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ABsTrRACT. Let S”~! denote the unit sphere in R” with the normalized Lebesgue
measure. Let ® € L™ (S?~1) is a homogeneous function of degree zero and b is
a locally integrable function on R™. In this paper we define the higher order
commutators of Marcinkiewicz integral [b, ug]™ and prove the boundedness of
[b, ty)™ under some proper assumptions on grand variable Herz-Morrey spaces

MKa(')ﬁ (Rn).

u,v(-)

1. INTRODUCTION

Function spaces with variable exponents are an essential tools in harmonic anal-
ysis, operator theory and have gained significant attention in recent years, some
instances of these works are in [3,[23]. The study of variable exponent function
spaces is closely related to operator theory, which deals with linear operators act-
ing on function spaces. In particular, the boundedness and compactness properties
of operators in variable exponent spaces are of great interest. Understanding these
properties is crucial for solving partial differential equations and analyzing various
problems in applied mathematics.

The first generalization of Herz spaces with variable exponents, along with the
proof of boundedness for sublinear operators in these spaces, was presented in [7].
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GRAND HERZ-MORREY SPACES WITH VARIABLE EXPONENT 1001

Herz-Morrey spaces, on the other hand, are further generalization of Herz spaces
with variable exponents. The author in |6] introduced this class of function spaces.
Continual Herz spaces with variable exponents were defined and studied in [14].
Understanding the boundedness of sublinear operators is of particular interest, its
boundedness on continual Herz spaces can be seen in [14].

The concept of grand Morrey spaces, along with the boundedness of a class of
integral operators in these spaces, were introduced in [10]. The author established
the boundedness results for a specific class of integral operators, in newly defined
grand Morrey spaces.

The idea of grand Herz spaces was introduced in [12]. This work expanded upon
the classical Herz spaces by incorporating additional parameters. To explore the
boundedness properties of other operators in grand variable Herz spaces, [2,/13L[18]
21.22| can be consulted. These works likely provide insights into the boundedness
of specific operators in the context of grand variable Herz spaces, enriching our
understanding of the behavior of operators in this framework.

Subsequently, in the context of Herz-Morrey spaces with variable exponents, the
concept of grand variable Herz-Morrey spaces were introduced in [17,{19]. These
function spaces further extended the framework of Herz-Morrey spaces by incorpo-
rating the variable exponent setting. The authors demonstrated the boundedness
of the Riesz potential operator in the newly defined grand variable Herz-Morrey
spaces. Finally, in the article mentioned, the authors demonstrated the bounded-
ness of higher-order commutators of the Marcinkiewicz integral operator in grand
variable Herz-Morrey spaces. This result further explores the behavior of commu-
tators in the context of grand variable Herz-Morrey spaces and contributes to the
broader understanding of these function spaces.

Dividing the article into different sections helps to organize and present the
material in a structured manner. Introduction provides an overview of the topic. A
section presents the necessary mathematical background, definitions and relevant
lemmas. Last section is dedicated to the main results of the article. It discusses
the boundedness of the higher order commutators of the Marcinkiewicz integral
operator in the context of grand variable Herz-Morrey spaces.

2. PRELIMINARIES

It is worth noting that the Lebesgue space with variable exponent LT’(')(H ) in-
herits many properties from the classical Lebesgue spaces with constant exponents.
We can define the Lebesgue space with variable exponent LP()(H) as the set of all
measurable functions f defined on a measurable set H such that the norm is finite.
Consider a measurable set H in R™ and a measurable function p(-) : H — [1, 00).

Definition 1. If H be a measurable set in R™ and p(-): H — [1,00) be a measurable
function. We suppose that

1 <p_(H) <p(h) < p(H) < o0, (1)
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where p_ :=ess inf p(h), py :=esssup p(h).
heH heH

(a) Lebesgue space with variable exponent LPC)(H) is defined as
1/ (W)l

p(y)
LP(')(H) = {f measurable : / (> dy < oo, wherey is a constant} .
H 0

Norm in LPC)(H) is defined as

p(y)
||f|Lp<->(H>—inf{v>0:/H('fgy)> dySl}.

(b) The space Lp(')(H) is defined as

loc

Lp(‘)(H) = {f . f € LPO(K) for all compact subsets K C H} .

loc

In the sequel we use the well known log-condition

ip(@) — ply)| < — 2P

1
>~ ) |Z‘—y‘§7
—Infz —y|

5 Yy €, (2)

where C(p) > 0. And the decay condition: there exists a number p,, € (1,00),
such that

[p(h) = ool <

c
(e + [h])’ ®)

and also decay condition

C 1
_ < - < =
p(h) ol < s 1W< 5, (4

holds for some py € (1,00). (Note that: C' > 0& |h| < 3 = ln—fh‘ <0).
We use these notations in this article:
(i) The set P(H) consists of all measuable functions p(-) satisfying (TJ).
(ii) P& = Pg(H) consists of all functions p € P(H) satisfying (1) and (2).
(iii) Poo(H) and Py oo (H) are the subsets of P(H) and values of these subsets
lies in [1,00) which satisfy the condition and both conditions and
(4) respectively.
(iv)
Xi=Xg,» Bi=B/\Bi_1, Bi=B(0,2")={z e R": |z] < 2}
for all | € Z.

C is a positive constant, its value can change from line to line and is independent
of main parameters involved.
Now we will define variable exponent Herz spaces.
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Definition 2. Let u,v € [1,00), a € R, the norms of classical versions of non-
homogeneous and homogeneous Herz spaces are given below,

<=

Iolls e = Dollsomn +4 2 | [ lotoan | § @
1EN Byt
where
Y
ol oy =4 02| [ latwlay | b (6)
lez Ry'r o
respectively.

Definition 3. Let u € [1,00), v(:) € P(R™) and oo € R. The homogeneous version
of variable exponent Herz space Ks‘(g(R") can be defined as

K5 (RY) = {g € Ligd ®™\ {0})  [lgll oy < oo} : (7)
where
1
9l e eny = STt
l=—o00

Definition 4. Let u € [1,00), a € R and U() € P(R™). The non-homogeneous
version of variable exponent Herz space K (R”) can be defined as

Ks®) = {g € LI @\ {0]) ¢ llgllcsy sy < o0 (8)

where

(o)
”g”K“'_“(R”) = |lg| LvG)(B(0,1)) T ||2kang| To0
v()

k=—o0
Definition 5. Let a-) € L®(R"), u € [1,00), ¢ : R" — [1,00), § > 0. A grand
variable Herz spaces K;((.'))’u)’e are defined by,

a(-),u),0
Kq(()) : {9 € LI R\ {0}) : ||9||K;r(<_~)>,u>19 < 00} ;

where
1
w(lte)

. 1+
gl o0 = sup | €37 2RI gy 200
o« €> kEZ
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Now we will define variable Herz-Morrey spaces.

Definition 6. For a(-) :R" - R, 0 < u < 00, v(-) € P(R") and 0 < 8 < c0. A

variable Herz-Morrey spaces MKSS}E’?(R”) are defined by,

MEZ® = {5 € LR\ 00 <ol gy < 0

where

ko “

. —kof3 § ka(-)u
g o (1), B8 pny — SUP 2770 2 IXk
|| ||MKu,'U(-) (R™) koe || Xk‘

LvO (R
t=—o0
Definition 7. To define homogeneous version of GVHM spaces, let s : R™ —
[1,00), u € [1,00), 8 >0, 0 < XA < o0, and () € L®(R™). The GVHM spaces are
given by:

MESS R = 39 € Lig) R\ {0}) ¢ llgll a0 gy < 00

A,s(+) loc : MK;‘(SZ;L% (R™) )

where
e

lo

=supsup 270t | ¢ B 2O gy |
e>01,EZ

u(l4€)
Ls(-)(Rn)

||g||MK:,(§:zj;‘)’9(Rn)
k=—oc0

Non-homogeneous version of GVHM spaces can be defined in the similar way.
As grand variable Herz-Morrey spaces is the generalization of grand variable Herz
spaces, A = 0, grand variable Herz-Morrey spaces become grand variable Herz
spaces.

Definition 8 (BMO space). A BMO function is a locally integrable function u
whose mean oscillation given by \%?I fB |u(y) — up|dy is bounded, i.e.

1
lullsato = sup / fu(y) — upldy < oo.
B |B| J

Lemma 1. [14] Let B> 1 and p € Py oo(R™). Then

1 a
t—s?(o) < ||XR 5 Hp() < toST’(U)7 fOT’O <s< 1 (9)
0 oo
and 1
75% <X, o o) < toos?es, fors>1, (10)
00 »Bs

respectively, where tg > 1 and too > 1 and depending on B but independent of s.

Lemma 2. [25][Generalized Holder’s inequality] Consider a measurable subset H
such that H CR", and 1 < p_(H) < p;4(H) < oco. Then

||f9HLr<~>(H) < HfHLP(‘)(H)HQHLQ(')(H)
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holds, where f € LP)(H), g € L) (H) and ﬁ = ﬁ + ﬁ for every x € H.

Lemma 3. [§] Let k be a positive integer. Let b € BMO(R™) and choose w,l € Z
with | < w,

1

—||b||% < sup b—bp)k ) 11

CH ||BJWO Bebell ||XB||p()||( B) XBHP() ( )
<C|blBaros (12)

(b —b5,)* X, o) < Clw—)*1blErollX, llpe)- (13)

Let S*~! denote the unit sphere in R™ with the normalized Lebesgue measure.
Let ® € L"(S"!) is a homogeneous function of degree zero such that

| wisty) =0, (14)
S‘n,—l
where y' = y/|y| and y is not zero. The Marcinkiewicz fractional operator is
introduced with Littlewood-Paley g-function as:

pa(D@ = | [1Fou(D@PS |
0
where 3 )
FoaD@ = [ T rwy

Consider a locally integrable function b on R™, now we can define higher order
commutators of Marcinkiewicz integral [b, 115]™ by using pg and b
2 3
b = | [| [ b b )|

|z —y| !
0 Jo—yl<s

Lemma 4. [11] Leta >0, s € [1,00], 0 < d < s and fn+(n71)g < u < oo,

then
1/d

[ el | <l

y|<alz|

Ls(Sn—1)-

It is easy to see that for m = 1, we get [b, ug|™(f)(x) = [b, 1e](f)(z) (commuu-
tator of Marcinkiewicz integral operator defined in |25]). When m = 0, the higher
order commutators of Marcinkiewicz integral operator will be simply Marcinkiewicz
integrals operator.
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It’s worth noting that the specific details and advancements in these works can
only be fully explored by referring to the papers |1,4,[5L9L/15/16,20L24].

3. BMO ESTIMATE FOR THE HIGHER ORDER COMMUTATORS OF
MARCINKIEWICZ INTEGRALS OPERATOR

The main purpose of this paper is to establish the boundedness of higher order
commutators of Marcinkiewicz fractional operator on grand variable Herz-Morrey
spaces by using some properties of the variable exponent and BMO function. It is
easy to see that our results generalize the main results of [13]. Now, we will show
the boundedness of higher order commutators of Marcinkiewicz integrals operator
on grand variable Herz-Morrey spaces.

Theorem 1. Let 0 < v <1, a(-),q(+) € Po,oo(R") with 1 < ¢~ < ¢" < 00, m € Z,
1<u<o00,0< B < o0 andbe BMOR™). Let ® be a homogeneous of degree
zero and ® € L*(S"~Y), s > ¢'~. Let a be such that :

(1) —ﬁ—v—%<a(0)<%—v—ﬂ

S
s n n n n
(it) == —v— % <ax o -

then operator [b, ug|™ will be bounded on MKB( 2 )) (R™).

Proof. Let g € MK5\1(R?), and g(w) = % g(2)x(w) = 372 qu(w), for
ko > 0 we have,

(B, 1] gHMKa( )19.0 () = SUP SUD 27 Folf

€e>0 ko€EZ
ko ﬁ
1+e€)
Py 2OuEI b, g gl
t=—o0
1
e - w(l4e)
< sup sup 9—koB | (0 Z gta()u(l+e) Z (FAUNTS gl”qu(-*)-f)
e>0 koeZ = oo 1= — 0o

1
. u(l4e)\ uw(ife)

ko
<sup sup 27707 | & Y 2O N 13 b pig ] ] pac

e>0 ko€Z = —o0 I—— o0

1
u(l4e€)\ u(i+e)

ko oo
+ sup sup 9—koB | 0 Z gta()u(l+e) Z ||Xt[ba M¢]77L91||Lq(~)
€>0 ko€Z t=—oo0 I=t+1

=:F1 + Es.
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Apply Minkowski’s inequality to split Fj.
u(l+4e€) u(ll+e)

—1 t
By <sup sup 2700 | ¥ N 200 Ou0F LN v b g gl pac)
€>0 ko€Z t=—o00 l=—0c0
u(l4e)\ =TT

ko t
+sup sup 2708 | N "ot LN (b, g )™ gl ac
>0 ko€Z pore =

=F11 + Eqa.
We use the facts that, for each t € Z and [ < t and a.e. © € Ry, y € R;, we know

that |z — y| ~ |2| ~ 2¢.

j 2\
D(x —y) m dt
moo@l < | [| [ ZE bl b ey
o |z—yl<t
9 1/2
T b(z—y) dt
—=—b(x—b m dy| —=
] e - et
x| Jz—yl<t
=: I11 + L.
By the virtue of mean value theorem we obtain,
1 1
ly| (15)

T -yl

T =P Jal
For I 1, by using Minkowski’s inequaltiy, generalized Holder’s inequality, and in-

equality [I5] we have
o 1/2

< [ 12 )‘Ib(w—b(y)lmlgz(y)\ /% dy

| |n 1
z—y|
Bz — y)| 1 1|2
< _ m -
< / e = b))l [~ |
Bz — y)| [V
7[) m
|1‘ |7, 1|( ()| |gl(y)‘ |a?—y\3

1/2
2 /|<I> I — b(w)|™|g(w)ldy

—‘xln+1/2
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<z<“>/22m{|b<w> ~nl” [ 19— )y
R;
+ [ 1) = b (e = )l ldy
R,
§2<lf>/22f”gl||Lq<->{b<x> — b ™ 0@ — il
HIBC) = b )™ (@@ = 1O s }
Similarly, we can consider I, we have
@z — 1 y) " i
ny < [ b)) | [5]
Rn
@(z — y)|
< [ ———Z2b(z) — b(y)|™ d
_/ o () b))y

S|ﬂf|7"/\@(ﬂf—y)\|b($)—b(y)|mlgz(y)|dy
R,

< 2l {1066) = 031G = PO

06 = b )™ (@@ — DOl s }
So we have,
e (9x;) ()]
< 2l {1066) = b 1o = POl

HIb0) — bs)™ (@ — ()l e }

We define ¢(-) by the relation ﬁ = ﬁ + % By using Lemma and generalized
Holder’s inequality we have

1@(z — ) (Oll orer <NR(@—)x ()]

LS(R")”Xl(')HLq(')
1/s
<o / B — )Pl dy | s e
ly|<2!

§27l1)2t(’u+%)

O Lo s llllx g, Nl Lac -
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Similarly, by using Lemma we have

1(6(-) = bs,)"™ (®(z = )xi () Lo
<[[®(z = (lze@n 1) = )" Xi ()l Lac
gC”ngMo(Rn)”XBL [Laor [[@(z = )x; ()]
<C|blBro@n?2 21T

Ls(R™)

@[ Ls s X B, [ pacr -

As a result we get
105 10 )]
< 02t {100 = )™ Ol 22D [0 ol

)27l’t)2t(’u+%)

+ bl B 0@ @] Ls s X B, [ £ac) ”Xt”L‘I(')}

< CQ_tn”Ql”Lq(v{(t = D"l B ro@mlIxB, || par 271024

||

Ls(Sn—1) l ”XBZ ||Lq<~>

+BllBrro@n 2" 21|12

Ls(gn1>||||xBl|Lq<->||th||Lq<->}

< 027" |gtll oo (¢ = D™ DI Brromny x5, pacr 271025+
<Ct=0D"|®l

||

o1 lIx, I ae
2—tn2—lv2t(v+%)

o1 [0l Bmo@n) IXB.llLsr X5, lzac gill ac -

Applying results to E1; we can get

—1 t

E1; < Csup sup 2~ koB | 0 QtQ(O)u(lJFE)( = D™D 75 ran_1s||B]I™ .
1 < Csup sup > D ) k[ e 17

t=—0o0 l=—0o0

u(14e)] TS
« 9(=t)(n/q'(0)~v—2) |gl|Lq<-)> ]

<C||®|| s sn-1) 1D BErrorny SUP sup 2~ ko
e>0 ko€Z
-1 t u(1l4€) ﬁ
T (8 mOadzea o)
t=—o0 l=—0c0

Let b = q,L(m —v—2—a(0) > 0, applying Holder’s inequality, Fubini’s theorem for
1
series and 274149 < 27% we get,

-1

t
_ 1
vo@ 1) 16l Baroge) sup sup 27507 | ST DD 2@ty gy utie
€ 0

By <CO||9

t=—o0 l=—00
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u(lte) ﬁ
¢ Cu(1+e)’
% 2bu(1+e)(l7t)/2 Z 2b(u(1+e))'(l7t)/2(t7l)m(u(1+e))'
l=—0c0
<Cl®lLs 1) Il Brro@n) sup sup 2
ko€Z
1
—1 t w(l+e)
% Z Z 2a(O)u(1+s)l||g ||u(1+e gbu(1+e)(1-t)/2
t=—00 |=—c0
<CIblIBrro@n sup sup 27 Hof
ko€Z
1 1 u(llJrE)
1 _
0 Z 2a(O)U(1+5)l||gl||1£g(_J)rf) Z gbu(1+e)(I—t)/2
l=—0o0 t=14+2
<C|blIBrr0@n) sup sup 2 ko
e>0 ko€Z
-1 1 u(11+€)
1+ _
0 Z 9a(0)u(l+e)l g1 ”L(q( )e) Z gbu(1+e)(I-t)/2
l=—o0 t=1+2
1
1 w(ite)
_ (
<Ol pr0 ) sup sup 27707 | f 3 ga@utrar) g uite
e>0 ko€Z = oo
1
w(ite)
_k 14¢)
<Clblrroen sup sup 27+ Z A P
e>0 ko€Z I——oo
SCHb”T]gMO(R")HQHMK;({;ET;%"(R"L)‘
Now apply Minkowski’s inequality to split F12, we have
ko 1 u(l4e€)
Ejp <sup sup 277 | ¢ ZQM(')U(HE) Z Ix:¢[0, o™ gill Lo
>0 ko€Z — I
ko o u(1l+e€)
+sup sup 27707 | 8N 20O Ny (b, g )" gl paco
e>0 ko€Z -0

= A1 =+ A2.

1
PIEES)

1
w(ite)
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To obtain the estimate for As, we can follow a similar approach as for Eq, but
with some modifications. We will replace ¢’(0) with ¢/, and use the fact that
bzﬁ—v—%—am>0.

For A, we have

I116s )5 (gx0) x| Lao
<C(t—1)"|®|

Lo 01 Baro@n2 "2 2 Dlixg, |l oo Ixs, e gl Laco

(042

m m (s —v) ot —=)
<C(t-1) ||‘I’||LS(S”—1)Hb”BMo(Rn)Q(q“’) )2 %% || g1l pac -

Now by using the fact ——~ + v + = + as < 0 we have,

95

1
u(l+e)\ uwifeo

ko —1
Ay < sup sup 9—koB | (0 ZZtaoou(H—e) Z e [bs o)™ gl Lot
t=0

>0 ko€Z = oo

< Cl|®@| s sn-1) 1Bl Brro@n) Sup sup 2 ko
>0 ko€Z
& 1 u(1l4€) ﬁ
. _
x [0 areentird |37 ol = T (1 g o
t=0

l=—00

ko
< || 3 gtk g uli+g

Losm—1) |16 Baro(mn) SUP sup 27kl | ¢f
e>0 ko€Z =0

1
u(14€)] uli+e)

-1

l=—00
< Cl|®@| s sn-1)lIbllBrro@n) Sup sup 2~ ko
>0 ko€Z
1 u(l4e€) u(11+e)
< 1Y 25T g e
l=—o0

S C”bH%LMO(Rn) sup sup 2—k0,6‘
€>0 ko€Z
— w(l4e)\ wIFe
< e 30 22O gx, || a2 et 07O

l=—00



1012 B. SULTAN, M. SULTAN, F. GURBUZ

Now we can apply the Holder’s inequality and we can also use the fact that
2 —y—«0) > 0. Here is

S

/(0)

- 1+e€)
SOHb”ELMO(Rn) sup sup 2 Fols Z 20Ol He)Hg ||zgz< >6
>0 ko€Z o eo
1
u(lde) w(lde)
(u(l+e€))’

" Z o7ty —v=a(O) (u(1+e)’
l=—00

1
PIEES)

<OBlI% 0 ) sup sup 27507 | Z ge(lull+e) | g, (vl +)
e>0 ko€Z

l=—0o0
SCHblrgMO(]RTL) HQHM}'(;‘(Q'E;;L%B(RM'

Now we will find the estimate for F5. For eacht € Z and |l > t+1 and a.e. z € Ry,
y € Ry, we know that |z — y| ~ |y| ~ 2!, we consider

] 9 1/2
Y
O(z —y) dt
< I/ -
moao@i< | [| [ Lt G
o |e—y|<t
9 1/2
7 Oz —y) dt
+ / / ‘ y‘n 1fl( ) t73
ul Ja—yl<t
=: Ip1 + Ias.

By using similar arguments as used in estimating I1;, we obtain
Iy <20707227 gy e
{Ib(x) = b, || @ (z = )xi ()l Lo ) [160) = (b5,)™ (®(2 = )xa ()l o }
Similar to the arguments of 15, we have
Ins <27 "l gul| Lo
{Ib(z) = b, " 1€z = )xi (Ml Loy +110C) = (05,)™ (D(z = )xi ()l Lo }
So, we have

116, ] = (i) (@) < 27 ™l gull oo



GRAND HERZ-MORREY SPACES WITH VARIABLE EXPONENT 1013

{'b(ff) — b [ ®(z = )xi Ol Larer +110() = (b5,)™ ((2 = )x; ()l orr }
Consequently we will get

1B, p1a ()] Nl

< 02_1n||91|m<->{|(b(') b))l 27120+

||

ey llIxs, I Lae)

+ bl Ervro@n2 2T @] Lo n - X, Nl Lo ”XtHL‘I(')}

< C27"||gill pacy {(t - l)m”b”gMO(R”)HXBt||Lq(‘>2_lv2t(v+%)”q)| Lo lllIxe, lLao

+ ||b||7§Mo(Rn)27lv2t(v+%)

EY P T ||th||Lq<->}
< C27 ™gill pacr (¢ = D™ BB rso@mylIX B, | pacy 2712
< Ot — ™[] o onsy P Barome 2 "2 1021C+2)
<Ot - )™|%)
<Ot - ™)

|®| s sn—1) I, I L)

IxB, lLaor X5, | Lacy |92l Lac
Lo DI Brro(en2™ 22T )2 G gt ae g || o

Qb= (0+2+ 2

Lo [0 Baro@n) Ngall oo -

Now splitting F» we have

1
u(l4e)\ u(i+e)

k() o0
Ey <sup sup 9—koB | 0 Z gta()u(l+e) Z ”Xt [b, M@}mgl”[‘q(‘)
>0 ko€Z Ml s

1
u(l4e)\ u(i+e)

_1 o
<sup sup 2708 [ ¢ Z gto(u(lte) Z 1[0, ko)™ gull Lac>
e>0 ko€Z t=—00 =t+2

1
u(l+e€)\ u(ite)

k}() (oo}
+sup sup 27507 | 8N "2t OuFD LN v b g™ g1 pac)
€e>0 ko€Z =0 I=t+2

i=F> + Eoo.
For F95 we have

By < C|blBrrorny Sup sup 9~ koB
e>0 ko€Z

1
u(l4e)\ u(ite)

ko o0
« 69 Z 2tozoou(1+€) Z 2(t7l)(v+;’+qoo (t _ l)m||ngL‘1(')
t=0 l=t+2
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< CHb”BMO(]Rn) sup sup 2~ koB
koE€Z
u(l+e)\ w@Fa
ko 0o
O3S 2o g a2 DR (- 1y ,
t=0 \I=t+2

for d = qL +v+ % > 0. Then we can apply the Holder’s inequality for series and
2-ul+e) < 27U to get

k?(] o0
Qoo € u(l+e u €)(t—
Bz <CIbl5ao(m) Sup sup 27 KB [0S 3T glesulae) g ulit e pdulto (=02
t=0 [=t+2

1
u(@+e) | u(ite)
(u(1+e€))’

[ S 2uaror @z ymroy
I=t+2
<Cbl'Erromm sup sup 2
ko€Z

1
ko oo w(i+te)

S35 s -0
t=0 l=t+2

<CHb||BMO(R”) SUP sup 2707

ko€Z

1
u(l4e)

Qoo U € u(l+e u €
ez Z Z 9J H)HQJH (+ 2d (1+e)(t=1)/2

t=0 |=t+2 j=—00

1
w(ite)

ko o0
<C|BlIBrro@n sup sup 27107 ) 7 7 adulra=0/
€>0 ko€Z t=0 |=t+2

X HgHMK;_’(q'zf;L)’Q(R")

<ClIlBrro@n) 19l pr o) 0.0 gy
B,a(+)
Now for Fo; using Minkowski’s inequality we have
1
u(l4e)\ w(i+e)

-1 —1
Es <sup sup 9—koB | 0 Z gta(-)u(l+e) Z th[b, M@]mgl||[,q(~>
>0 ko€Z t=—o0 1=t+2
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u(l4€¢)\ =0T
—1 ')
1 sup sup 9—koB | 0 Z gta(-)u(l+e) Z th[b, M@]mgl”LQ(')
€>0 ko€Z = oo 1—0
ZZBl + BQ.

The estimate for By follows in a similar manner to Eas with ¢, replaced by ¢(0)
and using the fact that G +v+ $ + a(0) > 0. For By we have

[ [ba Ncp](gl)XtHqu

< 02_1n||gl|m<->{|(b(') )™ Ol

eIz, zae

+ bl Ero@n) 2™ “(sn- 1)||||XBZ|L‘1()||Xt||Lq<>}

XBt”LQ( )27 tgtlots

<C2” ln”gl'Lq(){(tl)m”b”BMO(R" M@z lxz, pao

2 l’L)2t(’U+ ")

=+ ”bHBMO(]R" s(Sn—1 ||||XBZ|L‘1()||XBt||Lq()}

< C27 ™|t ot (t = D™ 1Bl Basoe I, o 2710200+
<C(t—1)™|®|
<C(t— 1"
<C(t—1)™|®|

Ls(Sn—1) ||XBl | ac
2— 1n2—lU2t(U+%)

N zao Ixs, Lo llgell Lacy

Lo 10 B aro@n)

Lo 1B o2 "2

v+ ot B2

Lo 1B rromm) 2

1
1 u(l4+€)\ u(ite)

(o)
By <sup sup 2700 | ¢ N ot O N v b 1)1 e
>0 ko€Z N =0

-1

<C||b||BMO(Rn)sup sup 2 ko8 | ¢ Z gte(0)u(lte)
0 ko€Z

k=—o00

1
u(lte)\ wito

% 22 W2+ ) gt (vt gioy +5 N

—1
<C|bl|Baro@ny sup sup 27507 | € Z tvtaiey +E+al0)ull+e) (y _ pym
>0 ko€Z

k=—oc0
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1
u(l4e)\ uw(i+e)

oo
_ ny _n
< (D27 g pac
=0

<C|bllErro(rn) SUp sup 9 ko
€e>0 ko€Z

1
u(l4e)\ u(ite

o0
< | e D27 lgil| o
=0

<CbIBrr0@n) sup sup 27 k0B
>0 ko€Z

1
w(l4e)\ uw(+e)
o0

x 69 Z2a0@l||ngLq(‘)2il(v+%+qzo +O‘00)
1=0

SC”ngMO(R”) sup sup 2~ Fo#
e>0 ko€Z

1
u(l4+e)\ u(ite)
0o l

X 69 Z Z QOéocj”gjHLq(_)Qfl(v+%+q:o +aoo)

=0 j=—o00

Now by applying Holder’s inequality and using the fact that ﬁ +v4+2+a(co0) >0
we have

u(1l4¢€) ﬁ
o0
By <C|bl|Basoggny sup sup 27507 | ¢ ZQ‘I(”J“%JFﬁJ“%o)
>0 koEZ o
X ca(),u), n
||g||MKB,(qZ-) )6 (rn)
m
SHbHBMO(]R")”g”ng:(ézj;")vg(Rn)'
Combining the estimates for £ and FEs yields
H[b> /Mb]m(g)HMK;;,(Q'ET’)M)-V"(R'L) < HngMO(]Rn)Hg||MK§7(§z?;u)'9(Rn)7
which completes the proof. O
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