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Abstract: In this paper, differential-differential difference equations with variable coefficients
have been solved using the Fourier Transform Method (FTM). In addition, new definitions
and theorems are introduced. Besides, the efficiency of the proposed method is verified by
solving five important examples. Furthermore, we have noted that the Fourier transform
method is a powerful technique for solving ordinary differential difference equations
(ODDEs) with variable coefficients. It involves transforming the ODDEs into the frequency
domain using the Fourier transform, solving the transformed equation, and then applying the
inverse Fourier transform to obtain the solution in the time domain.
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1. Introduction

Differential equations are a fundamental concept in mathematics that describes how a
function changes over time or in relation to other variables. They are widely used in
various scientific fields, such as physics, engineering, economics, and biology, to model
and understand natural phenomena, processes, and many other phenomena [7,9]. By
studying the behavior and solutions of differential equations, we can gain insights into
the underlying dynamics of these systems and make predictions about their future
behavior. Differential difference equations combine both differential equations and
difference equations, and they involve both continuous and discrete time variables.
Solving such equations can be challenging, and various methods have been developed
to address them. Here are some commonly used approaches: Laplace Transform, Elzaki
transform [1], Taylor polynomial method [6], Mahgoub transform [2], differential
transform method [8], and Generalized differential transform method [10].

In this article, we will solve ordinary differential- differential difference equations with
variable coefficients given by the following formula :

m
> Cay O = ) = G0, kg 2 0

n
i=0 k=0

The organization of the article is as follows: In the second section, new concepts and
theories related to the proposed method were given. In the third section, five examples

259


https://dergipark.org.tr/sdufeffd
https://orcid.org/0000-0000-0000-0000
https://orcid.org/0
https://orcid.org/0000-0000-0000-0000
mailto:mahmad93.issa18@gmail.comr

DOI: 10.29233/sdufeffd.1318890 2023, 18(3): 259-267

of differential equations and differential difference equations were solved, and finally
the conclusion in the fourth section

2. Definitions and Theorems of Fourier Transform

Definition 2.1. [3] The Fourier transform of f(t) is given by

FIF(©)] = F(w) = f F().emwtdt )

Definition 2.2. [3] The inverse Fourier transform of F(w) is given by

f@ =FFw) =5 [ ZF(w) et dw @
Theorem2.1. If a,b € R. Then
Flafi(®) + bf2(0)] = aF[f1 (D] + bF[f2(D)]
That means: The Fourier Transform is a linear combination.

Theorem2.2. [4] Let f(t) be continuous or partly continuous in (—oo,) and

fF@,£'®), f (@), ., fPD(2) = 0 for [¢] - co.

Also, If £(t), f' (), f" (1), ..., F@D(t) are absolutely integrable in (—oo, o), then

FIF®©®)] = (w)"FIf©)] 3)
Definition 2.3. [5] The Dirac delta distribution is limit for € — 0 function defined by

1
E, 0<t<e
5 =19 ¢ t<0
0, t>¢

Thatis §(t) = lin(l) 6. (t).
E >

And it’s properties are given by

i [T s®dt=1
i [T D8 — to)dt = f(ty)
ii. [ O™t - te)dt = (=1 P(t,)

iv. ™MW —wp) =n! (—1)”5(W—_W°)

(w-wp)™
v [ Swren b L)
' - (w-wg)" nl awn |(W=wo)
where §(w — wy) is given by
0, w=#w
S(w—wy) = { ' 0 4
W= W0) = {op = e (4)
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Definition 2.4. [4] The Heaviside function is defined by

HO={ (24 ©

Lemma2.1l. H'(t) = 6(t)
Theorem 2.3. The Fourier transform of §(t) is 1. That means F[5(t)] = 1
Theorem 2.4.[3,4] The Fourier transforms for some functions are following

.  F[1] = 2n6(w)
. F[t"] = 2mi"§™ (w)
. Ferfe)] = in L
IV.  Fle™ot] = 2n8(w — wy).
V. IfF[f(t)] = F(w), then T[eiWOtf(t)] =F(w—wy)
VI. Fle®] =2n6(w + ia)
VII.  IfF[f(t)] = F(w), then Fle*f(t)] = F(w + ia)
VIIL.  IfF[f(t)] = F(w), then F[f(t — ty)] = e W F(w)

Theorem 2.5. If Fourier transform of f(t) is F(w) then

a [* fdu=—iF [?]

b. [* Fwdu = iF [
To prove a. we use the definition of the inverse Fourier transform
f@) = iJOOF(W)ethdW
2w )_o,

By taking integral on both sides from —oo to t, we have

e iwt

f_toof(u) du =%£O:OF(W)

dw = —iF 1 [Ml

iw w

To prove b. we use the definition of the Fourier transform

F(w) = foof(t)e‘i‘”tdt

By taking integral on both sides from —oo to w, we obtain

w

j F(s)ds = f_o;f(t) < fwe‘iut du) dt = ij_ig.e‘i‘”dt = (F [@]

—00

Theorem2.6. Let w > 0, then

a F E] = —2miH(w)
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1
b. F = = —2nw
(1] .
c. Fls = miw?
(1] w3
d. F _t_4_ —T[?
(1] L w?
e. Fl= = —Ti—
[ £5] 12
H(w)

f. T[lnt] = —27'[7
Proof a: F E] = %fif‘(l)du =—i [" 2n8(w)du = —2miH (w)
Proof b: T[ ] =—if” T( )du =—i [V —2miH(wdu = —2nw

Proof ¢: F [t%] =—i[" F (i) du=—i[" —2nudu = miw?

t2

Proof f: We know that F[f'(¢)] = iwF[f(£)], and (Int)’ =

We have F E] = iwF[Int]

—2mH(w)
w

Then we have F[Int] = %T H =

Moreover this theorem can be seen with other way.

By using Theorems 2.5. a, 2.6. a, we have

-1 —
(HW)] = —2mit
H(w) t 1 Int
F [ l —27‘[l ﬂdu -2
Thus
H
Flint] = —2n W)
w
il (W)] =L (tlnt —t)
Proof: F~ [HV(VW)] f_OO:F [H(W)] du —ft m —du= —i(tlnt —t)

3. Examples of Applying The Fourier Transform on Differential Equations:
In this section five examples are given and exact solution is found using FTM.

Example 3.1: Let's consider the following ordinary differential difference equation
y'(x)+ylx—1) =x%+1. (6)
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Solution. By taking Fourier transform to Eq (6), we get
Fly'(x) +y(x—1)) =F(x*+1)
(iw + e ™)Y = 2mi25" (w) + 218 (w)

v - =2n8" (w) + 2nd5(w)
B iw + e~ '

By taking the inverse Fourier Transform of the above equation, we obtain the solution

y(x).

_ g1 =2n8" (w) + 2nd(w)
y= iw + e~w

= fmﬂeiwxdw+jwﬂeiwxdw

oW+ e W W teTw

=-2 jw ow) eW*dw + 1
o W2(iw + e~W)

1 d2 eiwx
2 — .
2! dw? (iw + e~w

>|W=0+1 =x2.

Example 3.2: Let find a special solution of the following ordinary differential equation

with variable coefficients
xy" — QRx+ 1)y + (x + Dy = x2e”*. (7
Solution. By taking Fourier transform to Eq (7), we get

Flxy" — 2x+ Dy" + (x + 1)y) = F(x2e”).
Therefore

Fley'") = 2F(xy) —FO') + Flxy) + F(y) = F(x?e®).

d d dy
i— (—w?Y) = 2i—(iwY) —iwY +i—+Y = =2n8"(w + i)
dw dw dw

—2iwY — iw?Y' +2Y + 2wY’ —iwY + iV +Y = 28" (w + i)
(—iw? + 2w+ DY + (3 -3iw)Y = =2n8"(w + i)

3(1—iw) ~ 2m6"(w+i)
—iw+i)2  i(w+i)?

!

The previous equation is a linear differential equation of first order.
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f3(1—iw) 3

1 = el Tz ™ = oJem® = (w + )3

(w+0D3Y) = 2TT[(W +)8"(w+1i)

S(w +i S(w+i
W+ _ —4711'M = 4midé’ (w + i).

N3y AT .
(WD) =T WwHDe T = D)

Therefore
((w+1D)3Y) = 4mis’'(w + i).
By taking integral to the above equation, we have
(w+ )3Y = 4mis(w + i)

B 4mid(w + i)
T (w+i0)3

By taking the inverse Fourier Transform of the above equation, we obtain the solution

y(x).
—4mis(w + i) ®sw+i) . (ix)?3
=FYy)=F1 — 27 iwx = 2i x
y=F"{¥)=F ( TEDE ) l_oo(W+i)3e dw = 2i e
— x3 X
= 3 e,
Example 3.3: Let's consider the following ordinary differential equation
X
Y-y ty=_5. (7)

Solution. By taking Fourier transform to Eq (7), we get
o
Fly"-2y'+y)="F (;)
Therefore
o
FO) - 270N +FO) = F ()

(w+i)?
ja T

—w? = 2iw+ 1Y = —
(—w iw+1) T 12

By taking the inverse Fourier Transform of the above equation, we obtain the solution

y(x).
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X

_ _ . (W+i)? i o (W+i)? ; 2mi 1 1 eX e
y=FIY)=7F 1(711—( ))=—f ——eWXdw = , = :
12 27— 12 2 mil2x3 12x3

Example 3.4: Let find a special solution of the following ordinary differential

equation with variable coefficients
1-—x)y"+xy' —y=2(x—1)%"* (8)
Solution. By taking Fourier transform to Eq (8), we get

FQ" —xy" +xy' —y) =2F((x — 1)?e™)
(iw)2Y — i(—w2Y) 4+ i(iwY)' — Y = —4me ' W-D§" (w — i)
—W2Y + iw?Y' +2iwY — Y —wY’' —Y = —4me W05 (w — )
(iw2 —w)Y' + (—w? + 2iw — 2)Y = —4mge {W=-0§"(w — )

—w? + 2iw — 2 —4metW=D8"(w — i)

Y'+

iw? —w iw? —w
-w2+2iw-2 2,1 ;
A= e Tmrw _ (i) w2(w + i)e

—4me~tW=D§" (W — i)

w2 —w

(w2(w + i)eiWY)’ = w2(w + e = 4mie 'ws" (w — i)

w2(w 4+ )e"Y = 4mie™?! f ws" (w — D)dw = 4mie " (ws'(w — i) — §(w — i)

dmie™ (w8’ (w — ) —(w — 1))
Y = — .
w2(w + i)eWw

By taking the inverse Fourier Transform of the above equation, we obtain the solution
y(x).
@ (WS’(W —i)—06(w— i))

— =1 i
y = 2ie . wZlw ¥ D™ e*dw
= 2ie ! wé'w =D ,l) eWOE=Ddgy — Zie‘lf Sw—b l), e gy,
e WE(W 1) CoWi(w + 1)

elw(x—l) 1-x

= —-2i -1 =20 -1
v dw<w(w+i)) hw=i = 217

y=—(x+l)e‘x+e_x=(1—x)e‘x
2 2 '

Example 3.5: Let's consider the following ordinary differential difference equation

1-—x)y"+xy' —y=2(x—1)%e"* 9)
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Solution. By taking Fourier transform to Eq (9), we get
Fly"(x) +y(x—2))=F(—x*+2)
(e72W —w?)Y = —2mi?8" (W) + 4ns(w)

28" (w) + 4md(w)
Y = — .
e 2w — w2

By taking the inverse Fourier Transform of the above equation, we obtain the solution

y(x).

y=F1 <27‘t6”(w) + 4n6(w)>

e—Ziw _ WZ

oo 6‘” ) oo 6 )
:f P rT— W) e dw + Zf —(W) e™* dw

—-2iw _ w2 e—Ziw — w2

— 00 6(W) iwxd )
- _OOWZ(e—Ziw_WZ)e w+

B 1 d2 ( eiwx

_ZEdWZ )|W=0+2=—4x—x2.

e—ZiW _ WZ
4. Conclusion

In conclusion, delving into the realm of solutions for differential-differential difference
equations with variable coefficients through the application of the Fourier Transform
Method unveils a powerful and versatile approach. The Fourier Transform's ability to
seamlessly navigate between the time and frequency domains provides a unique lens
through which these complex equations can be unraveled. By transforming the
differential-differential difference equations into simpler algebraic expressions in the
frequency domain, we gain valuable insights into the system's behavior and
characteristics. This method not only simplifies the mathematical complexities but also
opens doors to a wide array of analytical tools that facilitate the exploration of solutions.
Moreover, the Fourier Transform method shines particularly bright when faced with
problems featuring variable coefficients. Its adaptability to changes in coefficients
allows for dynamic and nuanced analysis of systems that may exhibit variations over
time. This adaptability is crucial in capturing the intricate dynamics of real-world
phenomena where coefficients are seldom constant. Also in future studies, we can solve
partial differential difference equations and integro differential difference equations
using this method.
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