 and II] : Piz —
Qi4 which are best matchings. In the case of strong product if {l31,l12,...,11n} and

{131, 15, ..., 1]} are the vertex sets of weighted graphs Ly and Ly then for any lp; in Ly,
we can define the L; fibre in Ly X Lo as

Lllzj = {(11i712j)|11i ely,i=1,2,... ,n},j =1,2,...,n
and for any lyj in Ly, Lo fibre in Ly X Lz is defined as
llel = {(llj,l2i)‘l2i eLls,i=1,2,.. .,n},j =1,2,...,n.

Clearly L fibre is isomorphic to Ly and Lg fibre is isomorphic to La. So there are n copies
of L1 and n copies of Ly will be there in Ly X Ly. Similarly there are n copies of Lg and
n copies of Ly will be there in Lg X Lys. So the 1- dimensional loops will be the loops
present in Ly, Ly and Lg, Ly n times. Now consider the bijection IL : P{, -y — Qi35L4
which maps n copies of Ly fibre loops to n copies of Lg fibre loops as II; maps and n
copies of Lo fibre loops to n copies of Lo fibre loops as IIs maps. Then

dwp(P%q@IQ? Q%@&L‘;) S n{dwp(P%;17 Q%‘,g) + dwp(P%Q? Qi4)}

where n is the number of vertices in each graph.
O

Analogous to unweighted graphs we can extend the results obtained in the case of
weighted graphs to n products. For that the strong product of n weighted graphs is
defined. Furthermore, the filtering and the desired results are achieved in order to compare
the corresponding topological structure.

Definition 3.30. Let L; = (Uy,J1), Lo = (Ug, J2),...,L, = (U, Jn) be edge weighted
undirected graphs with weight functions Uy, Us,...,Us respectively. Then the Strong
product of Ly, Lo, ..., L, is defined as L1 XLy X ... XL, =(U,J), where U = U; x Ug X
... x U, and J is the edge set in which two vertices (uj,us,...,u,) and (vi,va,...,vy)
are adjacent provided (u;,v;) € J; or u; = v; for each 1 < ¢ < n with weight function
U:U; x Uy x...x U, — R defined by

U((ul,ug, R b VR un), (Vl,Vg, ey Vi ,Vn)) = 1I<Ilii£1n{Ui(ui,Vi); (ui, VZ') S Ji}

Definition 3.31. Let L; = (Uy,J4), Ly = (Ug,J2),..., L, = (U,,J,,) be edge weighted
undirected graphs. For any n € R, the 1—skeleton (L; XLy X...XL,), = (U,,J,) of the
Cartesian product L; XLyX. . .XL,, = (U, J) is defined as the subgraph of L; XLyX. . . XL,
where U, = U = U; x Uy x ... x U, and its edge set J,;, € J only includes the edges
whose weight is less than or equal to 1. Then, for any n € R, we define the Vietoris-Rips



112 A. Babu, S.J. John

complex £, XL, oX...KL,,as the clique complex of the 1— skeleton (L; MLy X. .. XL,),,
Cl(L; XLy X...XLy,),, and the Vietoris-Rips filtration is defined as

{C(L R Ly X ... K L,), = C(Li MLy X ... KLy,), bo<y<y-

Filtration starts with vertex and the edge weight is assumed to be 0 to co. For each
step, edges are added and the corresponding complex is found.

Theorem 3.32. If P%I,sz, e ,P%n and Qg,l, 2,2, ceey Q%;} are O-dimensional persis-

tence diagrams of Ly, Lo, ..., Ly and Ly, L, ... L}, respectively. If P? gr o sy be the

0-dim persistence diagram of i K Lo X ... X Ly and Q% NL & mL. be the 0-dim persis-
e

tence diagram of Ly XL, X ... K L] then

n

dup(PLy 8.0, 8L, Qb mrgm. ) < (D (mimy))Pdomas (L1, L), (L, L), .-, (Ln, L)
ij=1

where my is the number of elements in P(ﬂi or Q%{ and m; is the number of elements in
P%j or Q(I),Jf foralli=1,2,...,n,j=1,2,...,n.

Proof. Let P9 1,P%2,P% g1 , PP are 0-dimensional persistence diagrams of weighted

undirected graphs Lq, Lo, L3, ..., L, and Q% , ?J/ ) 2, ,.o., QY are 0-dimensional per-
1 2 3 n

sistence diagrams of weighted undirected graphs L}, L5, Lg/, ..., L] respectively. Also let

P? mr,m..1, be the O-dim persistence diagram of Ly MLy K ... KLy, and Qg,l RL,X. 6L,
be the 0-dim persistence diagram of Lj X L5 X ... K L] . In the case of strong product of
weighted graphs,

bedp(Lp K L X ... X Ly, ) contains some elements which are intersection of elements from
bedo(Ly),bedy(La), . . ., bedp(Ly) also remaining elements will be of the form (0, &),

k = min{k1, K2, ..., kp} for some (0,k1) € bedp(Ly1) and (0, k2) € bedy(Lz), ..., (0, ky) €
bedy(Ly). Similarly we can find (0, '), K" = min{x], Kb, ..., x},} for some (0, &) € bedy(L})
and (0, k5) € bedg(Ly), ..., (0,k]) € bedp(L,). The number of elements in 0 dimensional
barcodes of cartesian product and strong product of weighted graphs will be the same.
Now define a bijection X' : PP my.m mr. — Q(I]Ji@L’z&-EQL/n which maps each element
inP? sr.m. =, Which is the intersection of elements in bedg(Ly ),bedo(Lz2), . . . , bedo (Lin) as
per theorem 3.2 and elements of the form (0, ) in PP gr. o sy to (0,') in Qg’lgLé&-@QL/

if and only if the best matching from P%l to Q’I?l maps (0, k1) on to (0,x)) and the best
matching from P%z to Qg, maps (0, k2) on to (0,x5)...the best matching from P$ to

2 n
QP maps (0, k) on to (0,x;,). Hence

n

dwp(Pg.llZILz&..ELn’ Q(I),’IIZIL’Z&.AIZIL;]) < ( Z (mimj))l/pd()maa:((l‘l? L&), (L27 Ll2)’ SRR (Ln’ L;a))
ij=1

where m; is the number of elements in P%i or Q?, and mj is the number of elements in
P%j 01“Q(I)J3 foralli=1,2,...,n, j=1,2,...,n. U

Theorem 3.33. If Pil,Piz, e ,Pin and Qi,l, Qi/z, ey Qi,n are 1-dimensional persis-
tence diagrams of weighted undirected graphs Li,La,..., Ly and Ly, L}, ... L] respec-
tively. If Pilﬁng..an be the 1-dim persistence diagram of L1 X Lo X ...XK L, and
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Qi'ﬂm"z&-@ﬁl be the 1-dim persistence diagram of Ly KLy X ... XL then

dup(PLgL,0. 8L, Qg sny) < 7" {dup(PL,, QL,) + dup(PL,, QL,) + - +

dup(PL,. QL,)}

where n is the number of vertices in each graph.

Proof. Let Pil,Piz, ...,PL and Qi, ,Qi, yeees Qi, are 1-dimensional persistence di-
agrams of Lj,La,..., Lo and L}, L5, ... L respectively. Also let P(I)‘1 , P(I)sz Py
and Q(I):’l’Q(I):’z”"’Q%LI are O-dimensional persistence diagrams of Lji,Ls,...,L, and

1 Ly, ..., L\ respectively. Here we can find n" ! copies of L; fibres, n"~! copies of
Lo fibres ...n"! copies of L, fibres in Ly XLy X...XLy,. In similar way we can
find n"~! copies of L] fibres, n"~! copies of L} fibres ...n"~! copies of L, fibres in
L} XL, X...XL,. So the only one dimensional loops in the strong product will be the
loops present in Ly, La, ..., L, and L}, L5, ..., L, in n"~! copies. If we are taking the
bijection as per theorem 3.12 we can say that

dup(PLymL,m. 0L, Qb mrym.mry,) < 1" Hdup(PL,, QL,) + dup(PL,, QL,) + - +

dup(PL,. QL,)}

where n is the number of vertices in each graph. O

4. Conclusions and future directions of research

In the study, the Cartesian product and the strong product of weighted and unweighted
graphs were defined and analyzed. Additionally, the paper introduced the concepts of
clique and Vietoris filtration for the Cartesian and strong products of these graphs. By
finding the relationship between the Wasserstein distance of Cartesian products and the
Wasserstein distance of individual graphs, the study revealed similar results for the strong
product of weighted and unweighted graphs. In future research, it is suggested to explore
the direct product and the lexicographic product as potential techniques for reducing the
complexity of comparing large networks. These product operations could offer alternative
approaches for analyzing and comparing complex networks, particularly those that can be
represented as lexicographic or direct products.

Acknowledgment. The first author gratefully acknowledges the financial assistance
from the Ministry of Education of the Government of India and the National Institute of
Technology Calicut during the preparation of this paper.

References

[1] A. Adcock, E. Carlsson, and G. Carlsson, The ring of algebraic functions on persis-
tence bar codes, arXiv preprint arXiv:1304.0530, 2013.

[2] M. E. Aktas, E. Akbas, and A. El Fatmaoui, Persistence homology of networks:
methods and applications, Applied Network Science 4 (1), 1-28, 2019.

[3] L. Babai, Graph isomorphism in quasipolynomial time in: Proceedings of the forty-
eighth annual acm symposium on theory of computing, 684-697, ACM, 2016.

[4] S. Benzekry, J. A. Tuszynski, E. A. Rietman, and G. L. Klement, Design princi-
ples for cancer therapy guided by changes in complexity of protein-protein interaction
networks, Biology direct 10 (1), 1-14, 2015.

[5] S.Bhagat, G. Cormode, and S. Muthukrishnan, Node classification in social networks,
arXiv preprint arXiv:1101.3291, 2011.



114

[6]

[25]
[26]

[27]

A. Babu, S.J. John

J. Binchi, E. Merelli, M. Rucco, G. Petri, and F. Vaccarino, jholes: A tool for un-
derstanding biological complex networks via clique weight rank persistent homology,
Electronic Notes in Theoretical Computer Science 306, 5-18, 2014.

P. Bubenik and J. A. Scott, Categorification of persistent homology, Discrete Comput.
Geom. 51 (3), 600-627, 2014.

G. Carlsson, A. Zomorodian, A. Collins, and L. Guibas, Persistence barcodes for
shapes, Proceedings of the 2004 eurographics/acm siggraph symposium on geometry
processing, pp. 124-135, 2004.

S. Chowdhury and F. M. Emoli, Persistent homology of directed networks, 2016 50th
asilomar conference on signals, systems and computers, pp. 77-81, 2016.

H. Edelsbrunner and J. L. Harer, Computational topology: an introduction, American
Mathematical Society, 2022.

H. Edelsbrunner, D. Letscher, and A. Zomorodian, Topological persistence and sim-
plification, Proceedings 41st annual symposium on foundations of computer science,
pp. 454-463, 2000.

P. Frosini, A distance for similarity classes of submanifolds of a euclidean space,
Bulletin of the Australian Mathematical Society 42 (3), 407-415, 1990.

H. Gakhar and J. A. Perea, Kiinneth formulae in persistent homology, arXiv preprint
arXiv:1910.05656, 2019.

R. Ghrist, Barcodes: the persistent topology of data, Bulletin of the American Math-
ematical Society 45 (1), 61-75, 2008.

R. Hammack, W. Imrich, and S. Klavzar, Handbook of product graphs, Second, Dis-
crete Mathematics and its Applications (Boca Raton), CRC Press, Boca Raton, FL,
2011. With a foreword by Peter Winkler.

A. Hatcher, Algebraic topology, cambridge univ, Press, Cambridge, 2002.

D. Horak, S. Maletic, and M. Rajkovic, Persistent homology of complex networks,
Jour- nal of Statistical Mechanics: Theory and Experiment, 2009 (03), 2009, P03034.
I. Knyazeva, A. Poyda, V. Orlov, V. Verkhlyutov, N. Makarenko, S. Kozlov, B.
Velichkovsky and V. Ushakov, Resting state dynamic functional connectivity: Network
topology analysis, Biologically Inspired Cognitive Architectures 23, 43-53, 2018.

M. Li, K. Duncan, C. N. Topp, and D. H. Chitwood, Persistent homology and the
branching topologies of plants, American journal of botany 104 (3), 349-353, 2017.
G. R. Lopes, M. M. Moro, L. K. Wives, and J. P. M. De Oliveira, Collaboration recom-
mendation on academic social networks, Advances in conceptual modelingapplications
and challenges: Er 2010 workshops acm-1, cmlsa, cms, de@ er, fp-uml, secogis, wism,
vancouver, bc, canada, november 1-4, 2010. proceedings 29, pp. 190-199, 2010.

J. R. Munkres, Elements of algebraic topology, CRC press, 2018.

A. R. Pears, Dimension theory of general spaces, Cambridge University Press, Cam-
bridge, England-New York-Melbourne, 1975.

V. Robins, Towards computing homology from finite approximations, Topology pro-
ceedings, pp. 503532, 1999.

V. Salnikov, D. Cassese, R. Lambiotte, and N. S. Jones, Co-occurrence simplicial com-
plexes in mathematics: identifying the holes of knowledge, Applied network science
3, 1-23, 2018.

A. H. Wallace, An introduction to algebraic topology, Pergamon Press, New York-
London, Paris, 1957.

D. B. West, Introduction to graph theory, Vol. 2, Prentice hall Upper Saddle River,
2001.

P. Zhang and G. Chartrand, Introduction to graph theory, Tata McGraw-Hill, 2006.



