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ABSTRACT. Let A be an associative algebra over a commutative ring R, BiL(A)
the set of R-bilinear maps from A X A to A, and arbitrarily elements z, y in

A. Consider the following R-modules:
Q(A) ={(f, @) | f € Homg(A, A), a € BiL(4)},
TDer(A) = {(f, f', ") € Homp(A, A) | f(zy) = f'(x)y +af"(y)}.

TDer(A) is called the set of triple derivations of A. We define a Lie algebra
structure on Q(A) and TDer(A) such that ¢4 : TDer(A) — Q(A) is a Lie
algebra homomorphism.

Dually, for a coassociative R-coalgebra C, we define the R-modules Q(C)
and TCoder(C) which correspond to ©(A) and TDer(A), and show that the
similar results to the case of algebras hold. Moreover, since C* = Hompg(C, R)
is an associative R-algebra, we give that there exist anti-Lie algebra homomor-
phisms 6y : TCoder(C) — TDer(C*) and 61 : Q(C) — Q(C*) such that the
following diagram is commutative :

TCoder(C) —%C 5 Q(C)

Jo I

TDer(C*) —2<" Q(C*).

Mathematics Subject Classification (2010): 16W25, 16T15
Keywords: Derivation, generalized derivation, Lie algebra, coalgebra, coderiva-

tion, generalized coderivation

1. Introduction

Throughout the following, R is a commutative ring with an identity 1, A an
associative R-algebra and C' a coassociative R-coalgebra. We do not assume that
A has an identity 14 and C has a counit ¢ : C — R. For any R-modules X and Y,
we denote the set of R-linear maps from X to Y by Hom(X, Y) and the symbol

® means the tensor product ® g over R. For an A-bimodule M, an R-linear map
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d: A — M is called a deriwation if d(zy) = d(x)y+zd(y) for any x, y € A, and there
are several variations on this concept. For examples, f € Hom(A4, M) is called a
B-derivation (i.e., Bresar’s derivation, cf. [1] and [8]) if there exists a derivation
d € Hom(A, M) such that f(zy) = f(z)y + xd(y), and f is called an N-derivation
if there exists an element m € M such that f(zy) = f(z)y + zf(y) + z(my) (c.[§]
and [12]). These sets of derivations, B-derivations and N-derivations from A to
M are denoted by Der(A, M), BDer(A4, M) and NDer(A, M), respectively. The
properties of these derivations were discussed in many papers.

An R-linear map f : A — M is called a generalized derivation if there exist
elements f', f” € Hom(A, M) such that f(z)y + zf'(y) = f”(xzy). This concept
was introduced by G. F. Leger and E. M. Luks in a non-associative algebra in [10],
and many properties of the generalized derivations for Lie algebras were given. Since
f" and f” are not uniquely determined by f, we define that a triple (f, f', f") €
Hom(A, M)3 is called a triple derivation if f(xy) = f'(z)y + xf"(y), and denote
the set of triple derivations from A to M by TDer(A, M) (cf. [8]). It is easy to see
that the derivations, B-derivations and N-derivations are represented by (d, d, d),
(f, f, d) and (f, f, f+ my) as triple derivations, respectively, and f + my is
a derivation, where my(x) = maz. We have the following relations for these R-

modules:
Der(A, M) C NDer(A, M) C BDer(A, M) C TDer(A, M) C Hom(A, M)3,

where Hom(A, M)? = Hom(A, M) x Hom(A, M) x Hom(A, M) is the direct
product of R-module Hom(A4, M).

Let C be an R-coalgebra with a comultiplication A : C' — C®C. An R-module N
is called a C-bicomodule if there exist C-comodule structure maps p™ : N - N®C
and p~ : N — C ® N such that the following relations hold:

(IoA)p" = (pTel)p*, (AcDp” =I2p )p~, (p~eD)p" =Uxp")p~ (1.0)

where the letter I always stands for the identity map (here, the identity map C —
C). An R-linear map d : N — C'is called a coderivation if

Ad=deDpt+(Ixdp :N—>CxC (1.1)

(cf. [4] and [11]). The notion of a coderivation is also extended as follows. An
R-linear map f : N — C is called a B-coderivation if there exists a coderivation
d: N — C such that

Af =(feDp" +{Iod)p” (1.2)
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and f is called an N-coderivation if there exists an R-linear map £ : N — R such
that

Af=(feDp"+UIeflp" +I oo l)(I®ph)p . (1.3)
A triple (f, f', f") € Hom(N, C)3 is called a triple coderivation if
Af = (f @ Dp*+ (o ). (1.4)

These sets of coderivations, B-coderivations, N-coderivations and triple coderiva-
tions from N to C are denoted by Coder(N, C'), BCoder(N, C), NCoder(N, C) and
TCoder(N, C), respectively. Similarly to the case of derivations, these coderiva-
tions, B-coderivations and N-coderivations are represented by (d, d, d), (f, f, d)
and (f, f, f+(E®1I)p™) as triple coderivations, respectively, we have the following

relations for these R-modules
Coder(N, C) C NCoder(N, C) C BCoder(N, C) C TCoder(N, C).

The middle sign C is proven by Lemma 3.1. These R-modules are also R-submodules
of the direct product Hom(N, C)® = Hom(N, C) x Hom(N, C) x Hom(N, C).
The properties of these coderivations were discussed in [9] and [15]. Note that when

C has a counit ¢ : C' — R, then we will show that
NCoder(N, C) = BCoder(N, C) = TCoder(N, C)

in Section 3, Lemma 3.1.

In Section 2, we treat an associative R-algebra A and an A-bimodule M. Writing
BiL(A, M) for the set of R-bilinear maps from A x A — M, we consider the fol-
lowing R-module as the direct product of R-modules Hom(A, M) and BiL(A4, M):

Q(A, M) = Hom(A, M) x BiL(A, M),

and define
on : TDer(A, M) — Q(A, M).

Then we see that Q(A) = Q(A, A) and TDer(A) = TDer(A4, A) have Lie algebra
structures such that ¢ 4 : TDer(A) — Q(A) is a Lie algebra homomorphism. More-
over, we show that the set of generalized Lie (resp. Jordan) derivations GLDer(A)
(resp. GJDer(A)) from A to A is also a Lie subalgebra of Q(A). In the final of
Section 2, we discuss the subset of BiL(A4, M) consisting of the biderivations in the
sense of [2] and [17].

In Section 3, for a coassociative R-coalgebra C' and a C-bicomodule N, we define
the direct product of R-modules Hom(N, C) and Hom(N, C ® C)

Q(N, C) =Hom(N, C) x Hom(N, C ® C).
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Then we show that results similar to those from Section 2 hold. Moreover, since
C* = Hom(C, R) is an associative R-algebra and N* = Hom(N, R) is a C*-

bimodule, there exist R-module homomorphisms
0o : TCoder(N, C) — TDer(C*, N*) and 6, :Q(N, C)— Q(C*, N¥)
such that the following diagram is commutative:
TCoder(N, C) —2 Q(N, O)
0 Jo
TDer(C*, N*) -2 Q(C*, N*)
where 1y is defined in Lemma 3.2. Especially, if N = C| then ¢y and ¢y~ are Lie

algebra homomorphisms whereas 6y and 6; are anti-Lie algebra homomorphisms.

2. The case of algebras

In this section, A is an associative R-algebra and the letters z, y, z denote
arbitrary elements in A. M is an A-bimodule, that is, M is an R-module, and a
left and a right A-module such that

x(my) = (xm)y, r(xzm) = (re)m = xz(rm) = (xm)r and rm = mr

for any m € M and r € R. An A-bimodule M is said to be unital if {m €
M | AmA =0} = 0. If A has an identity element 14 and M is unital, then, for any
m € M, we have A(1ym —m)A = 0, and hence 1 4m = m, similarly m1l4 = m.

An R-bilinear map «a € BiL(A, M) is called a factor set or Hochschild 2-cocycle
if

za(y, z) —alzy, z)+alz, yz) —alz, y)z=0,
and the factor set « is called a split factor set if there exists f € Hom(A4, M) such
that
flay) = f(@)y +f(y) + oz, y)

(cf. [3, (72.13) and (72.14)] and [14]). Although f is not uniquely determined by

a, we consider the set of above pairs, and denote it by

AA, M) =A{(f, @) € QA, M) | f(zy) = f(x)y +xf(y) + alz, y)}-

As is easily seen, A(A, M) is an R-submodule of Q(A, M), and for any (f, f’, f”) €
TDer(A, M), we have a bilinear map

AxAs (x, y) = flzy) — fl@)y —zfly) = (f = @)y +2(f" = f)ly) € M.

Then we have the following.
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Lemma 2.1. For any (f, f', f"”) € TDer(A, M), define an R-bilinear map «(f)
by

a(f): Ax A3 (z, y) = flzy) — f(x)y —2f(y) € M. (2.1)

Then the map

oum 2 TDer(A, M) S (f, f', )= (f, o(f) € M(A, M) CQ(A, M) (2.2)
is an R-module homomorphism with
Ker oy = {(0, f', f") € TDer(A, M) | f'(x)y+zf"(y) =0 for any z, y € A}.
Especially, if M is a unital A-bimodule, then pas is a monomorphism on BDer(A, M).

Proof. We note that for any (f, f’, f”) € TDer(A, M), a(f) is a split factor set by
f and thus pp (TDer(A, M)) is contained in A(A4, M). By (2.1) and the definition
of ¢, it is clear that ¢ is an R-module homomorphism with kernel defined
above. Assume that M is a unital A-bimodule. If (f, f, d) is a B-derivation, then

by @M(f; fa d) = (fv a(f)) =0, we have f =0 and O((f)(l‘, y) = l'(f - d)(y) =
—zd(y) = 0 for any z, y € A. Since M is a unital A-bimodule, we see d = 0, which
shows that ¢ is a monomorphism on BDer(4, M). O

For any triple derivations (f, f’, f), (¢, ¢’, ¢’') € TDer(A) = TDer(A, A),

there holds [f, gl(zy) = (fg — gf)(=y) = [/, ¢l(@)y + z[f", ¢"](y) for any =,
y € A. This shows that the operation

[(fa flv fl/)a (ga g/a g//)] = ([fa g]ﬂ [flv g/]ﬂ [f”a g"])

gives a Lie algebra structure on TDer(A). It is easy to see that BDer(A4) =
BDer(A4, A) is a Lie subalgebra of TDer(A) by the above operation.

Now, we define a Lie algebra structure on Q(A) = Q(A4, A), and show that the
map @4 defined by (2.2) is a non-trivial Lie algebra homomorphism.

Let (f, ) be in Q(A) and define an R-bilinear map a; by

ap: Ax A3 (z, y) = alf(2), y)+alz, fy) - falz, y) € A,

that is,
af=of xI+1xf)— fa. (2.3)

First, we have the following.
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Lemma 2.2. For any f, g € Hom(A, A) and o, 8 € BiL(A) = BiL(A, A) and
r € R, the following relations hold:

(1) A(rf) = (ra)s =r(ay), (2) (a+B)f =ay + By, (3) Qfrg) = Of + g,
(4) (ap)g — (ag)f = aif, g-

Proof. Since (1), (2) and (3) are easily seen by definition (2.3), we only show (4).
By (2.3), we have for any x, y € A

(ap)g — (og)y

=ap(gxIT+Ixg—gay—ag(fxI+Ix[f)+ fag

={alf xI+1x[)=fa}(gxT+Ixg)—gla(f xI+1x[)= fa}
—HalgxT+Ixg)—ga}(fxIT+Ixf)+ fla(gxI+1xg)—ga}
=a(fgxI—gf xI)+a(lx fg—Ixgf)—(fg—gf)a=qaj 4. 0

Theorem 2.3. For any (f, o), (g, B) € Q(A), we define

[(f; ), (g, B)] = (I, 9l: ag = By)- (2.4)
Then Q(A) is a Lie algebra with a Lie subalgebra A(A) = A(A, A), and the map
pa: TDer(A) 5 (f, ', f") = (f, a(f)) € A(4) C Q(A)
defined by (2.2) is a Lie algebra homomorphism.

Proof. First, we show that Q(A) is a Lie algebra. Let u = (f, «), v = (g, 8) and
w = (h, v) be in Q(A). Then by Lemma 2.2 and the definition (2.4), the following

is easily seen.
[u, v]+ v, u]=0 and [u+v, w]=[u, w]+ v, w].
Therefore, it is enough to show that the Jacobi identity
[u, [o, wl] + [v, [w, W]] + [w, [u, v]] =0 (%)

holds. By the associativity of R-linear maps f, g, h € Hom(A, A), the first

component of the above relation (x) is
[ lg, Rl +1g, [hy ST+ 1R, [f, gl] =0.
And by (2.4), since

[(f’ a)’ [(ga 6)) (h7 '7)]] = [(f, a)v ([g’ h}v Bh—’}’g)]
= ([f, [gv h]]’a[g, h] — (ﬁh _’Vg)f)a
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then by Lemma 2.2, the second component of (x) is

{agg, n = B =)y + 1B, 51— (v —an)g} + {15, o) — (g = Bf)n}
= ag, n) — {(ag)n — (an)g} + B, 51 = {(Br)r — (Br)n}
+, 9 = {(p)g — (vg) s} =0.

Therefore Q(A) is a Lie algebra.
Next, we show that A(A) is a Lie subalgebra of Q(A). Let (f, «) and (g, §) be
in A(A). Then by (2.3), we have

[f, gl(zy) = flg(@)y +xg(y) + Bz, y)) — 9(f(2)y + 2f(y) + alz, y))
= (f9(@)y +xfg(y) + alg(x), y) + alz, g(y)) — galz, y)
—{(gf @)y +2gf(y) + B(f(x), y) + Bz, f(y)) - fBz, y)}
=[f, gl(x)y +xlf, gl(y) + (g — Br)(z, y).

Thus A(A) is a Lie subalgebra of Q(A).
Finally, we show that ¢4 is a Lie algebra homomorphism. Let (f, f’, f”) and
(g9, ¢'s ") be in TDer(A). Then by

@A([(fz f/a f//)v (97 9/7 g”)]) :QOA([f’ g]’ [f/a g/]’ [fﬂv g”]) = ([fv g]’ O‘([f’ g]))

and

[@A(.ﬂ f/a fl/)a @A(g7 gla gH)] = [(fa a(f))v (ga O‘(g))} = ([fa 9]7 a(f)g_a(g)f)a

it is enough to show that a([f, g]) = a(f)g—al(g)s. Since (f, f', ") and (g, ¢', g")
are triple derivations, then by (2.1) and (2.4), we see

a(fg(z, y) = a(f){(9(x), y) + (z, 9(¥)} — gla(f)(z, v)),

and so

a(flg(x, y) = (f' = lg@)y + g(@)(f" = H)y) + (f = H@)aly)
+a(f" = W) = (¢ (f = H@)y = (f = @)g"(y)
=g @) (f" = Hly) —2g"((f" = )
= —{f9(@)y +9'f' @)y +2fgy) + 29" f"(y)}
+ f'9(@)y + g(x) " (y) — 9(2) f(y) + f/(2)g(y) — f(z)g(y)
+af"gy) +9'f(@)y — f'(@)g" () + f(2)g" () — g'(2) f" (y)
+9'(2)f(y) + 29" f(y).
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Symmetrically, we see

a(9)s(z, y) = —{gf(@)y + f'g'(x)y + 2gf(y) + = f"g"(y)}
+ g f@)y + f2)g"(y) — f(2)g9(y) +9'(2) f(y) — 9(=) f(y)
+ag" f(y) + [9(x)y — g' (@) f"(y) + 9(2) [ (y) — f'(2)g" (v)
+ f(2)g(y) +xf"9(y).

Hence we have

(a(f)g —alg)p)(@, y) = (f'g'(x) = g'f'(@))y — (f9(z) — gf(x))y
+a(f"q"(y) — 9" " (y)) — =(f9(y) — 9f(y))
= ([f", g1 =1fs @)y +=([f", ¢"T-1f, 9D(v)
= o([f, g))(z, y).

Therefore ¢4 is a Lie algebra homomorphism. ]

A bilinear map « € BiL(A, M) is called symmetric (resp. skew symmetric) if
alz, y) = aly, x) (resp. a(z, y) = —a(y, x)) for any z, y € A. We denote
the set of symmetric (resp. skew symmetric) bilinear maps from A x A to M by
BiLgy (A, M) (resp. BiLggsy(A, M)). Define

Qgsy(A, M) ={(f, a) e QA, M) | a € BiLg,(A, M)},

Qssy(A, M) ={(f, o) € QA, M) | o € BiLsg, (A, M)}.
These sets are R-submodules of Q(A, M) and we have the following R-submodules
of A(A, M):

Asy(A, M) ={(f, a) € (A, M) | o € BiLgy (A, M)},

Assy(A, M) ={(f, o) € A(A, M) | a € BiLsgy(A, M)}.
Moreover, for any (f, ), (g, B) € Qsy(A, M) (resp. (f, a), (g, B) € Qssy(A4, M)),

oy and By are symmetric (resp. skew symmetric) by (2.3) and thus we have the

following.

Corollary 2.4. Qg,(A4) = Qg, (4, A) and Qs5,(A) = Qs5,(4, A) are Lie subal-
gebras of Q(A). Especially, Asy(A) = Agy(A, A) and Aysy(A) = Assy(A, A) are
Lie subalgebras of A(A).

In [12], we showed that the set of N-derivations

NDer(A4) = {(f, a) € Hom(A, A) x A | f(zy) = f(x)y + = f(y) + zay}
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from A to A is a Lie algebra by the following operation

[(f, a), (g, )] = ([f, g], F(b) —g(a)) (a, bEA). (2.5)

Since an N-derivation (f, a) is represented by (f, f, f+ a¢) as a triple derivation
and the Lie algebra structure of TDer(A) is given by

[(f’ fv f+a€)7 (97 9, g+b€)] = ([f7 9}7 [fv g]’ [f+a'€a g+b€])a

then we see by (2.1)

o[f, gz, y) = 2([(f +ar), (g+0bo)] = [f, 9])(y)
= x(fby + arg + aby — gag — bo f — beay)(y)
=z(f(b) — g(a))y

as a triple derivation. Thus the Lie algebra structure of NDer(A) defined by (2.5)
is the same as (2.1).

It is known the following types of derivations which are not triple derivations.
Let G be a multiplicative subsemigroup of the set of R-algebra endomorphisms of
A and f € Hom(A, M). f is called a G-derivation if f(zy) = f(x)o(y) + 7(x) f(y)
for some o, 7 € G. It is a generalization of (o, 7)-derivation. The properties
of (o, 7)-derivations were discussed in many papers (cf. [5]). We denote the
set of G-derivations by Derg(A4, M). A G-derivation is not a triple derivation.
Another one is as follows. g € Hom(A4, M) is called a right derivation if g(zy) =
g(x)y + g(y)x. The right derivations relate to the quasi-separable or differentially
separable extension A over R (cf. [7] and [16]). We denote the set of right derivations
by RDer(A, M). As is easily seen, the above derivations are not triple derivations,
but if we define a(f)(z, y) = f(zy) - f(z)y—2f(y) and B(g)(x, y) = g(y)z—xg(y),
the equality a(f)(x, y) = f(z)(o(y)—y)+(7(xz)—=z) f(y) is then an easy consequence
of this definition and by

Derg(A, M) > f— (f, af)) € A(A, M)
RDer(A, M) > g+ (g, 8(g9)) € A(A, M),

Derg(A, M) and RDer(A, M) are R-submodules of A(A, M). In general, Derg(A) =
Derg(A, A) and RDer(A) = RDer(A, A) are not Lie subalgebras of A(A). If we
assume that G is commutative and od = do for any o € G and d € Derg(A), then
Derg(A) is a Lie subalgebra of A(A4). Similarly, if [f(z), g(y)] + [f(y), g(z)] =0
for any f, g € RDer(A) and z, y € A, then RDer(A) is also a Lie subalgebra
of A(A). But we have not good examples for G-derivations and right derivations

which satisfy the above relations.
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A pair (f, a) € Q(A, M) is called a generalized Jordan derivation if
f@?) = f(x)x +2f(z) + a(z, ) for any x € A, (2.6)
and similarly, (f, «) is called a generalized Lie derivation if

f(z, y]) = [f(x), y] + [z, f(W)]+alz, y) —aly, z) forany z, yec A (2.7)

These notions were introduced in [13] (cf. [14]) and some properties of them were
given. The sets of generalized Jordan derivations and generalized Lie derivations
from A to M are denoted by GJDer(A4, M) and GLDer(A, M), respectively. Then

we have the following.

Theorem 2.5. GJDer(A) = GJDer(A, A) and GLDer(A) = GLDer(A, A) are
Lie subalgebras of Q(A) by the operation (2.4).

Proof. As is easily seen, GJDer(A, M) and GLDer(A, M) are R-submodules of
Q(A, M).
First, we show that GJDer(A) is a Lie subalgebra of 2(A). Let (f, «) and (g, 5)
be in GJDer(A). Since g(x)x + xg(x) = (g(z) + x)? — g(x)? — 22, then by (2.6),
fo(a?) = f(g(x)z + 2g(2) + Bz, @)
= (f9(@))z +xfg(x) + f(z)g(2) + 9() f ()
+a(g(x), z) +alz, g(x) + Az, ©),

and symmetrically
9f(@?) = (gf @)z + g f(z) + g(2)f(2) + f(2)g(x)
+B8(f(x), =)+ B(z, f(z))+ga(r, ).

Thus by (2.3) and (2.4), we see

[f, 9l(=®) = [f, gl(@)a +alf, g)(z) + (ag — By)(z, @),

which show that ([f, g], oy — Bf) is a generalized Jordan derivation in our sense.
Next, let (f, «) and (g, 8) be in GLDer(A). Then by (2.3) and (2.7), we see

fo([z, y]) = f(lg(@), yl+ [z, 9()] + Bz, y) — B(y, x))
= [fg(x), yl+[9(x), )]+ alg(x), y) —aly, g(z))
+ (@), 9] + [z, faW)l +alz, 9(y)) —alg(y), z)
+ f(Bx, v) = f(Bly, z)),
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and symmetrically

gf([z, y]) = [9f(2), yl + [f(z), g)] + B(f(x), y) — By, f(x))
+9(x), fW)]+ [z, gf )]+ Bz, f(y) —B(f(y), z)
+g(a(z, y)) — glaly, z)).

Thus we have

[fs gl(lz, 9) = [Ifs gl(x), yl+ [z, [f, 9lW)] + (ag = Br)(z; y) = (ag = By)(y, @),

which shows that ([f, g], ag — Bf) is a generalized Lie derivation. These show that
GJDer(A) and GLDer(A) are Lie subalgebras of Q(A). O

In the final part of this section, we study biderivations from A x A to M. A
bilinear map B : A x A — M is called a biderivation if for any x € A, the maps

Bz, =): Ay~ B(z,y)eM and B(—, z):A>3y— By, x) e M

are derivations. A biderivation B is called symmetric (resp. skew symmetric)
if B is a symmetric (resp. skew symmetric) bilinear map. We denote the sets
of biderivations, symmetric biderivations and skew symmetric biderivations from
A x A to M by BiDer(A, M), SyBiDer(A, M) and sSyBiDer(A, M), respectively.
It is known that if A is commutative and f, g : A — A are derivations, then the
map f - g defined by (f - g)(z, y) = f(x)g(y) is a biderivation, and thus f - f is a
symmetric biderivation. Moreover, the map [—, =] : AX A3 (z, y) > zy—yr € A
is a skew symmetric biderivation. The properties of biderivations and symmetric
biderivations were discussed in [2], [6] and [17].

Now, we consider the following R-module
Ap(A, M) ={(f, o) € A(A, M) | a € BiDer(A, M)}.

Let (f, ) and (g, 8) be in Ag(A) = Ag(A, A). Then by (2.3), ay(zz, y) =
alg(z2), ) +a(zz, g(y)) - ga(zz, y), we have

ag(zz, y) = z{a(g(2), y) +a(z, g(y)) —galz, v)}
+{a(g(z), y) +alz, g(y)) — ga(z, y)}z
+O‘(/B(x7 Z)a y) _ﬁ(xv O‘(z’ y)) —ﬁ(a(x, y)’ Z)z

that is,

ag(xz, y)fxag(z’ y)iag(xa y)Z = 04(6(1', Z), y)fﬂ(xv OZ(Z, y))fﬂ(a(xa y)7 Z)
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This means that « is not a biderivation in general. Similarly, we have

ﬁf(xz7 y)—l‘ﬁf(27 y)_ﬁf(x7 y)Z :B(O‘(xv z)v y)—a(m, B('zv y))_a<ﬁ($7 y)v Z)

and so

(ag = Br)(zz, y) — x(ag — By)(2, y) — (ag = Br)(z, y)z
= Ot(ﬂ(iE, Z)’ y) - B(x7 oz(z, y)) - B(O‘(z7 y)7 Z)
- {ﬂ(a(x7 Z)v y) - O‘(Iv B(Za y)) - Ot(ﬂ(:l?, y)v Z)},

Bf(l‘z, y)—l‘ﬁf(Z, y)_ﬁf(x’ y)ZZﬁ(Ot(]J, Z)7 y)—oz(x, 5(27 y))_a(ﬁ(l‘v y)7 Z)
and so
(ag = Bp)(wz, y) —x(ag — Br)(z, y) — (g = By)(x, y)z

= a(B(z, 2), y) = Bz, alz, y)) — Bla(z, y), 2)
- {ﬁ(a(m, Z)a y) —a(m, ﬁ(Z, y)) —a(ﬂ(ax y)a Z)}7

which shows that ay — B¢ is not a biderivation, too. Therefore, Ag(A) is not a Lie

subalgebra of A(A). By these calculations, we have the following.

Theorem 2.6. (1) For any (f, «), (g, B) € Asyp(A) = Agyp(A, A), assume
that a and B satisfy the following condition:

a(z, By, 2)) +aly, Bz, )+ alz, Bz, y))
:ﬁ($7 a(yv Z))+6(y7 a(z, x))"—ﬁ(zv a(m, y))

Then [(fa a)a (ga ﬁ)] € ASyB(A)
(2) Forany (f, a), (9, B) € Assy(A) = Assyp(A, A), assume that o and f3

satisfy the following condition:

a(x, B(ya z))—a(y, 5(27 x))+a(zv ﬁ((E, y))
:ﬁ(x7 a(yv Z)) _ﬁ(yv O‘(Zv x))‘i‘ﬁ(Z, a(m, y))

Then [(fv a)v (97 ﬂ)] S AsSyB(A)'

Proof. (1) Let (f, a) and (g, 8) be in Agyp(A4). Since [(f, a), (g, B)] =

(If, 9], ag — By), it is enough to show that ay — By is a symmetric biderivation.
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By the above calculations and using that « and 8 are symmetric, we have

(ag = Br)(@z, y) —af(ag = Br)(z )} — {(ag = Br)(x; y)}z
={a(B(z, 2), y) = Bz, a(z, y)) = Blalz, y), 2)}
—{Blalz, 2), y) —alz, Bz, y)) —a(B(z, y), 2)}

=afz, By, 2)) +aly, B(z, 2)) +alz Bz, y))

- B(z, aly, 2)) = By, a(z, =) - B(z alz, y)) =0

by our assumption. Moreover, o and 3 are symmetric, then ay and B¢ are also

symmetric by (2.3), and thus

(ag - ﬁf)(fvv zy) = (ag - Bf)(z:% T) = Z(ag - ﬂf)(@/, T) + (ag - Bf)(z, z)y
= Z(ag - Bf)($7 y) + (ag - ﬁf)($7 Z)y7

which shows that (g — Bf) is a biderivation.
(2) For any (f, «), (g, B) € Assy(A), since ay and [y are skew symmetric, it

is similarly proved. O

We can easily check the following. For a commutative algebra A and derivations
fig:A— A if fg=gf,thena = f-f and B = g-g are biderivations which satisfy
the assumption (2.8). And for any ¢;, ¢ € C(A), the center of a noncommutative
algebra A, then o = ¢;[—, —] and 8 = ¢a[—, —] are biderivations which satisfy the
assumption (2.9). We have not more good examples of biderivations which satisfy

the assumption in Theorem 2.6.

3. The case of coalgebras

Let C be a coassociative R-coalgebra with a comultiplication A : ¢ — C ® C.
We do not assume that C has a counit € : C' — R. Let N be a C-bicomodule with a
right C-comodule structure map p™ : N — N ® C and a left C-comodule structure
map p~ : N — C ® N which satisfy the relation (1.0).

The notions of a coderivation, an N-coderivation, a B-coderivation and a triple
coderivation are defined by (1.1), (1.3), (1.2) and (1.4), respectively. The set of

triple coderivations
TCoder(N, C) = {(f, fi, f2) € Hom(N, O | Af = (fioD)p" +(I® f2)p"}

is an R-module with R-submodules Coder(N, C'), NCoder(N, C) and BCoder(N, C),
where I : C — C' is the identity map. First, we show that NCoder(N, C) is an
R-submodule of BCoder(N, C).
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Lemma 3.1. If (f, f, f+(£®1)pT) is an N-coderivation, then f+ (@ I)p* is
a coderivation for any & € Hom(N, R). Therefore, NCoder(N, C) is contained in
BCoder(N, C). Especially, if C and N have counits, then

NCoder(N, C) = BCoder(N, C) = TCoder(N, C).
Proof. Since (f, f, f+ (€ ®I)pt) is an N-coderivation, then by (1.3), we see
Af =(feDpt+Iflp” +(I DI @ph)p~
=(fehp+{Ia(f+(EaD)p)}p.
Noting that A(®I) =R A: N®@C — R®C — C ® C, we have by (1.0),
Ao Dpt =(EeA)pT =Eele)(IeA)p" =(Ealal)(pt @I)p*
= (e Dpte)pT,
and thus
A(f+(E@D)pT) = Af + A @ D)p*
=(felpt+{Ia(f+E0Dp")lp +AERD)p"
={feol+A¢a D}t +{I@(f+(E@Dp")}p~
={(f+E¢eDp)elp" +{Ia(f+EDp)}p™,

which shows that f + (£ ® I)p™T is a coderivation. Therefore NCoder(N, C) C
BCoder(N, C).
Assume that C' has a counit ¢ : C — R. It is enough to show that a triple

coderivation (f, f1, f2) is an N-coderivation. By
(I®e)Af=(hi®e)pt + [T @ef)p,

we see [ = f1 + (I ® efs)p~, which shows that fi = f — (I ® ef2)p~. Similarly,
f2=f—(efi ® I)p™). Therefore,

Af=(feDpt+Ieflp” +(Iee(-fi—f)@)(I@p )p~.
This means that a triple coderivation (f, fi, f2) is an N-coderivation. O
Now, define
Q(N, C)={(f, o) | f € Hom(N, C), o € Hom(N, C ® C)}.

Then Q(N, C) becomes an R-module as the direct product of Hom(N,C) with
Hom(N,C®C) and for any (f, f1, f2), (g9, g1, g2) € TCoder(C) = TCoder(C, C),
we have by (1.4)

Alf, gl = ([f1, il @ I+ 1@ [f2, ga])A.
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This shows that the operation

[(f, f1, f2), (9, 91, 92)] = ([fs 9], [fr, ¢l [fes 92])

gives a Lie algebra structure on TCoder(C'), which contains a Lie subalgebra
BCoder(C) = BCoder(C, C). Since the several properties of an R-module TCoder(N, C)
and a Lie algebra TCoder(C) are discussed in [9], we consider the relations of
TCoder(N, C) and Q(N, C).
Lemma 3.2. For any (f, f1, f2) € TCoder(N, C), define a map a(f) by

alf)y :Nan— (Af—(feDpt -T2 flp )n)eCxC. (3.1)
Then the map

Yy : TCoder(N, C) 3 (f, f1, f2) = (f, a(f)) € Q(N, C) (3.2)

is an R-module homomorphism with

Kern = {(0, f1, f2) € TCoder(N, C) | (i@ )p" + (I ® f2)p~ = 0}.

Especially, if C and N have counits, then vy is a monomorphism on TCoder(N, C).

Proof. For any (f, f1, f2), (9, ¢1, g2) € TCoder(N, C) and r € R, it is clear
that a(f) + a{g) = a(f + g) and ra(f) = a(rf) by (3.1). This shows that ¢y is
an R-module homomorphism and by Af = (f1 @ pT™ + (I @ f2)p~,

Ker ¢y = {(0, f1, f2) € TCoder(N, O) | (fi®@I)p" + (I ® f2)p~ =0}

is clear. By Lemma 3.1, it is enough to show that v, is a monomorphism on
BCoder(N, C). If (f, f, d) is a B-coderivation, then by ¥ (f, f, d) = (f, a(f)) =
0, we have f =0 and a(f) = (I ® d)p~ = 0. Therefore, (e @ [)(I @ d)p~ =d =

0,
which shows that ¥p, is a monomorphism. O
For any f € Hom(C, C), « € Hom(C, C ® C), we define

o =(fRI+I® fla—af:C = C®C. (3.3)
Then we have the following which corresponds to Lemma 2.2.
Lemma 3.3. Forany f, g € Hom(C, C), a, B € Hom(C, C®C) and r € R, the
following relations hold:
(1) alrf) = (ra) =r(af), 2) (a+ B)f =af +p7, (3) allt9) = of 4 o9,
(4) ()9 — (a9)F = alo: 71,
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Proof. By definition (3.3), it is enough to show (4). Since

() =(geI+I®g)al —(al)g
=(gfRI+g@f+fRg+I0gfla—(g@I+1®g)af
—(fRI+I® flag+ afyg,

we see
(@) — (@) = (lg, floT+1®]g, fla—alg, f]=al> . O
Now, we define an R-submodule A(N, C) of Q(N, C) by
AN, O)={(f, ) €QN, O) | Af = (f@D)p" +(I® f)p” +a}.

Then by Lemmas 3.2 and 3.3, we have the following which corresponds to Theorem
2.3.

Theorem 3.4. For any (f, o), (g, B) € Q(C), we define
[(f, @), (9. B)] = (f. g, B —a). (3.4)
Then Q(C) is a Lie algebra with a Lie subalgebra A(C), and the map
Yo+ TCoder(C) 3 (f, fi. fo) = (f. a(f)) € A(C) C Q(C)
defined by (5.2) is a Lie algebra homomorphism.

Proof. Let u = (f, ), v = (g, 8) and w = (h, 7) be in Q(C). By Lemma 3.3 and

(3.4), [u, v] + [v, u] =0 and [u+ v, w] = [u, w] + [v, w] are clear. Since

[(f, @), [(g, B), (h, V] =[(f, @), (lg, B, ¥ — B™)]
=([f, lg, hll, (v = B") —ale: ),

then by Lemma 3.3, we have

(9 — M) — alo hl 4 (a —~4f)9 — Bl 1 4 (B — a9 — AL 9l
= () = () =g (BT — (B") = B T (ah)7 = (a9) = ol M =0,

This shows that [u, [v, w]] + [v, [w, u]] + [w, [u, v]] = 0. Therefore Q(C) is
a Lie algebra. Especially, if (f, «), (g, 8) € A(C), then by (3.4), we see that
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[(f, @), (g. B)] = ([f. 9], B/ —a?) and by (3.3),

A(lf, 9) = (Af)g — (Ag)f
—{(fRI+I®f)A+a}g—{(gRI+I®g)A+B}f
=(f, gJ@I+Ia[f, DA+ (f@I+I®f)B+ag— (9@ +I®g)a—Bf
=(f, @1+ Ie[f, g)A+ 8 —al.

Thus A(C) is a Lie subalgebra of Q(C).
Next, we show that 1¢ is a Lie algebra homomorphism. Let (f, f1, f2) and
(9, g1, g2) be in TCoder(C). Then

Yo(fs fi, f2), (9, 91, 92)l) = vo(lf, gl, [, il [f2, 92]) = (If gl, (S, gl)

and by

[Welf, fi fo) dolg, g1, g2)] = [(fs al), (9, {9)]) = (Ifs gls (a{9)! =(a(f))?),
it is enough to show that a([f, g]) = (a{g)) — (a(f))9. Since (f, f1, f2) and
(9, g1, g2) are triple coderivations, then by (3.1) and (3.3), we see
((9))) = (foI+1& flalg) - (alg)f
=(fRI+I® f){lg—9)@I+1®(g2—g)}A
{1 —9)@I+1® (92— 9ol +1® f2)A

and symmetrically,
(a{f))? =(g@I+1®g)a(f)— (a{f))g
=@eI+Ig{(i-fHel+Ix(fz—f)}IA
—A{h=HI+Ie(fo— g+ g)A.

Then we have

(alg) — (M) ={([fr, a) = [f, gD @I+ T ([fo, g2] = [f, 9])}A
= o[/, gl),

which shows that ¥¢ is a Lie algebra homomorphism. O

In [13], we showed that if f: N — C is an N-coderivation such that
Af=(feDpt+I ey +(Iefal)(I@p)p”, ¢ecHom(N, )

then f*: C* = Hom(C, R) — N* = Hom(N, R) defined by (f*(c1))(n) = cf(f(n))
is an N-derivation, where ¢j € C*, n € N (cf. [15, Section 4]). We finally give some
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relations for coderivations and their dual derivations, which is essentially obtained
[8, Section 6].

Theorem 3.5. If(f, fi, f2) € TCoder(N, C), then (f*, fr, f5) € TDer(C*, N*).
Especially, if (f, f, d) is a B-coderivation, then (f*, f*, d*) is a B-derivation.

Proof. Let ¢j, ¢5 € C*, c € C'and n € N. The algebra structure o of C* is given
by (¢ och)(c) = > (cf ® ¢)A(c), and C*-bimodule structure of N* are defined by

(nici)(n) = (n ®ci)p"(n) and (cini)(n) = (i ®@ni)p (n),  (3.5)
where n} € N*. If (f, fi, f2) € TCoder(N, C), then by Af = (fi @ )pT + (I ®
f2)p~, we have

frleiocs) =(f@)Af = (i@ {(A®Dp" + (I ® f2)p~}
= (fi(c)®c5)p" + (7 @ f5(c3)p™ = fi(cl) o cs +cf o f5(ch).

Therefore (f*, ff, f5) is a triple derivation from C* to N*. O

Now, as is easily seen, the map
0o : TCoder(N, C) > (f, f1, fo) = (f*, fi, [5) € TDer(C*, N*)
is an R-module homomorphism and if N = C, then by

Ool(fs f1: f2), (9, 91, 92)] = Ou([f5 g, [f1, g1l [f2, g2])
=([f, 9", [f1, ¢1]", [f2s 92]")
=(lg", 171, lo1, f1], 1oz, f3])
= [00((g; 91, 92)), bo((f, f1, f2))],

0o : TCoder(C) — TDer(C*) is a Lie algebra anti-homomorphism. And for any
(f, @) € A(N, C), we have a bilinear map

o C* xC*" 3 (], &) = a*(c], ¢5) € N*
defined by a*(cf, ¢3)(n) = (¢t @ c5)a(n). Since Af = (1 DpT+ (IR fo)p~ +a,
we have
Fr(edes +eif (c3) +a™(cl, &3) = (if @ c)p" + ] @ (3f)p” + (] @ 3)a
=(Fe{(fehpt+Ueflp +a}
= (] ®c)Af = f*(c] o),
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and thus we can define an R-module homomorphism

01 : A(N, C) > (f, a)— (f*, a*) € A(C*, N*).
Then we have the following.
Theorem 3.6. The diagram of R-modules

TCoder(N, C) —2%~ A(N, C)

! l

TDer(C*, N*) 225 A(C*, N*)

is commutative. Especially, if N = C, then the above diagram is commutative and

0; (i=0, 1) is a Lie algebra anti-homomorphism.

Proof. It is enough to show that the diagram is commutative, and 6; is a Lie
algebra anti-homomorphism in case of N = C.

Let (f, f1, f2) € TCoder(N, C), ¢f, ¢5 € C* and n € N. By Theorem 3.5,
since (f*, f1, f3) € TDer(C*, N*) is a triple derivation, then by Lemma 2.1(2.1),
Lemma 3.2(3.1) and the definition of A(C*, N*), we have

a(f*)(e, e)(n)

{0 = ) (e)es +ei(f3 — f7)(e3)}(n)

{(f1 = 1) (cD)es +ci(f2 = f)(e3)}(n)

{(cilfi = @)™ + (1 @cs(f2 — fp~ Hn)
d@c){((fi—HeDp" +I@(f2—f))p" }(n)
aff))"(c1, e3)(n).

= (c
= (
This shows that

YN (f, f1, f2) = 0u(f, a(f)) = (", (a(f)") = (", a(f))
=pn-o(f; f1, f1),

that is, the above diagram is commutative.
Next, assume that N = C. Then for any (f, «), (g, 8) € A(C), we have

B =((feI+Ia)B—Bf) = (@I +I'® ")~ 5",
(B)ge =B (f" x Icw + Ic- x f*) = [*B".
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Since the algebra structure of C* is defined by (cf o ch) = (cf ® c5)A, we see
(B5)* = (B*)s+ and thus

01((f, @), (9, B =0u([f, 9], B/ =) =(lg", ], (B))" = (o)),
=g 171, (B = (a)g-) = (g7, BY), (f7, a7)]
= [91«97 6))7 91((f’ Oé))]

Therefore 6, is a Lie algebra anti-homomorphism. O

Finally, we show that the notion of a biderivation is dualized as follows.

Theorem 3.7. Let B, : N — C ® C be an R-bilinear map which satisfy the

following relations:
(1) (A®DB.=(I®B)p +{I@t)(B.®I)p*,
(2) I®A)B.=(B.®I)p"+t@I)(I®B)p,

wheret : CRC32zRy—yx e CC. Then the map B : C* @ C* — N*
defined by

Bi(c3, c5)(n) = (¢ ® ¢3)Bu(n) for any ¢, ¢; € C*, ne N
is a biderivation.
Proof. Since C*-bimodule structures of N* are given by (3.5), we have
ABi(ch, ¢3) =1 ®@Bi(cz, 3))p” = (1@ @) ®B)p™,
Bi(ch, e5)cs = (Bi(ci, &) @c3))pt = (] @ 3@ c5)(Be @ I)p*
=(fegeag)Iet)(B.oI)p"
for any ¢ € C*. Then by (1)
iBi(cs, ¢5) + Bi(ch, e5)cs = (i@ @{I® By)p~ + (I @t)(Be @ 1)p")
= (1@ aeg)(A@ B = ((¢]oc) @ c3)Be = Bi(c] o ¢y, ¢3).
Similarly by (2), we have
Bi(c1, ey oc3) = e Bi(cr, ¢3) + Be(eq, )i
These show that B¢, : C* ® C* — N* is a biderivation. O

For an A-bimodule M, by the above theorem, the map B, : N — C ® C corre-
sponds to the notion of a biderivation B : A x A — M.
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We can define some other coderivations which correspond to the G-derivations
and the right derivations as follows. Let G. be the set of R-coalgebra endomor-
phisms of C. For a C-bicomodule N, an R-linear map f : N — C is called a
G.-coderivation if

Af =(f@o)p™ +(t@ flp~

for some o, 7 € G.. Similarly, g : N — C'is a right coderivation if
Ag=(g@I)p* +(g@Dtp~,

where t :C QN 3z@mm— m®zxz € N ® C is the twisted map. Since ¢* and 7*

are R-algebra endomorphisms of C*, then we have

frleog)=(@g)Af =(cea){(fea)p’ +(re flp~}
= ff @co+ar@eft =)o (e) + () (e),
which show that f*: C* — N* is a (0%, 7*)-derivation and by
g (ciocs) = (ci@cs)Ag= (i@ ){(g@Dp" + (9@ Dtp”}
=cafT®cao+araft =gt(c)e + g7 (),
g : C* — M~ is a right derivation. Therefore, the above G .-coderivation and
the right coderivation are considered as the dual notions of the G-derivation and
the right derivation. We will be able to discuss the several properties of (o, 7)-

coderivations and right coderivations which correspond to the properties of
Derg«, r«(A, M) and RDer(C*, M*).
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