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Estimate of the spectral radii of Bessel multipliers and
consequences
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ABSTRACT. Bessel multipliers are operators defined from two Bessel sequences of elements of a Hilbert space and
a complex sequence, and have frame multipliers as particular cases. In this paper, an estimate of the spectral radius of
a Bessel multiplier is provided involving the cross Gram operator of the two sequences. As an upshot, it is possible to
individuate some regions of the complex plane, where the spectrum of a multiplier of dual frames is contained.
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1. INTRODUCTION

Bessel multipliers, as introduced in [2], are operators in a Hilbert space which have been
extensively studied [5, 11, 24, 25], occur in various fields of applications [4, 14, 21] and include
the class of frame multipliers [9, 10, 12, 19, 22]. Recently, in [10], given a frame multiplier
some regions of the complex plane containing the spectrum have been identified. In order to
present the main contributions of this paper, which follows the line of [10], we need to give
some definitions and preliminary results.

A Bessel sequence of a separable Hilbert space H (with inner product (-,-) and norm | - ||) is a
sequence ¢ = {©, nen of elements of H such that

ST en)P < BlIfI?,  VfeH
neN

for some B, > 0 (called a Bessel bound of ¢). A sequence ¢ = {¢,}nen is a frame for H if there
exist A,, B, > 0 such that

(1.1) ANFIP <D I en)? < BllfIIP, Ve,
neN

Given two Bessel sequences ¢ = {¢p}nen, ¥ = {¥n}neny of H and m = {m,, }nen a bounded
complex sequence (in short, m € ¢>°(N)) it is possible to define a bounded operator M,, ., ,, on
H in the following way

Mm#Pﬂ/’f = Zmn<f7 wn>SDn7 f € H

neN
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This operator is said the Bessel multiplier of ¢, 1 with symbol m. It thus consists of three pro-
cesses: analysis through the sequence ¢, multiplication of the analysis coefficients by m and
synthesis processes by ¢. When ¢ and v are frames, M,, ,  is called a frame multiplier.

Since a Bessel multiplier is a bounded operator, its spectrum is contained in some disk and,
more precisely, the following bound has been given.

Proposition 1.1 ([10, Proposition 1]). The spectrum o (M, ) of any Bessel multiplier M, , o is
contained in the closed disk centered the origin with radius sup,, \mn|BﬁB¢%, where B, and By, are
Bessel bounds of p and 1), respectively.

A special case occurs when ¢ and ) are dual frames, i.e. two frames satisfying the condition'
(12) F=Y (Fdn)on,  VfEH.
neN
In this setting, it was possible to find more precise regions where the spectra are contained, as
stated in the following result.
Proposition 1.2 ([10, Propositions 2 and 3]). Let @, be dual frames for H with upper bounds
B, By, respectively, and let m € (>°(N).
(1) If m is contained in the disk of center p with radius R, then o(M,y, ) is contained in the disk
of center p with radius RB,, 3 By 3
(2) If m is a real sequence, then (M., ) is contained in the disk of center

1
—(supm,, + inf m,,)
2 n n

with radius

1
5(81;}) My, — i%f mm)BgO%Bw%.

(3) If 1 is the canonical dual® of ¢, then o(M,, ;) is contained in the closed convex hull of m.

One of the two main results of this paper, which is right below, gives an estimate of the spec-
tral radius of a Bessel multiplier in terms of the cross Gram operator G, ; [3] of ¢ and ¢ which
is recalled in Section 2. A direct consequence, contained in the statement, is an improvement
of Proposition 1.1.

Theorem 1.1. Let @, 1) be Bessel sequences of H with cross Gram operator G, , and let m € {>°(N).
Let M,, be the multiplication operator by m on (*(N). Then, My, , » and M, G, , have the same
spectral radius

(13) ’I“(Mm#,ﬂ[,) = T‘(MmG%w).
In particular, the following bound holds
(1.4) (M, p.p) < sup [my|||Ge |-

Therefore, the spectrum of any Bessel multiplier M., . is contained in the closed disk centered the
origin with radius sup,, |my| |Gy |-

Lor, equivalently, the condition f = Z (f, pn)¥n for every f € H.
neN
2among all the dual frames of ¢ there is a special one called the canonical dual; the definition is given in Section 2.
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The second main result, i.e. Theorem 3.2, concerns dual frames and is the counterpart of
Proposition 1.2 in which the cross Gram operator is involved again. Both in Theorems 1.1 and
3.2, the constant BW%Bw% appearing in Propositions 1.1 and 1.2 is substituted by the norm
|G|l of Gy . Since the inequality |Gy, | < BwéBw% always holds, Theorems 1.1 and 3.2
improve in fact Propositions 1.1 and 1.2. In connections to the main results, throughout the
paper we will discuss some remarks and examples.

2. PRELIMINARIES

We denote by ¢%(N) (respectively, £>°(N)) the usual spaces of square summable (respectively,
bounded) complex sequences indexed by N.
Given two Bessel sequences ¢ and ¢ of H the following operators can be defined (see [3, 6]):
Cy, : H — (*(N), defined by C,, f = {(f, n)}, is the analysis operator of .
e D, : (*(N) = M, defined by Dy {c,} = >, o ¢non, is the synthesis operator of .
Sy H—MH, S, =D,C, is called the frame operator of ¢; the action of S, is

Sef = {fondpn,  fEMH.

neN

Gy 2(N) = 2(N), Gy = Cy Dy, is the cross Gram operator of ¢ and ¢ which acts as
Goplcn}y = {dr}, wheredy = 3 cn(@n, ¥r). In other words, G, 4, can be associated
to the matrix ({¢n, ¥i))n.ken-

Moreover, C,, and D, are one the adjoint of the other one, C, = D7, and ||C, || = || Dyl < BW%,
where B, is a Bessel bound of . Consequently, S, is a positive self-adjoint operator and
it is also invertible with bounded inverse S on H. We recall that in the introduction we
gave the definition of dual frames. A frame ¢ always has a dual frame, namely the sequence
{8, ¢n}nen, which is the so-called canonical dual of ¢.

Finally, we note that, introducing the operators D, and C,, it is possible to write M,, ,, 4 =
D,M,,Cy, where M,, is the multiplication operator by m on ¢*(N), defined by M,,{c,} =
{mpcy} for {c,} € £2(N).

3. PROOFS OF THE MAIN RESULTS

Theorem 1.1 concerns the spectral radius of a Bessel multiplier. For a bounded operator T :
H — H, we write o(T") for the spectrum and r(7T') := sup{|A| : A € o(T)} for the spectral radius
(see, for instance, [7, 20, 23]). The spectral radius represents then the radius of the smallest disk
centered in the origin and containing the spectrum. Propositions 1.1 and 1.2 can be restated in
terms of spectral radius. For example, we can say that for any Bessel multiplier M,, . ,, we
have (M, ,.4) < sup, |mn\B¢%Bw%.

For the proof of Theorem 1.1 below, we are going to use some classical results about the
spectral radius (see e.g. [7, Proposition 3.8]): for every bounded operator 7" : H — #, we have

o Nyt
(35) H(T) = tm [TV
and
(3.6) r(T) < |7

Proof of Theorem 1.1. 1If B, = 0, By, = 0 or m = 0, then (1.4) trivially holds, because both the
operators My, ., and M,,G, y are null. So we can assume that B, By, > 0 and that m is not
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identically null.
Since M,y = DMy, Cy and G,y = Cy D, then for N > 2 we have

MY = (DoMyCy)N = Dy(MpCy Dy )N~ My Cyy = Doy (M G )N~ My, Gl

Therefore,
1My ol S MG )N I Min|[[|Cy | Do |-

Thus, by (3.5),
"(Mm,py) = Jim M, Nl ™ < i (II(MmGw)N HIM o I Cy D [ ¥

. _ L L
= (M Go)™ s i (M lIClI D) = r(MnGo).

For the reverse inequality, we observe that
(MG )N = M Cy Dy (MG )N~ My Cyy Dy = My, Cy MY Do

Hence, with an analog calculation as before, we find that 7(M,,,G, ) < 7(Mm,p.), SO in con-
clusion (1.3) is proved. Lastly, (1.4) holds because by (1.3) and (3.6), we have

T (M) =1(MmGo,y) < || MnGy, m el = sup [mn| |Gy pll- u
Remark 3.1. (i) Inequality (1.4) may be strict. In fact, let {e,} be an orthonormal basis of H,
¢ = {en}, v = {3e1,2e2, 3€3,2eq,...} and m = {2,1,2, 1 ..} A trivial calculation

shows that My, ., . is the identity operator, so r(Mp, o) = 1, while sup,, |my,| |G| = 4.

(i) A Riesz basis ¢ for H is the image of an orthonormal basis {e} of H through an bounded
operator with bounded inverse defined on H [6]. A Riesz basis  is, in particular, a frame for H
and it has a unique dual 1) (the canonical one) which is a Riesz basis too. Moreover,

1 n==k
0 n # k.
Therefore, if ¢ is a Riesz basis for H and 1) is its canonical dual, then G, is the identity
operator on (?(N) and so |G, || = 1. Anyway, for this choice of ¢, 1, (1.4) is an immediate
consequence of the fact that o (M, ) is the closure of {m,, : n € N} (see [9, Proposition 4]).
(ii1) Since G,y = Cy D, we always have
1 1
(37) 1Gowll < C[l[|Dell < Byp= By 2.

Therefore, Theorem 1.1 is finer than Proposition 1.1. Moreover, if o = 1, then G, , = C,D, =
D} Dy, is a positive self-adjoint operator, so |Gy o || = || Dy .

<<pnawk> = 6n,k - {

Besides with (3.7) it is possible to estimate the norm of G, ,, with some other considerations
which we discuss below.

Remark 3.2. (i) An estimate of |G, || can be given if
(3.8) sup > [{@n, i) <T1 and sup Y (@, vi)| < Do
EN neN neN keN

Indeed, by Schur test (see for instance [15, Lemma 6.2.1]), we have |G, | < I‘%Fé.
(ii) Let @, be Bessel sequences of H such that <g0n, Vi) = 0 for n,k € Nwith |n — k| > d. As

particular case of the previous remark, if Z sup {©ns Ynti)| < T (where, with an abuse of
i=—d
notation, we mean \_gy1, ..., ¢Y_1,% = 0), then |Gy, 4| < T.
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(iii) Another use of conditions (3.8) can be made in the context of localized frames [1, 8, 16, 17].

In what follows, we give another example where in particular it is possible to exactly calcu-
late the norm of the cross Gram operator.

Example 3.1. Let G be a countable locally compact abelian group equipped with the discrete topology.
We write the group operation of G in the additive notation and we denote by G the dual group of G
(i.e. the multiplicative group of the characters on G). Since G is discrete, then G is compact (see [13,
Proposition 4.4]). Moreover, we will choose the Haar measure on G to be the counting measure; hence
by [13, Proposition 4.24], |G| = 1.

Let 7 be a unitary representation of G on H. In particular, let us assume that T is dual integrable
[18], i.e. there exist a Haar measure d€ and a function [-,-] : H X H — LY(G, d€) such that

(3.9) O T = /a[x,n}(é)e—g(é)d& Vg€ G, xum € H,

where e_,4(x) is the character induced by —g, namely e_ (&) = =299, and (-,-) is the duality
between G and G. The function [-,-] is called the bracket function. Classical examples (treated for
instance in [6, 15]) of this framework are

e G=17%G=T"H=L*R), (nf)(x) = (Tnf)(x) = f(x — k) for k € Z% and
Doml©) = ) XE+RAE+E),  eR x,nel*RY,
kezd
where X and 1) are the Fourier transforms of x and 1), respectively;
©G =2 x7, G =T, H=L2R) (rupf)x) = (Ldif)(x) = 27 f(x — k) for
(k,1) € 2% x 2 and
Denl(z.€) = Zx (2, ) Zn(x,€), =, R x,n € LA(RY),
where Zx(x,€) = jepa € 2T *Ex (@ — k) is the Zak transform of x € L*(R%).

After introducing this setting, we now consider two special sequences®. More precisely, let x,n € H
be such that ¢ = {Tyx}geg and o = {Tyn}geg are Bessel sequences* of H. As we are going to
see, the norm |G, || can be exactly calculated in terms of [x,n|. Indeed, for any complex sequences

{cgtgeg:{dy}geg € 12(G), we have
(Gowdeat (dg}) = (CuDpleg} {dg}) = (Do{eah, Dufda})

<ZC!JTgXangTg77> = Z cqdn (Tyx, Thm)

geg Y g,h€g

=Y el T = Y e /é[x,n}(é)eg—h(ﬁ)df

(310) g,heg g,heg

/gjxm](f) S eodey n(€)de

g,h€eg

- /é[x, O S epea(©) dnen(€)de.

g€g heg

3In this example, the sequences are indexed by the countable set G in contrast to the setting of the rest of the
paper. However, this does not change the validity of Theorems 1.1 and 3.2 since the series defining a multiplier is
unconditionally convergent so the ordering of a Bessel sequence is not relevant (see [6, 15]).

4This happen if and only if [x, x] and [n, n] are bounded above a.e. in G, see [18, Section 5].
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By the Pontrjagin duality theorem and by [13, Corollary 4.26], {e4},ecg is an orthonormal basis of
L*(G, d¢€). This fact, together with (3.10), implies that the Gram operator G, can be reduced to the
multiplication operator by [x,n] on L*(G, d€). Hence, we conclude that

s NGewleh ANl _
1Goull = P TESEAY p[x. 7] ()],

{eg}.{dg}£0 £eg

i.e. the essential supremum of [x, n] (see [20, Example 2.11 - Ch. III]). Thus, by Theorem 1.1, given a
bounded complex sequence m = {my}4eg we have

(M) < sup [mg| sup [[x, 7] (£)]-
9€9 1399

We now move to prove the result for dual frames. In particular, it provides regions contain-
ing the spectrum which are smaller than the disk of Theorem 1.1.

Theorem 3.2. Let o, be dual frames for H and let m € £>°(N).

(1) If mis contained in the disk of center p with radius R, then o(Mp, ) is contained in the disk
of center p with radius R||G .
(2) If mis real, then o (M, ) is contained in the disk of center

1
3 (supm,, + ir%f My,

with radius

1 .
5(sup My — 12f M) |Gyl

(3) If 4 is the canonical dual of ¢, then o(M,y, ) is contained in the closed convex hull of m.

Proof. To prove statement (i), let us consider a disk of center p with radius R containing the
sequence m. By (1.2), we have

me&b —pul = Z(mn - M)(fa wn>90n = Mmfu,w,wz
neN
where with m —  we mean the sequence {m,, — uu}. Therefore applying (1.4) to M, ¢, We
obtain
r(Mn.g.p — pl) < supfmn =l [Go || < R Goull;

which means that o (M, . .;) is contained in the disk of center ; with radius R||G, ||, because
(M) ={AN+p: A€ (Mp—ppw)}

Statement (ii) is a consequence of (i) taking y = %(supn my +inf, m,,)and R = %(supn My, —
inf,, m,,). Finally, statement (iii) was proved in [10, Proposition 2]. [l

By (3.7), we can make a similar observation of Remark 3.1(iii), that is Theorem 3.2 is stronger
than Proposition 1.2. We conclude with a comment for the case of a frame and its canonical
dual.

Remark 3.3. Let ¢ and ) be dual frames. Making use of inequality (1.4) (taking m,, = 1 for every
n € N), we find that |G, || > 1.
If, in particular, <) is the canonical dual of o, then

(Pn, V) = (Pn, S5 k) = (S 20, Sp % ).
In other words, G,y is equals to the Gram operator of the canonical tight frame x := S, : @ of p, which
is a Parseval frame (i.e. it satisfies condition (1.1) with A, = B, = 1, see [6, Theorem 6.1.1]). Thus,
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_1
for the initial observation and for Remark 3.1 (iii), if @ is a frame, 1 is its canonical dual and x = S, > ¢,
then we have 1 < | Gp| = | Dy|2 < By = 1,50 [ Gpol] = 1.
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