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Abstract. Let Sn−1 denote the unit sphere in Rn with the normalized Lebesgue
measure. Let Φ ∈ Lr(Sn−1) is a homogeneous function of degree zero and b is
a locally integrable function on Rn. In this paper we define the higher order
commutators of Marcinkiewicz integral [b, µΦ]

m and prove the boundedness of
[b, µΦ]

m under some proper assumptions on grand variable Herz-Morrey spaces
MK̇

α(·),β
u,v(·) (R

n).

1. Introduction

Function spaces with variable exponents are an essential tools in harmonic anal-
ysis, operator theory and have gained significant attention in recent years, some
instances of these works are in [3, 23]. The study of variable exponent function
spaces is closely related to operator theory, which deals with linear operators act-
ing on function spaces. In particular, the boundedness and compactness properties
of operators in variable exponent spaces are of great interest. Understanding these
properties is crucial for solving partial differential equations and analyzing various
problems in applied mathematics.

The first generalization of Herz spaces with variable exponents, along with the
proof of boundedness for sublinear operators in these spaces, was presented in [7].
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Herz-Morrey spaces, on the other hand, are further generalization of Herz spaces
with variable exponents. The author in [6] introduced this class of function spaces.
Continual Herz spaces with variable exponents were defined and studied in [14].
Understanding the boundedness of sublinear operators is of particular interest, its
boundedness on continual Herz spaces can be seen in [14].

The concept of grand Morrey spaces, along with the boundedness of a class of
integral operators in these spaces, were introduced in [10]. The author established
the boundedness results for a specific class of integral operators, in newly defined
grand Morrey spaces.

The idea of grand Herz spaces was introduced in [12]. This work expanded upon
the classical Herz spaces by incorporating additional parameters. To explore the
boundedness properties of other operators in grand variable Herz spaces, [2,13,18,
21, 22] can be consulted. These works likely provide insights into the boundedness
of specific operators in the context of grand variable Herz spaces, enriching our
understanding of the behavior of operators in this framework.

Subsequently, in the context of Herz-Morrey spaces with variable exponents, the
concept of grand variable Herz-Morrey spaces were introduced in [17, 19]. These
function spaces further extended the framework of Herz-Morrey spaces by incorpo-
rating the variable exponent setting. The authors demonstrated the boundedness
of the Riesz potential operator in the newly defined grand variable Herz-Morrey
spaces. Finally, in the article mentioned, the authors demonstrated the bounded-
ness of higher-order commutators of the Marcinkiewicz integral operator in grand
variable Herz-Morrey spaces. This result further explores the behavior of commu-
tators in the context of grand variable Herz-Morrey spaces and contributes to the
broader understanding of these function spaces.

Dividing the article into different sections helps to organize and present the
material in a structured manner. Introduction provides an overview of the topic. A
section presents the necessary mathematical background, definitions and relevant
lemmas. Last section is dedicated to the main results of the article. It discusses
the boundedness of the higher order commutators of the Marcinkiewicz integral
operator in the context of grand variable Herz-Morrey spaces.

2. Preliminaries

It is worth noting that the Lebesgue space with variable exponent Lp(·)(H) in-
herits many properties from the classical Lebesgue spaces with constant exponents.
We can define the Lebesgue space with variable exponent Lp(·)(H) as the set of all
measurable functions f defined on a measurable set H such that the norm is finite.
Consider a measurable set H in Rn and a measurable function p(·) : H → [1,∞).

Definition 1. If H be a measurable set in Rn and p(·): H → [1,∞) be a measurable
function. We suppose that

1 ≤ p−(H) ≤ p(h) ≤ p+(H) < ∞, (1)
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where p− := ess inf
h∈H

p(h), p+ := ess sup
h∈H

p(h).

(a) Lebesgue space with variable exponent Lp(·)(H) is defined as

Lp(·)(H) =

{
f measurable :

∫
H

(
|f(y)|
γ

)p(y)

dy < ∞, where γ is a constant

}
.

Norm in Lp(·)(H) is defined as

∥f∥Lp(·)(H) = inf

{
γ > 0 :

∫
H

(
|f(y)|
γ

)p(y)

dy ≤ 1

}
.

(b) The space L
p(·)
loc (H) is defined as

L
p(·)
loc (H) :=

{
f : f ∈ Lp(·)(K) for all compact subsets K ⊂ H

}
.

In the sequel we use the well known log-condition

|p(x)− p(y)| ≤ C(p)

− ln |x− y|
, |x− y| ≤ 1

2
, x, y ∈ H, (2)

where C(p) > 0. And the decay condition: there exists a number p∞ ∈ (1,∞),
such that

|p(h)− p∞| ≤ C

ln(e+ |h|)
, (3)

and also decay condition

|p(h)− p0| ≤
C

− ln |h|
, |h| ≤ 1

2
, (4)

holds for some p0 ∈ (1,∞). (Note that: C > 0 & |h| ≤ 1
2 ⇒ C

ln |h| < 0 ).
We use these notations in this article:

(i) The set P(H) consists of all measuable functions p(·) satisfying (1).
(ii) P log = P log(H) consists of all functions p ∈ P(H) satisfying (1) and (2).
(iii) P∞(H) and P0,∞(H) are the subsets of P(H) and values of these subsets

lies in [1,∞) which satisfy the condition (3) and both conditions (3) and
(4) respectively.

(iv)

χl = χRl
, Rl = Bl \Bl−1, Bl = B(0, 2l) = {x ∈ Rn : |x| < 2l}

for all l ∈ Z.
C is a positive constant, its value can change from line to line and is independent
of main parameters involved.

Now we will define variable exponent Herz spaces.
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Definition 2. Let u, v ∈ [1,∞), α ∈ R, the norms of classical versions of non-
homogeneous and homogeneous Herz spaces are given below,

∥g∥Kα
u,v(Rn) := ∥g∥Lu(B(0,1)) +


∑
l∈N

2lαv

 ∫
R

2l−1,2l

|g(y)|udy


v
u


1
v

, (5)

where

∥g∥K̇α
u,v(Rn) :=


∑
l∈Z

2lαv

 ∫
R

2l−1,2l

|g(y)|udy


v
u


1
v

, (6)

respectively.

Definition 3. Let u ∈ [1,∞), v(·) ∈ P(Rn) and α ∈ R. The homogeneous version
of variable exponent Herz space K̇α,u

v(·)(R
n) can be defined as

K̇α,u
v(·)(R

n) =

{
g ∈ L

v(·)
loc (R

n \ {0}) : ∥g∥K̇α,u
v(·)(Rn) < ∞

}
, (7)

where

∥g∥K̇α,u
v(·)(Rn) =

 ∞∑
l=−∞

∥2lαgχl∥uLv(·)

 1
u

.

Definition 4. Let u ∈ [1,∞), α ∈ R and v(·) ∈ P(Rn). The non-homogeneous
version of variable exponent Herz space Kα,u

v(·)(R
n) can be defined as

Kα,u
v(·)(R

n) =
{
g ∈ L

v(·)
loc (R

n \ {0}) : ∥g∥Kα,u
v(·)(Rn) < ∞

}
, (8)

where

∥g∥Kα,u
v(·)(Rn) = ∥g∥Lv(·)(B(0,1)) +

 ∞∑
k=−∞

∥2kαgχk∥uLv(·)

 1
u

.

Definition 5. Let α(·) ∈ L∞(Rn), u ∈ [1,∞), q : Rn → [1,∞), θ > 0. A grand
variable Herz spaces K̇

α(·),u),θ
q(·) are defined by,

K̇
α(·),u),θ
q(·) =

{
g ∈ L

q(·)
loc (R

n \ {0}) : ∥g∥
K̇

α(·),u),θ

q(·)
< ∞

}
,

where

∥g∥
K̇

α(·),u),θ

q(·)
= sup

ϵ>0

ϵθ
∑
k∈Z

2kα(·)u(1+ϵ)∥gχk∥
u(1+ϵ)

Lq(·)

 1
u(1+ϵ)

.
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Now we will define variable Herz-Morrey spaces.

Definition 6. For α(·) : Rn → R, 0 < u < ∞, v(·) ∈ P(Rn) and 0 ≤ β < ∞. A
variable Herz-Morrey spaces MK̇

α(·),β
u,v(·) (R

n) are defined by,

MK̇
α(·),β
u,v(·) (R

n) =

{
g ∈ L

v(·)
loc (R

n \ {0}) : ∥g∥
MK̇

α(·),β
u,v(·) (Rn)

< ∞
}
,

where

∥g∥
MK̇

α(·),β
u,v(·) (Rn)

= sup
k0∈Z

2−k0β

 k0∑
t=−∞

2kα(·)u∥gχk∥uLv(·)(Rn)

 1
u

.

Definition 7. To define homogeneous version of GVHM spaces, let s : Rn →
[1,∞), u ∈ [1,∞), θ > 0, 0 ≤ λ < ∞, and α(·) ∈ L∞(Rn). The GVHM spaces are
given by:

MK̇
α(·),u),θ
λ,s(·) (Rn) =

{
g ∈ L

s(·)
loc (R

n \ {0}) : ∥g∥
MK̇

α(·),u),θ

λ,s(·) (Rn)
< ∞

}
,

where

∥g∥
MK̇

α(·),u),θ

λ,s(·) (Rn)
= sup

ϵ>0
sup
lo∈Z

2−l0λ

ϵθ
l0∑

k=−∞

2kα(·)u(1+ϵ)∥gχk∥
u(1+ϵ)

Ls(·)(Rn)

 1
u(1+ϵ)

.

Non-homogeneous version of GVHM spaces can be defined in the similar way.
As grand variable Herz-Morrey spaces is the generalization of grand variable Herz
spaces, λ = 0, grand variable Herz-Morrey spaces become grand variable Herz
spaces.

Definition 8 (BMO space). A BMO function is a locally integrable function u
whose mean oscillation given by 1

|B|
∫
B
|u(y)− uB |dy is bounded, i.e.

∥u∥BMO = sup
B

1

|B|

∫
B

|u(y)− uB |dy < ∞.

Lemma 1. [14] Let B > 1 and p ∈ P0,∞(Rn). Then
1

t0
s

n
p(0) ≤ ∥χRs,Bs

∥p(·) ≤ t0s
n

p(0) , for 0 < s ≤ 1 (9)

and
1

t∞
s

n
p∞ ≤ ∥χRs,Bs

∥p(·) ≤ t∞s
n

p∞ , for s ≥ 1, (10)

respectively, where t0 ≥ 1 and t∞ ≥ 1 and depending on B but independent of s.

Lemma 2. [23][Generalized Hölder’s inequality] Consider a measurable subset H
such that H ⊆ Rn, and 1 ≤ p−(H) ≤ p+(H) ≤ ∞. Then

∥fg∥Lr(·)(H) ≤ ∥f∥Lp(·)(H)∥g∥Lq(·)(H)
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holds, where f ∈ Lp(·)(H), g ∈ Lq(·)(H) and 1
r(x) =

1
p(x) +

1
q(x) for every x ∈ H.

Lemma 3. [8] Let k be a positive integer. Let b ∈ BMO(Rn) and choose w, l ∈ Z
with l < w,

1

C
∥b∥kBMO ≤ sup

B:ball

1

∥χB∥p(·)
∥(b− bB)

kχB∥p(·) (11)

≤C∥b∥kBMO, (12)

||(b− bBt)
kχBw

||p(·) ≤ C(w − t)k∥b∥kBMO||χBw
||p(·). (13)

Let Sn−1 denote the unit sphere in Rn with the normalized Lebesgue measure.
Let Φ ∈ Lr(Sn−1) is a homogeneous function of degree zero such that∫

Sn−1

Φ(y′)dσ(y′) = 0, (14)

where y′ = y/|y| and y is not zero. The Marcinkiewicz fractional operator is
introduced with Littlewood-Paley g-function as:

µΦ(f)(x) =

 ∞∫
0

|FΦ,s(f)(x)|2
ds

s3


1
2

,

where

FΦ,s(f)(x) =

∫
|x−y|≤s

Φ(x− y)

|x− y|n−1
f(y)dy.

Consider a locally integrable function b on Rn, now we can define higher order
commutators of Marcinkiewicz integral [b, µΦ]

m by using µΦ and b

[b, µΦ]
m(f)(x) =


∞∫
0

∣∣∣∣∣∣∣
∫

|x−y|≤s

Φ(x− y)

|x− y|n−1
[b(x)− b(y)]mf(y)dy

∣∣∣∣∣∣∣
2

ds

s3


1
2

.

Lemma 4. [11] Let a > 0, s ∈ [1,∞], 0 < d ≤ s and −n+ (n− 1)ds < u < ∞,
then  ∫

|y|≤a|x|

|y|u|Φ(x− y)|ddy


1/d

≤ |x|(u+n)/d∥Φ∥Ls(Sn−1).

It is easy to see that for m = 1, we get [b, µΦ]
m(f)(x) = [b, µΦ](f)(x) (commuu-

tator of Marcinkiewicz integral operator defined in [25]). When m = 0, the higher
order commutators of Marcinkiewicz integral operator will be simply Marcinkiewicz
integrals operator.
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It’s worth noting that the specific details and advancements in these works can
only be fully explored by referring to the papers [1, 4, 5, 9, 15,16,20,24].

3. BMO Estimate for the Higher Order Commutators of
Marcinkiewicz Integrals Operator

The main purpose of this paper is to establish the boundedness of higher order
commutators of Marcinkiewicz fractional operator on grand variable Herz-Morrey
spaces by using some properties of the variable exponent and BMO function. It is
easy to see that our results generalize the main results of [13]. Now, we will show
the boundedness of higher order commutators of Marcinkiewicz integrals operator
on grand variable Herz-Morrey spaces.

Theorem 1. Let 0 < v ≤ 1, α(·), q(·) ∈ P0,∞(Rn) with 1 < q− ≤ q+ < ∞, m ∈ Z,
1 ≤ u < ∞, 0 ≤ β < ∞ and b ∈ BMO(Rn). Let Φ be a homogeneous of degree
zero and Φ ∈ Ls(Sn−1), s > q′−. Let α be such that :

(i) − n
q(0) − v − n

s < α(0) < n
q′(0) − v − n

s

(ii) − n
q∞

− v − n
s < α∞ < n

q′∞
− v − n

s ,

then operator [b, µΦ]
m will be bounded on MK̇

α(·),u),θ
β,q(·) (Rn).

Proof. Let g ∈ MK̇
α(·),u),θ
β,q(·) (Rn), and g(x) =

∑∞
l=−∞ g(x)χl(x) =

∑∞
l=−∞ gl(x), for

k0 > 0 we have,∥∥[b, µΦ]
mg

∥∥
MK̇

α(·),u),θ

β,q(·) (Rn)
= sup

ϵ>0
sup
k0∈Z

2−k0β

×

ϵθ
k0∑

t=−∞
2tα(·)u(1+ϵ)∥χt[b, µΦ]

mg∥u(1+ϵ)

Lq(·)

 1
u(1+ϵ)

≤ sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
k0∑

t=−∞
2tα(·)u(1+ϵ)

 ∞∑
l=−∞

∥χt[b, µΦ]
mgl∥u(1+ϵ)

Lq(·)




1
u(1+ϵ)

≤ sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
k0∑

t=−∞
2tα(·)u(1+ϵ)

 t∑
l=−∞

∥χt[b, µΦ]
mgl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

+sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
k0∑

t=−∞
2tα(·)u(1+ϵ)

 ∞∑
l=t+1

∥χt[b, µΦ]
mgl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

=:E1 + E2.
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Apply Minkowski’s inequality to split E1.

E1 ≤ sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
−1∑

t=−∞
2tα(·)u(1+ϵ)

 t∑
l=−∞

∥χt[b, µΦ]
mgl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

+sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
k0∑
t=0

2tα(·)u(1+ϵ)

 t∑
l=−∞

∥χt[b, µΦ]
mgl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

:=E11 + E12.

We use the facts that, for each t ∈ Z and l ≤ t and a.e. x ∈ Rt, y ∈ Rl, we know
that |x− y| ≈ |x| ≈ 2t.

|µΦ(gχl)(x)| ≤


|x|∫
o

∣∣∣∣∣∣∣
∫

|x−y|≤t

Φ(x− y)

|x− y|n−1
[b(x− b(y))]mgl(y)dy

∣∣∣∣∣∣∣
2

dt

t3


1/2

+


∞∫

|x|

∣∣∣∣∣∣∣
∫

|x−y|≤t

Φ(x− y)

|x− y|n−1
[b(x− b(y))]mgl(y)dy

∣∣∣∣∣∣∣
2

dt

t3


1/2

=: I11 + I12.

By the virtue of mean value theorem we obtain,∣∣∣∣ 1

|x− y|2
− 1

|x|2

∣∣∣∣ ≤ |y|
|x− y|3

. (15)

For I11, by using Minkowski’s inequaltiy, generalized Hölder’s inequality, and in-
equality 15 we have

I11 ≤
∫
Rn

|Φ(x− y)|
|x− y|n−1

|b(x− b(y)|m|gl(y)|

 |x|∫
|x−y|

dt

t3


1/2

dy

≤
∫
Rn

|Φ(x− y)|
|x− y|n−1

|b(x− b(y)|m|gl(y)|
∣∣∣∣ 1

|x− y|2
− 1

|x|2

∣∣∣∣1/2 dy
≤
∫
Rn

|Φ(x− y)|
|x− y|n−1

|b(x− b(y)|m|gl(y)|
∣∣∣∣ |y|
|x− y|3

∣∣∣∣1/2 dy
≤ 2l/2

|x|n+1/2

∫
Rl

|Φ(x− y)||b(x− b(y)|m|g(y)|dy
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≤2(l−t)/22−tn

{
|b(x)− bBl

|m
∫
Rl

|Φ(x− y)||gl(y)|dy

+

∫
Rl

|b(y)− bBl
|m|Φ(x− y)||gl(y)|dy

≤2(l−t)/22−tn∥gl∥Lq(·)

{
|b(x)− bBl

|m∥Φ(x− ·)χl(·)∥Lq′(·)

+∥(b(·)− bBl
)m(Φ(x− ·)χl(·)∥Lq′(·)

}
.

Similarly, we can consider I12, we have

I12 ≤
∫
Rn

|Φ(z − 1− y)|
|x− y|n−1

|b(x− b(y)|m|gl(y)|

 ∞∫
|x|

dt

t3


1/2

dy

≤
∫
Rn

|Φ(x− y)|
|x− y|n

|b(x)− b(y)|m|gl(y)|dy

≤|x|−n

∫
Rl

|Φ(x− y)||b(x)− b(y)|m|gl(y)|dy

≤ 2−tn∥gl∥Lq(·)

{
|b(x)− bBl

|m∥Φ(x− ·)χl(·)∥Lq′(·)

+∥(b(·)− bBl
)m(Φ(x− ·)χl(·)∥Lq′(·)

}
.

So we have,

|µΦ(gχl)(x)|

≤ 2−tn∥gl∥Lq(·)

{
|b(x)− bBl

|m∥Φ(x− ·)χl(·)∥Lq′(·)

+∥(b(·)− bBl
)m(Φ(x− ·)χl(·)∥Lq′(·)

}
.

We define q(·) by the relation 1
q′(x) =

1
q(x)+

1
s . By using Lemma (4) and generalized

Hölder’s inequality we have

∥Φ(x− ·)χl(·)∥Lq′(·) ≤∥Φ(x− ·)χl(·)∥Ls(Rn)∥χl(·)∥Lq(·)

≤2−lv

 ∫
2l−1<|y|<2l

|Φ(x− y)|s|y|svdy


1/s

∥χBl
∥Lq(·)

≤2−lv2t(v+
n
s )∥Φ∥Ls(Sn−1)∥∥χBl

∥Lq(·) .
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Similarly, by using Lemma (3) we have

∥(b(·)− bBl
)m(Φ(x− ·)χl(·)∥Lq′(·)

≤∥Φ(x− ·)χl(·)∥Ls(Rn)∥(b(·)− bBl
)mχl(·)∥Lq(·)

≤C∥b∥mBMO(Rn)∥χBl
∥Lq(·)∥Φ(x− ·)χl(·)∥Ls(Rn)

≤C∥b∥mBMO(Rn)2
−lv2t(v+

n
s )∥Φ∥Ls(Sn−1)∥∥χBl

∥Lq(·) .

As a result we get

∥[b, µΦ(gl)]χt∥Lq(·)

≤ C2−tn∥gl∥Lq(·)

{
∥(b(·)− bBl

)mχt(·)∥Lq(·)2−lv2t(v+
n
s )∥Φ∥Ls(Sn−1)∥∥χBl

∥Lq(·)

+ ∥b∥mBMO(Rn)2
−lv2t(v+

n
s )∥Φ∥Ls(Sn−1)∥∥χBl

∥Lq(·)∥χt∥Lq(·)

}
≤ C2−tn∥gl∥Lq(·)

{
(t− l)m∥b∥mBMO(Rn)∥χBt

∥Lq(·)2−lv2t(v+
n
s )∥Φ∥Ls(Sn−1)∥∥χBl

∥Lq(·)

+ ∥b∥mBMO(Rn)2
−lv2t(v+

n
s )∥Φ∥Ls(Sn−1)∥∥χBl

∥Lq(·)∥χBt
∥Lq(·)

}
≤ C2−tn∥gl∥Lq(·)(t− l)m∥b∥mBMO(Rn)∥χBt

∥Lq(·)2−lv2t(v+
n
s )∥Φ∥Ls(Sn−1)∥χBl

∥Lq(·)

≤ C(t− l)m∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn)2
−tn2−lv2t(v+

n
s )∥χBt

∥Lq(·)∥χBl
∥Lq(·)∥gl∥Lq(·) .

Applying results to E11 we can get

E11 ≤ C sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ −1∑
t=−∞

2tα(0)u(1+ϵ)

( t∑
l=−∞

(t− l)m∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn)

× 2(l−t)(n/q′(0)−v−n
s )∥gl∥Lq(·)

)u(1+ϵ)
] 1

u(1+ϵ)

≤C∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

×
[
ϵθ

−1∑
t=−∞

( t∑
l=−∞

2α(0)l∥gl∥Lq(·)2b(l−t)(t− l)m
)u(1+ϵ)] 1

u(1+ϵ)

.

Let b = n
q′1(0)

− v− n
s −α(0) > 0, applying Hölder’s inequality, Fubini’s theorem for

series and 2−u(1+ϵ) < 2−u we get,

E11 ≤C∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ −1∑
t=−∞

 t∑
l=−∞

2α(0)u(1+ϵ)l∥gl∥u(1+ϵ)

Lq(·)
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× 2bu(1+ϵ)(l−t)/2
t∑

l=−∞

2b(u(1+ϵ))′(l−t)/2(t− l)m
(u(1+ϵ))′


u(1+ϵ)

(u(1+ϵ))′


1

u(1+ϵ)

≤C∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

×

ϵθ
−1∑

t=−∞

t∑
l=−∞

2α(0)u(1+ϵ)l∥gl∥u(1+ϵ)

Lq(·) 2bu(1+ϵ)(l−t)/2

 1
u(1+ϵ)

≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

×

ϵθ
−1∑

l=−∞

2α(0)u(1+ϵ)l∥gl∥u(1+ϵ)

Lq(·)

−1∑
t=l+2

2bu(1+ϵ)(l−t)/2

 1
u(1+ϵ)

≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

×

ϵθ
−1∑

l=−∞

2α(0)u(1+ϵ)l∥gl∥u(1+ϵ)

Lq(·)

−1∑
t=l+2

2bu(1+ϵ)(l−t)/2

 1
u(1+ϵ)

≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
−1∑

l=−∞

2α(0)u(1+ϵ)l∥gl∥u(1+ϵ)

Lq(·)

 1
u(1+ϵ)

≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
k0∑

l=−∞

2α(·)u(1+ϵ)l∥gl∥u(1+ϵ)

Lq(·)

 1
u(1+ϵ)

≤C∥b∥mBMO(Rn)∥g∥MK̇
α(·),u),θ

β,q(·) (Rn)
.

Now apply Minkowski’s inequality to split E12, we have

E12 ≤ sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
k0∑
t=0

2tα(·)u(1+ϵ)

 −1∑
l=−∞

∥χt[b, µΦ]
mgl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

+sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
k0∑
t=0

2tα(·)u(1+ϵ)

t−2∑
l=0

∥χt[b, µΦ]
mgl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

:= A1 +A2.
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To obtain the estimate for A2, we can follow a similar approach as for E11, but
with some modifications. We will replace q′(0) with q′∞ and use the fact that
b = n

q′∞
− v − n

s − α∞ > 0.
For A1 we have

∥[b, µΦ]β(gχl)χt∥Lq(·)

≤C(t− l)m∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn)2
−tn2−lv2t(v+

n
s )∥χBt

∥Lq(·)∥χBl
∥Lq(·)∥gl∥Lq(·)

≤C(t− l)m∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn)2
l( n

q(0)
−v)2

t(v+n
s − n

q′∞
)∥gl∥Lq(·) .

Now by using the fact − n
q′∞

+ v + n
s + α∞ < 0 we have,

A1 ≤ sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
k0∑
t=0

2tα∞u(1+ϵ)

 −1∑
l=−∞

∥χt[b, µΦ]
mgl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

≤ C∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

×

ϵθ k0∑
t=0

2tα∞u(1+ϵ)

 −1∑
l=−∞

2l(
n

q(0)
−v)2

t(v+n
s − n

q′∞
)
(t− l)m∥gl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

≤ C∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ k0∑
t=0

2
t(α∞+v+n

s − n
q′∞

u(1+ϵ)

×(t− l)m
u(1+ϵ)

 −1∑
l=−∞

2l(
n

q(0)
−v)∥gl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

≤ C∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

×

ϵθ

 −1∑
l=−∞

2l(
n

q(0)
−v)∥gl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

≤ C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

×

ϵθ

 −1∑
l=−∞

2lα(0)∥gχl∥Lq(·)2
l( n

q(0)
−v−α(0))

u(1+ϵ)


1
u(1+ϵ)

.
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Now we can apply the Hölder’s inequality and we can also use the fact that n
q′(0) −

n
s − v − α(0) > 0. Here is

≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ −1∑
l=−∞

2α(0)lu(1+ϵ)∥gl∥u(1+ϵ)

Lq(·)

×

 −1∑
l=−∞

2
l( n

q′(0)−v−α(0))(u(1+ϵ))′


u(1+ϵ)

(u(1+ϵ))′


1

u(1+ϵ)

≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ

 k0∑
l=−∞

2α(·)lu(1+ϵ)∥gl∥u(1+ϵ)

Lq(·)




1
u(1+ϵ)

≤C∥b∥mBMO(Rn)∥g∥MK̇
α(·),u),θ

β,q(·) (Rn)
.

Now we will find the estimate for E2. For each t ∈ Z and l ≥ t+1 and a.e. x ∈ Rt,
y ∈ Rl, we know that |x− y| ≈ |y| ≈ 2l, we consider

|µΦ(gχl)(x)| ≤


|y|∫
o

∣∣∣∣∣∣∣
∫

|x−y|≤t

Φ(x− y)

|x− y|n−1
gl(y)dy

∣∣∣∣∣∣∣
2

dt

t3


1/2

+


∞∫

|y|

∣∣∣∣∣∣∣
∫

|x−y|≤t

Φ(x− y)

|x− y|n−1
fl(y)dy

∣∣∣∣∣∣∣
2

dt

t3


1/2

=: I21 + I22.

By using similar arguments as used in estimating I11, we obtain

I21 ≤2(t−l)/22− ln∥gl∥Lq(·){
|b(x)− bBl

|m∥Φ(x− ·)χl(·)∥Lq′(·)∥b(·)− (bBl
)m(Φ(x− ·)χl(·)∥Lq′(·)

}
.

Similar to the arguments of I12, we have

I22 ≤2− ln∥gl∥Lq(·){
|b(x)− bBl

|m∥Φ(x− ·)χl(·)∥Lq′(·) + ∥b(·)− (bBl
)m(Φ(x− ·)χl(·)∥Lq′(·)

}
.

So, we have

|[b, µΦ]− (fl)(x)| ≤ 2− ln∥gl∥Lq(·)
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|b(x)− bBl

|m∥Φ(x− ·)χl(·)∥Lq′(·) + ∥b(·)− (bBl
)m(Φ(x− ·)χl(·)∥Lq′(·)

}
.

Consequently we will get

∥[b, µΦ(gl)]χt∥Lq(·)

≤ C2− ln∥gl∥Lq(·)

{
∥(b(·)− bBl

)mχt(·)∥Lq(·)2−lv2t(v+
n
s )∥Φ∥Ls(Sn−1)∥∥χBl

∥Lq(·)

+ ∥b∥mBMO(Rn)2
−lv2t(v+

n
s )∥Φ∥Ls(Sn−1)∥∥χBl

∥Lq(·)∥χt∥Lq(·)

}
≤ C2− ln∥gl∥Lq(·)

{
(t− l)m∥b∥mBMO(Rn)∥χBt

∥Lq(·)2−lv2t(v+
n
s )∥Φ∥Ls(Sn−1)∥∥χBl

∥Lq(·)

+ ∥b∥mBMO(Rn)2
−lv2t(v+

n
s )∥Φ∥Ls(Sn−1)∥∥χBl

∥Lq(·)∥χBt
∥Lq(·)

}
≤ C2− ln∥gl∥Lq(·)(t− l)m∥b∥mBMO(Rn)∥χBt

∥Lq(·)2−lv2t(v+
n
s )∥Φ∥Ls(Sn−1)∥χBl

∥Lq(·)

≤ C(t− l)m∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn)2
− ln2−lv2t(v+

n
s )∥χBt

∥Lq(·)∥χBl
∥Lq(·)∥gl∥Lq(·)

≤ C(t− l)m∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn)2
− ln2−lv2t(v+

n
s )2ln/q∞2tn/q∞∥gl∥Lq(·)

≤ C(t− l)m∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn)2
(t−l)m(v+n

s + n
q∞ )∥gl∥Lq(·) .

Now splitting E2 we have

E2 ≤ sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
k0∑

t=−∞
2tα(·)u(1+ϵ)

 ∞∑
l=t+2

∥χt[b, µΦ]
mgl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

≤ sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
−1∑

t=−∞
2tα(·)u(1+ϵ)

 ∞∑
l=t+2

∥χt[b, µΦ]
mgl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

+sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
k0∑
t=0

2tα(·)u(1+ϵ)

 ∞∑
l=t+2

∥χt[b, µΦ]
mgl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

:=E21 + E22.

For E22 we have

E22 ≤ C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

×

ϵθ
k0∑
t=0

2tα∞u(1+ϵ)

 ∞∑
l=t+2

2(t−l)(v+n
s + n

q∞ )(t− l)m∥gl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)
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≤ C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

×

ϵθ
k0∑
t=0

 ∞∑
l=t+2

2lα∞∥gl∥Lq(·)2(t−l)(v+n
s + n

q∞ )(t− l)m)

u(1+ϵ)


1
u(1+ϵ)

,

for d = n
q∞

+ v + n
s > 0. Then we can apply the Hölder’s inequality for series and

2−u(1+ϵ) < 2−u to get

E22 ≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ k0∑
t=0

 ∞∑
l=t+2

2lα∞u(1+ϵ)∥gl∥u(1+ϵ)

Lq(·) 2du(1+ϵ)(t−l)/2



×

 ∞∑
l=t+2

2d(u(1+ϵ))′(t−l)/2(t− l)m(u(1+ϵ))′


u(1+ϵ)

(u(1+ϵ))′


1

u(1+ϵ)

≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

×

ϵθ
k0∑
t=0

∞∑
l=t+2

2lα∞u(1+ϵ)∥gl∥u(1+ϵ)

Lq(·) 2du(1+ϵ)(t−l)/2

 1
u(1+ϵ)

≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

×

ϵθ
k0∑
t=0

∞∑
l=t+2

l∑
j=−∞

2jα∞u(1+ϵ)∥gj∥u(1+ϵ)

Lq(·) 2du(1+ϵ)(t−l)/2

 1
u(1+ϵ)

≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
k0∑
t=0

∞∑
l=t+2

2du(1+ϵ)(t−l)/2

 1
u(1+ϵ)

× ∥g∥
MK̇

α(·),u),θ

β,q(·) (Rn)

≤C∥b∥mBMO(Rn)∥g∥MK̇
α(·),u),θ

β,q(·) (Rn)
.

Now for E21 using Minkowski’s inequality we have

E21 ≤ sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
−1∑

t=−∞
2tα(·)u(1+ϵ)

 −1∑
l=t+2

∥χt[b, µΦ]
mgl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)
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+sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
−1∑

t=−∞
2tα(·)u(1+ϵ)

 ∞∑
l=0

∥χt[b, µΦ]
mgl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

:=B1 +B2.

The estimate for B1 follows in a similar manner to E22 with q∞ replaced by q(0)
and using the fact that n

q(0) + v + n
s + α(0) > 0. For B2 we have

∥[b, µΦ](gl)χt∥Lq(·)

≤ C2− ln∥gl∥Lq(·)

{
∥(b(·)− bBl

)mχt(·)∥Lq(·)2−lv2t(v+
n
s )∥Φ∥Ls(Sn−1)∥∥χBl

∥Lq(·)

+ ∥b∥mBMO(Rn)2
−lv2t(v+

n
s )∥Φ∥Ls(Sn−1)∥∥χBl

∥Lq(·)∥χt∥Lq(·)

}
≤ C2− ln∥gl∥Lq(·)

{
(t− l)m∥b∥mBMO(Rn)∥χBt

∥Lq(·)2−lv2t(v+
n
s )∥Φ∥Ls(Sn−1)∥∥χBl

∥Lq(·)

+ ∥b∥mBMO(Rn)2
−lv2t(v+

n
s )∥Φ∥Ls(Sn−1)∥∥χBl

∥Lq(·)∥χBt
∥Lq(·)

}
≤ C2− ln∥gl∥Lq(·)(t− l)m∥b∥mBMO(Rn)∥χBt

∥Lq(·)2−lv2t(v+
n
s )∥Φ∥Ls(Sn−1)∥χBl

∥Lq(·)

≤ C(t− l)m∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn)2
− ln2−lv2t(v+

n
s )∥χBt

∥Lq(·)∥χBl
∥Lq(·)∥gl∥Lq(·)

≤ C(t− l)m∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn)2
−ln2−lv2t(v+

n
s )∥gl∥Lq(·)2ln/q∞2tn/q(0)

≤ C(t− l)m∥Φ∥Ls(Sn−1)∥b∥mBMO(Rn)2
−l(v+n

s + n
q∞ )2t(v+

n
q(0)

+n
s )∥gl∥Lq(·) .

B2 ≤ sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
−1∑

k=−∞

2tα(0)u(1+ϵ)

 ∞∑
l=0

∥χt[b, µΦ]
mgl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
−1∑

k=−∞

2tα(0)u(1+ϵ)

×

 ∞∑
l=0

2−l(v+n
s + n

q∞ )2t(v+
n

q(0)
+n

s )∥gl∥Lq(·)(t− l)m

u(1+ϵ)


1
u(1+ϵ)

≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ
−1∑

k=−∞

2t(v+
n

q(0)
+n

s +α(0))u(1+ϵ)(t− l)m
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×

 ∞∑
l=0

2−l(v+n
s + n

q∞ )∥gl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

×

ϵθ

 ∞∑
l=0

2−l(v+n
s + n

q∞ )∥gl∥Lq(·)

u(1+ϵ)


1
u(1+ϵ)

≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

×

ϵθ

 ∞∑
l=0

2α∞l∥gl∥Lq(·)2−l(v+n
s + n

q∞ +α∞)

u(1+ϵ)


1
u(1+ϵ)

≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

×

ϵθ

 ∞∑
l=0

l∑
j=−∞

2α∞j∥gj∥Lq(·)2−l(v+n
s + n

q∞ +α∞)

u(1+ϵ)


1
u(1+ϵ)

.

Now by applying Hölder’s inequality and using the fact that n
q(∞)+v+ n

s +α(∞) > 0

we have

B2 ≤C∥b∥mBMO(Rn) sup
ϵ>0

sup
k0∈Z

2−k0β

ϵθ

 ∞∑
l=0

2−l(v+n
s + n

q∞ +α∞)

u(1+ϵ)


1
u(1+ϵ)

× ∥g∥
MK̇

α(·),u),θ

β,q(·) (Rn)

≤∥b∥mBMO(Rn)∥g∥MK̇
α(·),u),θ

β,q(·) (Rn)
.

Combining the estimates for E1 and E2 yields∥∥[b, µΦ]
m(g)

∥∥
MK̇

α(·),u),θ

β,q(·) (Rn)
≤ ∥b∥mBMO(Rn)∥g∥MK̇

α(·),u),θ

β,q(·) (Rn)
,

which completes the proof. □
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